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a b s t r a c t

The Fisher–Stefan model involves solving the Fisher–KPP equation on a domain whose boundary
evolves according to a Stefan-like condition. The Fisher–Stefan model alleviates two practical limita-
tions of the standard Fisher–KPP model when applied to biological invasion. First, unlike the Fisher–KPP
equation, solutions to the Fisher–Stefan model have compact support, enabling one to define the
interface between occupied and unoccupied regions unambiguously. Second, the Fisher–Stefan model
admits solutions for which the population becomes extinct, which is not possible in the Fisher–KPP
equation. Previous research showed that population survival or extinction in the Fisher–Stefan model
depends on a critical length in one-dimensional Cartesian or radially-symmetric geometry. However,
the survival and extinction behaviour for general two-dimensional regions remains unexplored. We
combine analysis and level-set numerical simulations of the Fisher–Stefan model to investigate the
survival–extinction conditions for rectangular-shaped initial conditions. We show that it is insufficient
to generalise the critical length conditions to critical area in two-dimensions. Instead, knowledge of
the region geometry is required to determine whether a population will survive or become extinct.

© 2022 Elsevier B.V. All rights reserved.
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1. Introduction

The dimensionless Fisher–KPP equation,

∂u
∂t

=
∂2u
∂x2

+ u (1 − u) , (1.1)

s a classical prototype model in mathematical biology [1–4]
hat describes the spatiotemporal evolution of a population den-
ity, u(x, t) > 0, that evolves due to linear Fickian diffusion
combined with a logistic source term. A key property of the
Fisher–KPP equation (1.1) is that it admits travelling-wave so-
lutions, with long-time speed c = 2 for compactly-supported
initial conditions, when solved on an infinite domain. By relating
population invasion to travelling wave solutions, the Fisher–KPP
equation and extensions of this model have been used to rep-
resent species invasion in ecology [5–8], front propagation in
chemical reactions [9], and biological cell invasion [10–16]. How-
ever, despite its widespread usage, the Fisher–KPP equation has
practical limitations. Firstly, any initial condition gives rise to
population growth and complete colonisation. The Fisher–KPP
equation is thus unsuitable for populations where extinction [17]
or arrested invasion [18] is of interest. A second shortcoming is
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that solutions to (1.1) do not have compact support. Thus, we
cannot identify the interface between occupied and unoccupied
regions without ambiguity. This leads to difficulties in applying
the Fisher–KPP equation to processes with well-defined inva-
sion fronts, for example tumour cell invasion [19,20] or wound
healing [11,21].

To address the shortcoming of non-compactly-supported so-
lutions, a common approach is to modify (1.1) to incorporate
degenerate nonlinear diffusion [4,22]

∂u
∂t

=
∂

∂x

(
D(u)

∂u
∂x

)
+ u (1 − u) , (1.2)

uch that D(0) = 0. A common choice is D(u) = uk [22,23]
for k > 0. Setting k = 1 leads to the Porous-Fisher’s equa-
tion [22], and for k > 1 (1.2) is sometimes called the generalised
orous-Fisher’s equation [21,24]. Like the Fisher–KPP equation, the
eneralised Porous-Fisher’s equation admits travelling-wave so-
utions. For the minimum wave speed, these travelling waves are
harp-fronted and have compact support [25,26], thus enabling
ne to define an unambiguous front. However, although (1.2)
dmits compactly-supported travelling-waves, like the Fisher–
PP equation it guarantees population survival, and cannot be
sed to model population extinction or receding fronts with local
ecrease in density [17,18].
Another alternative to the standard Fisher–KPP equation is to

onsider a moving-boundary problem, such that (1.1) holds on
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Fig. 1. Illustration of the level-set method used to solve the two-dimensional
Fisher–Stefan model (2.1). (A) Schematic of the rectangular computational
domain D, which contains the blue region Ω(t) on which we solve the Fisher–
PP equation, and the red curve, which is the boundary ∂Ω(t). (B) An example
evel-set function, φ(x, y, t), for a disc-shaped Ω(t). The black curve is the zero
level-set, and the red curve is a projection onto the (x, y) plane marked with
the grid. (C) An example two-dimensional density profile u(x, y, t) for a circular
egion. (D) An example extension velocity field F (x, y, t).

compactly-supported region x < L(t), and u(L(t), t) = 0. The
moving-boundary is assumed to evolve according to
dL
dt

= −κ
∂u(L(t), t)

∂x
, (1.3)

here the parameter κ relates the density gradient at L(t) to
he speed of the boundary. Moving-boundary problems of this
ype are traditionally used to model physical and industrial pro-
esses [27–31]. Indeed, the boundary condition (1.3) is analogous
o the classical Stefan condition [32] for a material undergo-
ng phase change, where κ is the inverse Stefan number. More
ecently, moving-boundary problems have been used to study
iological and ecological phenomena, including cancer invasion,
ell motility, and wound healing [8,33–38]. Usefully, reaction–
iffusion moving-boundary problems often admit sharp-fronted
ravelling-wave solutions for a range of wave speeds [39,40].
n contrast, the travelling-wave solution to the porous-Fisher’s
quation is only sharp-fronted for one wave speed, the mini-
um wave speed [25,26]. Applying the moving-boundary prob-

em framework to (1.1), we obtain

∂u
∂t

=
∂2u
∂x2

+ u (1 − u) on 0 < x < L(t), (1.4a)

∂u
∂x

= 0 on x = 0, (1.4b)

u = 0 on x = L(t), (1.4c)
dL
dt

= −κ
∂u(L(t), t)

∂x
, (1.4d)

(x, 0) = u0(x) on 0 < x < L(0). (1.4e)

This extension to (1.1), known as the Fisher–Stefan model, was
first proposed by Du and Lin [41], and Du and Guo [42,43]. The
Fisher–Stefan model alleviates the two practical disadvantages of
Fisher–KPP, because the boundary L(t) defines the front position
explicitly, and it admits solutions for population extinction [41,
42,44].

The Fisher–Stefan model has been studied extensively in one-
dimensional Cartesian geometry. Du and Lin [41] proved that (1.4)
2

admits solutions whereby the population density evolves to a
travelling wave solution as t → ∞, with asymptotic speed
that depends on κ . This corresponds to population survival and
successful invasion, with u(x, t) → 1 as t → ∞. However, Du
and Lin [41] also proved that the Fisher–Stefan model admits
solutions where the population fails to establish, such that u →

0+ as t → ∞. This corresponds to population extinction, which
cannot occur in the Fisher–KPP or generalised Porous-Fisher mod-
els. The survival–extinction behaviour of the Fisher–Stefan model
depends on the critical length, Lc = π/2 [41,45]. If L(0) > Lc ,
Du and Lin [41] showed that the population will always survive.
However, if L(0) < Lc , then survival only occurs if L(t) evolves
such that L(t) > Lc at some time, and otherwise the population
becomes extinct. In this L(0) < Lc scenario, whether the solution
ver attains L(t) > Lc depends on the initial condition u0(x), and
he parameter κ [41].

Simpson [46] extended the work of Du and Lin [41] by consid-
ring the Fisher–Stefan model on an n-sphere. By replacing the
econd derivative term in (1.4a) with the n-dimensional radially-
ymmetric Laplacian operator, Simpson [46] showed that a criti-
al radius, Rc , governs survival and extinction analogously to the
ritical length. This critical radius depends on the dimension n. In
he two-dimensional spreading-disc problem, the critical radius
s Rc = α01 ≈ 2.4048, where α01 is the first zero of J0(x),
he zeroth-order Bessel function of the first kind [46]. However,
he survival and extinction behaviour of the Fisher–Stefan model
emains unexplored for non-radially-symmetric two-dimensional
eometries. Investigating this is the subject of our study.

. Mathematical model

We consider a multidimensional extension to the dimension-
ess Fisher–Stefan model (1.4). As illustrated in Fig. 1A, we denote
he region on which we solve the Fisher–KPP equation as Ω(t),
nd its boundary as ∂Ω(t). The boundary ∂Ω(t) defines the
nterface between regions of non-zero population density and
egions of zero density. Biologically, this might represent the
osition of a cell invasion front, or the boundary of a tumour. The
ultidimensional Fisher–Stefan model is then

∂u
∂t

= ∇
2u + u (1 − u) , on Ω(t), (2.1a)

u = 0, on ∂Ω(t), (2.1b)

= −κ∇u · n̂ on ∂Ω(t), (2.1c)

u(x, 0) = u0(x) on Ω(0), (2.1d)

here V is the normal speed of the interface, and n̂ is the unit
utward normal to the interface ∂Ω(t).

2.1. Numerical methods

We use the level-set method [47–51] to solve (2.1) on a two-
dimensional computational domain, D. This involves embedding
the interface as the zero level-set of a scalar function φ(x, t). That
is,

∂Ω(t) = {x | φ (x, t) = 0}, (2.2)

where φ(x, t) is defined for all x ∈ D, and is such that φ < 0
for x ∈ Ω(t) and φ ≥ 0 for x /∈ Ω(t). An example for a
disc is illustrated in Fig. 1B. The level-set function φ(x, t) evolves
according to the level-set equation

∂φ
+ F |∇φ| = 0, (2.3)
∂t
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here F (x, t) is the extension velocity field, a scalar function
efined for x ∈ D, such that F = V on ∂Ω(t). In level-set form,
he system of equations solved numerically is

∂u
∂t

= ∇
2u + u (1 − u) on φ(x, t) < 0, (2.4a)

∂φ

∂t
+ F |∇φ| = 0 on x ∈ D, (2.4b)

u = 0, F = −κ∇u ·
∇φ

|∇φ|
on φ(x, t) = 0, (2.4c)

(x, 0) = u0(x) on φ(x, 0) < 0. (2.4d)

We solve the system (2.4) using explicit finite-difference meth-
ods [52–57]. We compute the extension velocity field by first
computing V using second-order finite-differences, and then ob-
tain F by orthogonal extrapolation [49]. An example extension
velocity field for a spreading disc is shown in Fig. 1D. As φ evolves
with time, so too does its zero level-set. This zero level-set defines
the boundary of the region on which we solve (2.1a).

For each numerical solution in this work, we use 201 × 201
spatial resolution, with ∆x = ∆y = 0.1, ∆t = 0.002, and

= 0.1. The grid spacing and time-step sizes are sufficient
o obtain good agreement with grid-independent spreading disc
olutions of Simpson [46]. We choose the value κ = 0.1 to
epresent a slowly-expanding population, as governed by the
tefan condition (1.4d). Our choice of κ = 0.1 ensures that
nitially-rectangular populations remain approximately rectan-
ular until it is clear whether the population will survive or
ecome extinct. Full details on our level-set method, an open-
ource Julia implementation, and numerical tests to validate the
ethod are available on Github. We also include documentation

or our level-set method in the Supplementary Material.

. Results and discussion

.1. Survival and extinction in disc-shaped populations

We begin our investigation of survival and extinction in two-
imensions by considering solutions with the disc initial condi-
ion,

(x, y, 0) =

{
u0 if

√(
x −

W
2

)2
+

(
y −

W
2

)2
≤ R(0)

0 otherwise,
(3.1)

here u0 is a constant satisfying 0 < u0 ≤ 1, R(0) is the initial disc
radius, andW is the width of the square computational domainD.
Simpson [46] showed that the critical radius, Rc = α01 ≈ 2.4048,
explains the survival and extinction behaviour of a disc. With
the initial condition (3.1), the region Ω(t) evolves as a disc of
radius R(t). If R(t) > Rc at any time, the population survives.
Alternatively, if R(t) < Rc for all t , then the population eventually
becomes extinct. We solve the Fisher–Stefan model numerically
using u0 = 0.5, and compare solutions with R(0) = 2.1 and
R(0) = 2.4. Although, both values of R(0) are less than Rc , the
Stefan-like condition (2.1c) suggests that R(t) will increase for
κ > 0, because ∇u · n̂ < 0 on ∂Ω(t). However, it is unclear
hether R(t) will ever exceed Rc , because the rate of spread V

n (2.1c) depends on κ and the shape of the density profile.
Level-set numerical solutions with R(0) = 2.1 and R(0) =

.4 are presented in Fig. 2. Panels A–D show that R(0) = 2.1
results in population extinction, with density u → 0+ as t
increases. This is because R(t) < Rc for all t , where Rc is indicated
by the vertical lines in panel D. Eventually, population density
u → 0+, which prevents further spread because ∇u → 0, and
thus V → 0 according to (2.1c). In contrast, with R(0) = 2.4
the population survives and spreads, such that both density u
3

Fig. 2. Numerical solutions to the Fisher–Stefan model with the disc initial
condition (3.1), and u0 = 0.5. (A–D): Solution with R(0) = 2.1. (A): Initial
condition, t = 0. (B): Density profile u(x, y, t) at t = 5. (C): Density profile
u(x, y, t) at t = 10. (D): Evolution of population density, viewed as a one-
dimensional slice through y = 10. The solid curve represents the initial
condition, and dashed curves are the densities at t ∈ {2, 4, 6, 8, 10}. Arrow
indicates direction of increasing t . (E–H): solution with R(0) = 2.4. (E): Initial
condition, t = 0. (F): Density profile u(x, y, t) at t = 50. (G): Density profile
u(x, y, t) at t = 100. (H): Evolution of population density, viewed as a one-
dimensional slice through y = 10. The solid curve represents the initial
condition, and dashed curves are the densities at t ∈ {20, 40, 60, 80, 100}.
Arrow indicates direction of increasing t . (D&H): Red vertical line represents
x = 10 ± Rc , where Rc = α01 .

and the size of Ω(t) eventually increase with time. Although
the density u(10, 10, t) at the centre of Ω(t) decreases at first
(see panel H), we eventually have R(t) > Rc . This enables the
density to recover, and the population to survive. As t → ∞, the
solution approaches a radially-symmetric travelling wave. The
ability to capture both survival and extinction is an advantage of
the Fisher–Stefan model over the Fisher–KPP equation.

3.2. Numerical solutions for rectangular populations

Despite being previously studied in radially-symmetric geom-
etry, the survival and extinction behaviour of the Fisher–Stefan

https://github.com/alex-tam/2D_Fisher-Stefan_Level-Set
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Fig. 3. Potential square and rectangular analogues to the critical disc with radius
Rc . (a) A square whose corners lie on the perimeter of the circle. (b) A square
with side width equal to the circle diameter. (c) A square with the same area as
the circle. (d) A rectangle with aspect ratio 4, and the same area as the circle.

model in general two-dimensional geometry remains unexplored.
For example, it is not immediately clear how the results for a disc
translate to rectangular shapes. Given a disc of radius Rc , one can
conceive many rectangles that share certain properties with the
disc. Some examples are shown in Fig. 3. For example, in Fig. 3(a)
we have the square with width

√
2Rc , for which all points inside

he square are within the critical disc. In Fig. 3(b) we have the
quare with width 2Rc , such that every point of the critical disc
s contained within the square. Based on the radially-symmetric
nalysis, we would expect the initial square in Fig. 3(a) to give
ise to extinction, and the initial square in Fig. 3(b) to give rise
o survival. However, the situation is unclear for a square with
ide width between

√
2Rc and 2Rc . One example is the square

ith width
√

πR (Fig. 3(c)), which has the same area as the
c a

4

critical disc. In this case, consider drawing a family of rays from
the centre of the square or disc to the perimeter of each shape.
Each ray is defined by its polar angle θ ∈ [0, 2π ]. For some
θ , for example θ = 0, ±π/2, Rc exceeds the distance to the
perimeter of the square. In contrast, for θ = ±π/4, ±3π/4, the
istance to the perimeter of the square exceeds Rc . Therefore, it is
nclear whether a population of this shape will survive or become
xtinct. Furthermore, varying the aspect ratio enables us to define
family of rectangles with the same area, one of which is shown

n Fig. 3(d). The survival and extinction behaviour of these shapes
s also unclear according to previous radially-symmetric analysis.

To address this question, we consider numerical solutions on
nitially-rectangular domains. We characterise the geometry of
(t) by defining Lx(t) and Ly(t) to be the distances in the x and
-directions respectively occupied by the population, measured
hrough the centre of Ω . That is,

Lx(t) = max{x | u(x,W/2, t) > 0} − min{x | u(x,W/2, t) > 0},
(3.2a)

y(t) = max{y | u(W/2, y, t) > 0} − min{y | u(W/2, y, t) > 0}.
(3.2b)

or populations that remain approximately rectangular, Lx(t) and
y(t) provide measures for the rectangle width and height, re-
pectively. For initially-rectangular domains, the initial condition
s then

(x, y, 0) =

⎧⎪⎨⎪⎩
u0 if

⏐⏐x −
W
2

⏐⏐ ≤
Lx(0)
2 and⏐⏐y −

W
2

⏐⏐ ≤
Ly(0)
2 ,

0 otherwise.

(3.3)

ig. 4, panels (A–E) and panels (F–J) depict numerical solutions
or initially-square populations. Panels A–E show that a solution
ith the square initial condition Lx(0) = Ly(0) = 3.5 leads
o extinction, like the circular solution in Fig. 2, panels A–D.
ncreasing the size of the initial square to Lx(0) = Ly(0) = 4
ields survival (Fig. 4, panels F–J), similar to how increasing the
nitial radius led to survival in disc-shaped populations (Fig. 2,
anels E–H). However, for a given κ survival or extinction of
ectangular populations does not depend solely on area, unlike for
isc-shaped populations. The numerical solution in Fig. 4, panels
–O confirms this. Panels K–O depict a rectangular population
hat becomes extinct, with initial condition Lx(0) = 8 and Ly(0) =

. Extinction occurs despite the rectangle in panels K–O having
he same initial area as the square population that survived.
hus, more detail about the region geometry than initial area is
equired to determine the survival or extinction of rectangular
opulations.

.3. Conditions for survival and extinction in rectangular popula-
ions

To explain the results in Fig. 4, we obtain critical conditions
hat determine survival or extinction. Our analysis is similar to
hose of El-Hachem et al. [45], and Simpson [46]. It involves
onsidering the small-density u → 0+ limit, for which the
eading-order population density û(x, y, t) satisfies

∂û
∂t

=
∂2û
∂x2

+
∂2û
∂y2

+ û. (3.4)

e consider solutions to (3.4) on a fixed rectangular domain
≤ x ≤ X and 0 ≤ y ≤ Y , subject to arbitrary compactly-

upported initial conditions, and homogeneous Dirichlet bound-
ry conditions on all boundaries. This problem has the general
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Fig. 4. Numerical solutions with rectangular initial conditions (3.3), with u0 = 0.5. (A–E): Solution with Lx(0) = Ly(0) = 3.5. (F–J): Solution with Lx(0) = Ly(0) = 4.
K–O): Solution with Lx(0) = 8, Ly(0) = 2. (A): Initial density u(x, y, 0). (B): Density profile at t = 2. (C): Density profile at t = 4. (D–E) One-dimensional slice
(x, 10, t). u(10, y, t). Solid curve is the initial condition, dashed curves are solutions plotted at t ∈ {1, 2, 3, 4, 5}. Arrow indicates direction of increasing t . (F):
nitial density u(x, y, 0). (G): Density profile at t = 50. (H): Density profile at t = 100. (I–J) One-dimensional slice u(x, 10, t). u(10, y, t). Solid curve is the initial
ondition, dashed curves are solutions plotted at t ∈ {20, 40, 60, 80, 100}. Arrow indicates direction of increasing t . (K): Initial density u(x, y, 0). (L): Density profile
t t = 1. (M): Density profile at t = 2. (N–O) One-dimensional slice u(x, 10, t). u(10, y, t). Solid curve is the initial condition, dashed curves are solutions plotted at
∈ {1, 2, 3, 4, 5}. Arrow indicates direction of increasing t .
T
b
c

olution

ˆ(x, y, t) =

∞∑
n=1

∞∑
m=1

An,m sin
(nπx

X

)
sin

(mπy
Y

)
× e

−

(
n2π2

X2
+

m2π2

Y2
−1

)
t
, (3.5)

ith coefficients An,m chosen such that û(x, y, 0) matches the
initial condition. We next consider the long-time solution t → ∞,
uch that the leading-eigenvalue n = m = 1 approximates the
eneral solution (3.5). Then,

ˆ(x, y, t) ∼ A1,1 sin
(πx

X

)
sin

(πy
Y

)
e
−

(
π2

X2
+

π2

Y2
−1

)
t

as

t → ∞. (3.6)
 a

5

o obtain the conditions under which the population survives or
ecomes extinct as t → ∞, we use the approximation (3.6) and
onsider conservation of the population inside Ω . For u ≪ 1, the
conservation statement is
dM
dt

=

∫
Ω

û(x, y, t) −

∫
∂Ω

−∇û · n̂, (3.7)

where M(t) =
∫

Ω
û(x, y, t) is the total population in Ω . The

first term on the right-hand side of (3.7) is the net accumulation
of û inside Ω due to the (linearised) source term. The second
term on the right-hand side of (3.7) is the rate of population
loss through the boundary ∂Ω due to diffusion. The population
survives if dM/dt > 0 as t → ∞, that is accumulation exceeds
loss. Alternatively, the population becomes extinct if dM/dt < 0
s t → ∞, i.e. the rate of loss exceeds accumulation. Critical
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ehaviour occurs when dM/dt = 0 as t → ∞, such that the
ates of population gain and loss balance. This requires

Ω

û(x, y, t) =

∫
∂Ω

−∇û · n̂. (3.8)

n fixed rectangular geometry, Ω and ∂Ω are readily parame-
erised to give∫ Y

0

∫ X

0
û(x, y, t) dx dy = −

∫ Y

0

∂û(X, y, t)
∂x

dy∫ Y

0

∂û(0, y, t)
∂x

dy −

∫ X

0

∂û(x, Y , t)
∂y

dx +

∫ X

0

∂û(x, 0, t)
∂y

dx.

(3.9)

ubstituting the leading-eigenvalue approximation (3.6) for û
n (3.9), evaluating integrals, and simplifying then yields

Y = π
√
Y 2 + X2. (3.10)

The condition (3.10) implies that the population survives if the
area XY of the rectangular region Ω(t) exceeds π

√
Y 2 + X2. An-

ther interpretation of the condition (3.10) is that extinction will
ccur if the exponential term in (3.6) decays, and the population
ill survive if the exponential term grows. Setting the exponent

n the leading-eigenvalue approximation (3.6) to zero then yields
he same condition (3.10).

The fixed-domain analysis applies to the Fisher–Stefan mov-
ng-boundary problem, provided Ω(t) remains approximately
ectangular. If so, (3.10) implies that a rectangular population will
urvive if its lengths Lx(t) and Ly(t) ever satisfy LxLy > π

√
L2y + L2x ,

nd will become extinct if LxLy < π
√
L2y + L2x for all time. Another

ay to write the condition for survival is that the inequalities

y > π

√
L2x

L2x − π2 , Lx > π, (3.11)

must be satisfied at some t . Interestingly, the population cannot
survive if either Lx or Ly remain less than π for all time. Fur-
thermore, for each Lx > π , there exists a unique critical Ly,c
given by the right-hand side of the first inequality in (3.11), above
which the population will survive. This completely characterises
the effect of rectangular geometry and aspect ratio on survival
and extinction in the two-dimensional Fisher–Stefan model.

For a square-shaped population, the conditions (3.10) and
(3.11) imply that survival only occurs if the square width ever
exceeds

√
2π ≈ 4.443. This explains the numerical results in

Fig. 4, panels A–E and panels F–J. For the square solution in
Fig. 4, panels A–E with Lx(0) = Ly(0) = 3.5, the widths never
reach

√
2π , and thus the population eventually becomes extinct.

However, with Lx(0) = Ly(0) = 4, (Fig. 4, panels F–J), the square
widths do eventually exceed

√
2π , leading to eventual survival.

urthermore, although the rectangle with Lx(0) = 8 and Ly(0) = 2
has the same initial area as the square with Lx(0) = Ly(0) = 4, the
opulation becomes extinct because Ly(t) < π for all t , which

guarantees extinction according to (3.11).
Fig. 5 illustrates how some numerical solutions with rect-

angular initial conditions evolve. These solutions include the
three solutions from Fig. 4, and solutions with (Lx(0), Ly(0)) ∈

{(10, 2.5), (8, 3), (6, 4)}. If the inequalities (3.11) hold for any
t , the population survives and Lx and Ly continue to increase.
his is shown by the trajectories above the red curve in Fig. 5.
onversely, the population becomes extinct if (3.11) never holds.
his occurs for the trajectories that remain below the red curve
n Fig. 5.

The critical conditions (3.11) are valid if the domain Ω(t)

remains approximately rectangular. Our choice of κ = 0.1 in all

6

Fig. 5. Evolution of numerical solutions to the Fisher–Stefan model with rect-
angular initial conditions. Black dots represent the initial rectangle dimensions
Lx(0), and Ly(0) for each solution plotted. Dashed curves represent the evolution
of Lx(t) and Ly(t) from t = 0 to t = 10 for extinction solutions, or t = 0
to t = 100 for survival solutions. The red curve defines the critical threshold
between survival and extinction, as per (3.11). Solutions corresponding to panels
(A–E), panels (F–J), and panels (K–O) of Fig. 4 are labelled.

numerical solutions of Figs. 4 and 5 ensures that the rectangular
shapes persist sufficiently long for (3.11) to determine survival
or extinction. With much larger κ , for example κ = 1, initially-
ectangular shapes satisfying the survival conditions evolve to
n expanding disc. In these scenarios, the long-term survival-
xtinction behaviour instead obeys the critical radius condition
f Simpson [46].

. Conclusion and future work

The Fisher–Stefan model provides an alternative to standard
he Fisher–KPP model that both defines an unambiguous in-
asion front, and admits solutions whereby the population be-
omes extinct. In this study, we extended one-dimensional and
adially-symmetric results for the Fisher–Stefan model to two-
imensional rectangular domains. Using the level-set method, we
omputed numerical solutions to the two-dimensional Fisher–
tefan model with κ = 0.1, for radially-symmetric and rectan-
ular domains. Our objective was to understand the conditions
nder which square and rectangular shapes give rise to survival
r extinction.
To explain the numerical observations, we obtained conditions

or the Fisher–Stefan model that govern survival and extinction of
rectangular-shaped population. Using a conservation argument

n the small density limit, we showed that survival requires both
engths of the rectangle to exceed π , and for the rectangle area
o exceed a critical threshold that depends on the side lengths.
xtending the one-dimensional idea of critical length or critical
adius to a critical area in two dimensions is insufficient to
xplain survival and extinction. Instead, for rectangular-shaped
omains information about both widths is necessary. Interest-
ngly, these findings are similar to the behaviour of a population
ubject to the strong Allee effect. In radially-symmetric geometry,
ewis and Kareiva [58] showed that a critical radius governs
urvival and extinction. However, recent work by Li et al. [59]
howed that additional geometric information is required to de-
ermine survival or extinction in asymmetric two-dimensional
ectangular domains.

The analytical methods established in this work apply directly
o any domain Ω(0) such that solution to (3.4) with homogeneous
irichlet conditions on ∂Ω(0) can be obtained using separa-

tion of variables. One avenue for future work is to investigate
the conditions for survival and extinction in these separable
shapes, for example an ellipse [60]. Furthermore, our numer-
ical method can be used to study survival and extinction for



A.K.Y. Tam and M.J. Simpson Physica D 438 (2022) 133305

g
r
s
c
p
w
w

eneral initial shapes Ω(0), regardless of whether these are sepa-
able. This includes investigation of non-simply-connected initial
hapes. Furthermore, the analytical and numerical techniques
an be extended to general reaction–diffusion moving-boundary
roblems. One possibility is to replace the Fisher–KPP equation
ith a nonlinear degenerate diffusion equation, for example (1.2),
ith D(u) = uk, for some k > 0 [25]. We do not investigate

nonlinear diffusion here, because linear diffusion is the most
common assumption for biological dispersal in reaction–diffusion
equations. Furthermore, in nonlinear degenerate diffusion models
k is an additional parameter to be estimated, and the biological
or ecological interpretation of k remains unclear [13].

All numerical solutions presented in this work have κ = 0.1.
When solving the Fisher–Stefan model numerically with much
larger κ , for example κ = 1, we observed that initially square
and rectangular domains that satisfied the conditions for survival
quickly evolved to an expanding circular shape. This numeri-
cal evidence suggests that radially-symmetric survival solutions
to the Fisher–Stefan model are stable with respect to small-
amplitude azimuthal perturbations. However, this has not been
verified analytically. The stability of inward-moving fronts in a
hole-closing geometry [21] is also yet to be analysed. We plan to
investigate this stability problem using analytical and numerical
methods in future work.
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