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Sigmoid growth models, such as the logistic, Gompertz and Richards’ models, are widely used to study
population dynamics ranging from microscopic populations of cancer cells, to continental-scale human
populations. Fundamental questions about model selection and parameter estimation are critical if these
models are to be used to make practical inferences. However, the question of parameter identifiability –
whether a data set contains sufficient information to give unique or sufficiently precise parameter esti-
mates – is often overlooked. We use a profile-likelihood approach to explore practical parameter identi-
fiability using data describing the re-growth of hard coral. With this approach, we explore the
relationship between parameter identifiability and model misspecification, finding that the logistic
growth model does not suffer identifiability issues for the type of data we consider whereas the
Gompertz and Richards’ models encounter practical non-identifiability issues. This analysis of parameter
identifiability and model selection is important because different growth models are in biological mod-
elling without necessarily considering whether parameters are identifiable. Standard practices that do
not consider parameter identifiability can lead to unreliable or imprecise parameter estimates and poten-
tially misleading mechanistic interpretations. For example, using the Gompertz model, the estimate of
the time scale of coral re-growth is 625 days when we estimate the initial density from the data, whereas
it is 1429 days using a more standard approach where variability in the initial density is ignored. While
tools developed here focus on three standard sigmoid growth models only, our theoretical developments
are applicable to any sigmoid growth model and any appropriate data set. MATLAB implementations of
all software are available on GitHub.

� 2021 Elsevier Ltd. All rights reserved.
1. Introduction

Classical sigmoid growth models play a critical role in many
areas of ecology and population biology (Murray, 2002). Key fea-
tures of these models are that they describe: (i) approximately
exponential growth at small population densities where competi-
tion for resources is relatively weak; and, (ii) saturation effects at
larger population densities owing to competition for resources,
where the net growth rate decreases to zero as the population den-
sity approaches the carrying capacity density (Murray, 2002).

There are many mathematical models of biological growth with
a range of resulting sigmoid growth curves (Tsoularis and Wallace,
2002; Browning et al., 2017). Within a continuum modelling
framework, this general class of mathematical models can be writ-
ten as

dC
dt

¼ rCf Cð Þ; ð1Þ

where C tð Þ P 0 is the population density, t P 0 is time, r > 0 is the
intrinsic, low density growth rate, and f Cð Þ is a crowding function
that encodes information about crowding and competition effects
that reduce the net growth rate as C increases (Jin et al., 2016b).
There are many potential choices of crowding function, with typical
choices of f Cð Þ being decreasing functions, df=dC < 0, with f Kð Þ ¼ 0,
where K > 0 is the carrying capacity density. Typical choices
include a linear decreasing crowding function, f Cð Þ ¼ 1� C=K , giv-
ing rise to the logistic growth model, or a logarithmic decreasing
crowding function, f Cð Þ ¼ log K=Cð Þ, giving rise to the Gompertz
growth model. Another choice is f Cð Þ ¼ 1� C=Kð Þ b, for some
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constant b > 0, which gives rise to the Richards’ growth model. Key
features of the logistic, Gompertz and Richards’ growth models are
summarised in Figs. 1 and 2.

Note that estimates of r, and the interpretation of these esti-
mates, depend upon the choice of f Cð Þ, and we will provide a con-
crete example to illustrate this point in Section 2.2. This is an
important observation given that some previous approaches to
parameter estimation for sigmoid growth models have used an
ad hoc procedure by treating early time data separately from late
time data (Browning et al., 2017; Warne et al., 2017). In this sim-
plistic approach, early time data is used to estimate r from low-
density, near-exponential growth at early times for data where
C 0ð Þ=K � 1. Then, given the estimate of r, late time data, where
crowding effects are pronounced, is used to estimate parameters
in the crowding function, f Cð Þ. However, as we show, considering
the entire time series and estimating r and parameters in f Cð Þ
simultaneously confirms that the estimate of r depends on the
choice of f Cð Þ, and so any interpretation of the estimate of r also
depends upon the choice of f Cð Þ. We will explore this point more
in Section 2.2.

A brief survey of the literature shows that different choices of
sigmoid growth functions are routinely used automatically in dif-
ferent areas of application. For example, the logistic growth model
Fig. 1. (a)–(c) f Cð Þ as a function of C=K for the logistic, Gompertz and Richards’ models, as
show various profiles for b ¼ 1=4;1=2;3=4;1;5=4 and 3=2, with the direction of increasi

2

is used to study a range of applications, including the dynamics of
in vitro cell populations (Maini et al., 2004; Sherratt and Murray,
1990; Jin et al., 2016a; Warne et al., 2017; Browning et al., 2021),
as well as various ecological population dynamics across a massive
range of scales ranging from jellyfish polyps on oyster shells
(Melica et al., 2014) to continental-scale dynamics of human pop-
ulations (Steele et al., 1998). The Gompertz growth model is rou-
tinely used to study in vivo tumour dynamics (Benzekry et al.,
2014; Laird, 1964; Sarapata and de Pillis, 2014) as well as various
ecological applications such as reef shark population dynamics
(Hisano et al., 2011) and the dynamics of coral populations
(Thompson et al., 2020). While the logistic and Gompertz models
are probably the most commonly-used sigmoid growth models,
various extensions have been proposed (Tsoularis and Wallace,
2002; West et al., 2001; Tjørve and Tjørve, 2010; Gerlee, 2013;
Jin et al., 2018).

Given the importance of sigmoid growth phenomena in ecology
and biology, together with the fact that there are a number of dif-
ferent sigmoid growth models used to interrogate and interpret
various forms of data, questions of accurate parameter estimation
and model selection are crucial to ensure that appropriate mecha-
nistic models are implemented and analysed. Indeed, the question
of parameter estimation for sigmoid growth models has been
indicated. (d)-(f) Solutions of the models in (a)–(c), respectively. Curves in (c) and (f)
ng b indicated.



Fig. 2. Inter-model comparison. (a)–(d) various solutions of the logistic (blue dashed), Gompertz (green dashed) and Richards’ (solid red) models with b ¼ 1=10;3=10;1=2 and
1, as indicated, with C 0ð Þ=K ¼ 1=100. The Gompertz solution is shown with r2 ¼ br3 and the logistic solution is shown with r1 ¼ r3. (For interpretation of the references to
colour in this figure legend, the reader is referred to the web version of this article.)
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addressed in the nonlinear regression literature for many years
(Bates and Watts, 1988; Huet et al., 2004; Ritz and Streibig,
2008; Ross1990,; Seber and Wild, 2003), however many analyses
do not address the limitations of current approaches where differ-
ent discipline-specific modelling preferences are often invoked
without considering other options. For example the Gompertz
growth model is routinely used within the coral reef modelling
community without necessarily considering other options
(Thompson et al., 2020; Warne et al., 2021), while the logistic
growth model is widespread within the cell biology modelling
community without necessarily considering other options (Maini
et al., 2004; Sherratt and Murray, 1990). While such discipline-
specific preferences do not imply that mathematical models and
their parameterisation within those disciplines are incorrect or
invalid, working solely within the confines of discipline-specific
traditions without considering other modelling options could
mean that analysts might not be using the most appropriate math-
ematical model to interpret data and draw accurate mechanistic
conclusions.

In this work, we examine model selection for sigmoid growth
models through the lens of parameter identifiability (Audoly et al.,
2001; Chis� et al., 2011a; Maclaren and Nicholson, 2020; Raue
et al., 2009; Raue et al., 2013). A model, considered as an indexed
family of distributions, is formally identifiable when distinct
parameter values imply distinct distributions of observations,
and hence when it is possible to uniquely determine the model
parameters using an infinite amount of ideal data (Maclaren and
Nicholson, 2020; Raue et al., 2009). Practical identifiability involves
the ability to estimate parameters to sufficient accuracy given
finite, noisy data (Chis� et al., 2011a; Maclaren and Nicholson,
2020; Raue et al., 2009). Methods of identifiability analysis are
often used in the systems biology literature where there are many
competing models available to describe similar phenomena
(Eisenberg and Hayashi, 2014; Meshkat et al., 2018), and these
methods provide insight into the trade-off between model com-
plexity and data availability (Browning et al., 2020b). We also con-
sider the often-neglected question of whether basic statistical
assumptions required for the validity of identifiability analysis
hold. Such checking of statistical validity includes, for instance,
testing the assumption of an independent, additive error model
by checking for correlation in the residuals after model fitting
(Seber and Wild, 2003). In particular, we follow the ideas of
likelihood-based frequentist inference outlined in (Pawitan,
2001; Cox, 2006; Sprott, 2008) and partition our analysis into
two types of question: (i) parameter identifiability based on the
likelihood function while assuming a statistically adequate model
3

family, and (ii) misspecification checks of basic statistical assump-
tions underlying model family adequacy.

There is ongoing controversy over the relative merits of various
approaches to model selection in the ecological literature. For
example, information-theoretic measures such as the Akaike Infor-
mation Criteria (AIC) (Akaike, 1974) are increasingly used as alter-
natives to null hypothesis testing to select between models or
carry out model averaging in ecology (Burnham et al., 2011;
Dormann et al., 2018; Johnson and Omland, 2004). However, the
underlying justifications for this trend have been criticised
(Guthery et al., 2005; Murtaugh, 2014; Stephens et al., 2005).
While we also consider the relationships between model complex-
ity and model fit, we take an alternative approach, avoiding relying
solely on simplistic null hypothesis testing or single number sum-
maries such as the AIC. The two components of our approach –
parameter identifiability and model family adequacy – relate to
fundamental statistical tasks (parameter estimation and model
checking) and are easy implement to interpret. Furthermore, while
measures such as the AIC have a predictive focus and interpreta-
tion (Akaike, 1974; Dormann et al., 2018), identifiability analysis
explicitly focuses on estimating parameter values and understand-
ing underlying mechanisms. Though prediction and estimation are
related, there is often a tension between whether to ‘explain or
predict’ (Shmueli, 2010). We emphasise the differences between
these two approaches, by example, in Section 2.3.

The data we consider describes re-growth of hard coral cover on
the Great Barrier Reef, Australia, after some external disturbance,
such as the impact of a cyclone (eAtlas, 2021). Developing our
understanding of whether coral communities can re-grow after
disturbances, and how long this re-growth process takes, are
important questions that need to be addressed urgently as climate
change-related disturbances increase in frequency (Hughes et al.,
2019). If, for example, the time scale of re-growth is faster than
the time between disturbances we might conclude that re-
growth and recovery is likely, however if the time scale of re-
growth is slower than the time between disturbances we might
anticipate that re-growth and recovery is unlikely. In this work
we consider a data set describing the temporal re-growth of hard
coral cover on a reef near Lady Musgrave Island, Australia. Data
in Fig. 3 shows a typical sigmoid growth response, after some dis-
turbance, such as a tropical cyclone, where we see apparent expo-
nential growth for low coral cover, and the gradual reduction in net
growth rate as the coral cover approaches some maximum density.

Unlike small-scale laboratory experiments where it is possible
to consider data from several identically prepared experimental
replicates (e.g. in in vitro cell biology (Jin et al., 2016a; Warne



Fig. 3. (a) Location of Lady Musgrave Island (black disc) off the East coast of Australia (inset, red disc). (b) Field data showing the % area covered by hard corals (green discs) as
a function of time after some external disturbance. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

M.J. Simpson, A.P. Browning, D.J. Warne et al. Journal of Theoretical Biology 535 (2022) 110998
et al., 2018)), it is not possible to construct and average this kind of
reef-scale re-growth data across many identically prepared exper-
iments simply because each reef will only experience one cyclonic
event at a time, and each reef is composed of different coral com-
ponents. Therefore, here we take the most fundamental approach
and work with a single trace data set. This means that, unlike cell
biology where identically-prepared experiments are routinely per-
formed and averaged to provide a pre-estimate of the variability in
the data (Simpson et al., 2020), it is not possible to pre-estimate
the variability in the single trace data for coral re-growth. We over-
come this difficulty by simultaneously estimating parameters in
the various mathematical models as well as the parameter in a
noise model which gives us a quantitative estimate of the variabil-
ity in the data as part of the model calibration procedure. Within
the coral reef modelling community, it is typical to model the kind
of sigmoid curve illustrated in Fig. 3 with a Gompertz growth
model (Thompson et al., 2020; Warne et al., 2021), but in this work
we objectively explore the suitability of a suite of sigmoid growth
models, showing that standard approaches that ignore questions of
identifiability can produce misleading results. While the focus of
this work is to consider a canonical data set together with three
standard choices of sigmoid growth model (logistic, Gompertz
and Richards’ models), the methodology and computational tools
developed here can be applied to any sigmoid data set and to
any continuum sigmoid growth model. One of the reasons we focus
our work on the coral re-growth data is that long-term monitoring
data successfully reveal the shape of the sigmoid curve, whereas
applications such as cell biology often just focus on the early time
data before the point of inflection (Warne et al., 2017). We will
provide further discussion on this point in Section 3.

2. Results and discussion

2.1. Mathematical models

We consider three mathematical models of population growth:

– Logistic model
dC tð Þ
dt

¼ r1C tð Þ 1� C tð Þ
K

� �� �
; with solution

C tð Þ ¼ KC 0ð Þ
C 0ð Þ þ K � C 0ð Þð Þ exp �r1tð Þ : ð2Þ
4

The logistic model has three free parameters, h ¼ r1;K; C 0ð Þð Þ, and a
linear crowding function, f Cð Þ ¼ 1� C=K , so that f 0ð Þ ¼ f Kð Þ ¼ 0.

– Gompertz model
dC tð Þ
dt

¼ r2C tð Þ log K
C tð Þ

� �
; with solution

C tð Þ ¼ K exp log
C 0ð Þ
K

� �
exp �r2tð Þ

� �
: ð3Þ
The Gompertz model has three free parameters, h ¼ r2;K;C 0ð Þð Þ,
and a logarithmic crowding function, f Cð Þ ¼ log K=Cð Þ, so that
f Kð Þ ¼ 0 and f Cð Þ ! 1 as C ! 0þ.

– Richards’ model
dC tð Þ
dt

¼ r3C tð Þ 1� C tð Þ
K

� �b
" #

; with solution

C tð Þ ¼ KC 0ð Þ
C 0ð Þ b þ K b � C 0ð Þ b

� �
exp �br3tð Þ

h i1=b : ð4Þ
The Richards’ model has four free parameters, h ¼ r3;K;b;C 0ð Þð Þ,
and a nonlinear crowding function, f Cð Þ ¼ 1� C=Kð Þ b, for some con-
stant b > 0, so that f 0ð Þ ¼ f Kð Þ ¼ 0.

For each model the rate parameters have dimensions of 1=day,
whereas K and C 0ð Þ are given in terms of % of area covered by hard
corals. Throughout we carefully chose our nomenclature so that
certain variables (e.g. C tð Þ; t) and parameters (e.g. K;C 0ð Þ) that have
the same interpretation across the three models are the same for
each model, whereas parameters that do not have a consistent
interpretation across the models, such as the growth rates rm, for
m ¼ 1;2;3, are referred to slightly differently to make this distinc-
tion clear.

The crowding functions and solutions of each model are
depicted in Fig. 1 to make it clear that the question of model selec-
tion is subtle as all three models lead to qualitatively similar solu-
tions. Indeed, the solutions of each model capture the same trends
in the data, shown in Fig. 3, which means that these models are
adequate to describe this data set. In addition to being qualitatively
similar, the three models are related quantitatively, as shown in
Fig. 2 where various solutions with different b are superimposed.
Setting b ¼ 1 in Fig. 2(d) confirms that the Richards’ growth model
simplifies to the logistic growth model, as expected. Further, com-
paring solutions in Fig. 2(a)–(c) confirms that the solution of the
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Richards’ model approaches the solution of the Gompertz growth
model, with r2 ¼ br3, as b ! 0þ. These comparisons are instructive
since the limiting behaviour of the Richards’ model is trivial to
establish mathematically (Tsoularis and Wallace, 2002), but it is
not until we visually or numerically compare solutions that we
gain a sense of how small b has to be before we can reliably
approximate the Richards’ growth model with the simpler Gom-
pertz growth model.

As we make clear in Figs. 1 and 2 the logistic, Gompertz and
Richards’ growth models are qualitatively similar, but quantita-
tively distinct. In this work we take the view that the models are
phenomenological and the differences between the models are
not necessarily indicative of differences in underlying ecological
mechanisms. Different opinions about this have been expressed
in the literature, with some studies taking the same point of view
that these models are simply phenomenological, whereas other
studies attempt to relate the differences between the models to
mechanistic differences. For example, Sarapata and de Pillis
(2014) show that the logistic growth model outperforms a range
of other sigmoid growth models when describing the growth of a
particular set of breast cancer data, whereas they find that the
Gompertz model outperforms the logistic growth model when
describing bladder cancer data. They do not, however, claim that
these difference are related to mechanistic biological differences
between the progression of breast cancer and bladder cancer. In
contrast, the seminal work of Laird (1964) provided a plausible bio-
logical explanation to explain why in vivo tumour growth appear to
be best described by the Gompertz model. Laird (1964) argues that
the exponential decrease in the net rate of growth in Eq. (3) is
related to the fact that tumour cells grow as a result of individual
cells passing through a cell cycle with ever diminishing cell cycle
speed. Gerlee (2013) provides a very thorough discussion of the
relative merits of various sigmoid growth laws in tumour biology,
concluding that the Gompertz growth model has dominated his-
torical developments. Interestingly, Gerlee disagrees with Laird’s
explicit biological justification of the Gompertz model, suggesting
that one reason the Gompertz model has been so widely used in
the tumour biology literature is related to the ease with which
the parameters can be estimated using a relatively straightforward
graphical procedure. In this work we do not claim that one model
is better than another model at describing the underlying ecologi-
cal mechanisms leading to coral reef re-growth. Rather, our focus is
on quantifying the trade-off between data availability and model
complexity as a novel means of model selection.

2.2. Parameter estimation and model checks

Data in Fig. 3(b), denoted yoi , correspond to measurements at I
discrete times, ti, for i ¼ 1;2;3; . . . ; I. The data, yoi , are denoted using
a superscript ‘o’ to distinguish these noisy observations from their
modelled counterparts, yi ¼ C ti jhð Þ. To estimate h, we assume the
observations are noisy versions of the model solutions,
yoi jh � N yi;r2

� 	
, that is we assume the observation error is addi-

tive and normally distributed, with zero mean and a constant vari-
ance, r2. The constant variance will be estimated along with the
other components of h. To accommodate this we include r in the
vector h for each model.

We take a likelihood-based approach to parameter inference
and uncertainty quantification. Given a time series of observations,
and the above noise assumptions, the log-likelihood function is

‘ h jyoi
� 	 ¼ XI

i¼1

log / yoi ; yi hð Þ;r2� 	
 �
; ð5Þ

where / x;l;r2
� 	

denotes a Gaussian probability density function
with mean l and variance r2. We apply maximum likelihood esti-
5

mation (MLE) to obtain a best fit set of parameters, bh. The MLE is
given by

bh ¼ sup
h

‘ h jyoi
� 	
 �

; ð6Þ

subject to the bound constraints: rm > 0 for
m ¼ 1;2;3;K > 0;C 0ð Þ > 0;b > 0 and r > 0. The procedure for esti-

mating bh involves maximising a multidimensional function, and
there are many ways to achieve this numerically. For this work
we find that MATLAB’s fmincon (fmincon, 2021) is convenient since
we can specify bound constraints, and undertake both a local

search, based on a suitable estimate of bh, and then double-check
the result using a global search. The global search option is more
computationally expensive, but helps to avoid potential limitations
of relying solely upon a local search, such as finding a local maxima
of ‘ h jyoi

� 	
.

Given our estimates of bh, we evaluate each model at the MLE to

give byi ¼ C ti jbh� �
for i ¼ 1;2;3; . . . ; I, and calculate the scaled-

residuals

ei ¼ yoi � byibr ; i ¼ 1;2;3; . . . ; I: ð7Þ

Fig. 4(a)–(c) compares the data with each model evaluated at
the MLE. Scaled residuals are given in Fig. 4(e)–(f), and Table 1

summarises bh for each model. Likelihood-based approaches to
parameter estimation implicitly assume that the statistical model
is well-specified and that the associated sufficient statistics cap-
ture all the information in the data (Cox, 2006). Hence here, for
example, this implies that the deterministic model captures the
mean trend of the data, while the error term is uncorrelated and
approximately normally distributed. While nonlinear regression
does not strictly require the normality assumption, correlated
residuals can be a valuable indicator of model inadequacy in
growth models and other time-series data (Seber and Wild,
2003). Hence, it is desirable to perform a post-estimation check
on this assumption – first by simply visualising the residuals and
then using a more formal test of residual correlation. In this work,
we use the Durbin-Watson test, which tests the null hypothesis of
no correlation in the errors against an alternative hypothesis of
non-zero coefficient in a first-order autoregressive, AR(1), corre-
lated errors model (Durbin and Watson, 1950; Seber and Wild,
2003). This test shows no indication of residual correlation across
all cases in Fig. 4, though we note the sample size is relatively
small.

The quality of the fit to the data is excellent for each model in
Fig. 4(a)–(c), and by visualising the scaled residuals in Fig. 4(d)–
(f) we see that the models are consistent with the standard
assumption that the errors, and hence scaled residuals, are uncor-
related. Furthermore, the apparent uncorrelated structure of these
residuals is consistent with the Durbin-Watson test (Durbin and
Watson, 1950). However, this insightful step of explicitly checking

that the statistical assumptions inherent in the estimation of bh are
reasonable is often overlooked. We will return to this point later,
where a different example leads to far more correlated scaled
residuals.

At this point, confronted with the data-model comparisons in
Fig. 4, it is not obvious which model is preferable, but it is worth-
while noting some of the quantitative consequences of working
with these three models. Estimates of crm provide biological insight
since the reciprocal of the growth rate, 1=rm for m ¼ 1;2;3, pro-
vides an approximate estimate of the time scale of re-growth to
be 400, 630, and 180 days for the logistic, Gompertz and Richards’
models, respectively. While these estimates are all of the same
order of magnitude, the range of 180–630 days is relatively broad



Fig. 4. (a)–(c) Observed data (blue discs) superimposed with MLE solutions of the logistic, Gompertz and Richards’ models. (d)–(f) scaled residuals for each model. The
Durbin-Watson test yields DW ¼ 1:8 p ¼ 0:34ð Þ;DW ¼ 2:0 p ¼ 0:49ð Þ, and DW ¼ 2:0 p ¼ 0:51ð Þ, for the logistic, Gompertz and Richards’ models, respectively.
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if we wanted to estimate how long we would have to wait to
observe the re-growth process. If we had taken the more standard
approach of interpreting this data with just one model, we would
not have any insight into this variability and so this simple exercise
demonstrates the importance of addressing model selection, which
we now explore through the lens of parameter identifiability. This
example also confirms our earlier assertion that the choice of f Cð Þ
impacts our estimate and interpretation of rm, and this sensitivity
can never be explored if only one particular model is used to inter-
rogate the data.
Table 1
MLE parameter estimates with 95% confidence intervals are given in parentheses.

Logistic m ¼ 1ð Þ
crm 2:5� 10�3 [2:1� 10�3, 3:0� 10�3] 1:6� 10�bK 80 [77, 83]dC 0ð Þ 0.7 [0.3, 1.4] 1:1�bb –br 2.3 [1.6, 3.7]

6

2.3. Identifiability analysis

In the first instance we consider the structural identifiability of
the three models in the hypothetical situation where we have
access to an infinite amount of ideal, noise-free data (Eisenberg
and Hayashi, 2014; Meshkat et al., 2018). GenSSI software (Chis�
et al., 2011b; Ligon et al., 2018) confirms that all three sigmoid
growth models are structurally identifiable. In brief, GenSSI uses
Lie derivatives of the ODE model to generate a system of equations
relating the parameters to the observed quantity, and the solvabil-
Gompertz m ¼ 2ð Þ Richards’ m ¼ 3ð Þ
3 [1:3� 10�3, 1:9� 10�3] 5:5� 10�3 [2:1� 10�3;1:0� 10�2]

83 [79, 88] 82 [78, 87]

10�4 [0, 1:1� 10�2] 9:4� 10�2 [0, 1.0]
– 0.3 [0.1, 1.0]

2.7 [1.5, 3.5] 2.1 [1.4, 3.4]
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ity properties of this system provides information about global and
local structural identifiability as well as non-identifiability (Chis�
et al., 2011a). The fact that GenSSI shows that the logistic, Gompetz
and Richards’ models are structurally identifiable is very insightful
since it means that any identifiability issues we encounter relate to
the question of practical identifiability which deals with the more
usual scenario of working with finite, noisy data, as in Fig. 3(b)
(Raue et al., 2009; Raue et al., 2013; Simpson et al., 2020).

We use a profile likelihood-based approach to explore practical
identifiability (Simpson et al., 2021). In all cases we work with a
normalised log-likelihood function

b‘ h jyið Þ ¼ ‘ h jyið Þ � sup
h

‘ h jyið Þ; ð8Þ

which we consider as a function of h for fixed data,
yi; i ¼ 1;2;3; . . . ; I.

We assume the full parameter h can be partitioned into an inter-
est parameter w and nuisance parameter k so that we write
h ¼ w; kð Þ. Given a set of data, yi, the profile log-likelihood for the
interest parameter w can be written as

b‘p w jyið Þ ¼ sup
k

‘̂ h jyið Þ: ð9Þ

In Eq. (9) k is optimised out for each value of w, and this implic-
itly defines a function k� wð Þ of optimal k values for each value of w.
For example, in the logistic growth model with h ¼ r1;K;C 0ð Þ;rð Þ
we may consider the growth rate as the interest parameter, so that
w hð Þ ¼ r1. The remaining parameters are nuisance parameters,
k hð Þ ¼ K;C 0ð Þ;rð Þ, so that

b‘p r1 jyið Þ ¼ sup
K;C 0ð Þ;r½ �

b‘ r1;K; C 0ð Þ;r jyið Þ: ð10Þ

In all cases we implement this optimisation using the fmincon
function in MATLAB with the same bound constraints used to cal-

culate bh (fmincon, 2021). A typical implementation would involve
defining an interval of the interest parameter, say r �

1 6 r1 6 rþ1 , and
then discretising this interval uniformly. For example, we could
consider a uniform mesh of N points so that we have
r1 jð Þ ¼ r �

1 þ j� 1ð Þ � rþ1 � r �
1

� 	
=ðN � 1Þ, for j ¼ 1;2;3; . . . ;N. For

each point on this grid, we again use numerical optimisation meth-
ods to estimate values of K;C 0ð Þ and r that maximiseb‘ r1;K;C 0ð Þ;r jyið Þ for the fixed value of r1 jð Þ. Since numerical opti-
misation is often based on a local search, it is computationally con-
venient to take the estimates of K;C 0ð Þ and r for the ith point on
the mesh as the initial guess for the adjacent points, r1 j� 1ð Þ.
Throughout this work we use uniformly spaced grids of N ¼ 100
points, defined on problem-specific intervals.

Assuming an adequate model family, the likelihood function
represents the information about h contained in yoi , and the relative
likelihood for different values of h indicates the relative evidence
for these parameter values (Sprott, 2008). A flat profile indicates
non-identifiability and the degree of curvature is related to the
inferential precision (Pawitan, 2001; Sprott, 2008). We form
approximate likelihood-based confidence intervals by choosing a
threshold-relative profile log-likelihood value; for univariate pro-
files thresholds of �1.92 correspond to approximate 95% confi-
dence intervals (Pawitan, 2001; Royston, 2007), and the points of
intersection are determined using linear interpolation. Following
the likelihood-based frequentist ideas of Cox (2006) and Sprott
(2008), we supplement the likelihood inferences about parameters
given a model structure by checks of model family adequacy, here
based on residual checks. We use both visual inspection and the
classical Durbin-Watson test (Durbin and Watson, 1950) to assess
residual correlation, noting that we have a simple trend model and
relatively small sample sizes.
7

Fig. 5 shows various univariate profiles for each mathematical
model. Each profile is superimposed with a vertical line at the
MLE, and a horizontal line at �1.92 so we can visualise and calcu-
late the width of the confidence intervals reported in Table 1. Uni-
variate profiles in Fig. 5 provide information about the practical
identifiability of each model with the same data. Results for the
logistic growth model indicate that each parameter is identifiable
with relatively narrow profiles (Table 1). In contrast, the Gompertz
growth model results show that r2 and K are identifiable, but C 0ð Þ
shows signs of practical non-identifiability. In particular, the MLE
and upper confidence bound for C 0ð Þ are very near the lower edge
of feasibility, and the lower confidence bound is only determined
by the C 0ð Þ > 0 constraint (indicating that this may be at best
one-sided identifiable). Profiles for the Richards’ growth model
indicate that while K is identifiable, the remaining parameters
are not since r3 is one-sided identifiable, and profiles for C 0ð Þ and
b are relatively flat, with confidence intervals determined by the
a priori bounds rather than data.

Bivariate profiles can be used to provide further insight into the
identifiability issues with the Richards’ model. In particular, we
consider bivariate profile likelihoods by taking the full parameter
vector, h ¼ r3;K; b;C 0ð Þ;rð Þ, and treating w hð Þ ¼ r3; bð Þ and
k hð Þ ¼ K;C 0ð Þ;rð Þ, allowing us to evaluateb‘p r3;b jyið Þ ¼ sup

K;C 0ð Þ;r½ �
‘ r3;K;b;C 0ð Þ;r jyið Þ; ð11Þ

which again we compute using fmincon (fmincon, 2021) on a uni-
form mesh of pairs of the interest parameter, and optimise out
the nuisance parameters at each mesh point. In this case we con-
sider a two-dimensional uniform mesh with N mesh points in each
direction, r3 jð Þ ¼ r �

3 þ j� 1ð Þ � rþ3 � r �
3

� 	
=ðN � 1Þ for j ¼ 1;2;3; . . . ;

N, and b kð Þ ¼ b� þ k� 1ð Þ � bþ � b�� 	
=ðN � 1Þ for k ¼ 1;2;3; . . . ;N.

This gives us a two-dimensional uniform mesh of points
r3 jð Þ;b kð Þð Þ. For each point on the mesh we use numerical optimisa-
tion to estimate values of K;C 0ð Þ and r that maximise
‘̂ r3;K; b;C 0ð Þ;r jyið Þ for the fixed values of r3 jð Þ;b kð Þð Þ at that mesh
point. Again, since numerical optimisation is often based on a local
search, it is computationally convenient to take the estimates of
K; C 0ð Þ and r at point r3 jð Þ;b kð Þð Þ on the mesh as the initial guess
for the maximisation at adjacent points, r3 j� 1ð Þ;b k� 1ð Þð Þ. The
bivariate profile calculations here use N ¼ 100, so that we work
with a 100� 100 mesh. For the bivariate profile the relative log-
likelihood threshold of �3.00 gives approximate 95% confidence
regions (Pawitan, 2001; Royston, 2007).

Using these methods we generate the bivariate profile in Fig. 6
(a) where the solid grey lines define the boundary of the 95% con-
fidence region, which suggests there are many combinations of b
and r3 that match the data within this broad, hyperbolic shaped
region. To investigate further we return to compute a univariate
profile by re-scaling the Richards’ model so that we treat the pro-
duct br3 as an interest parameter. The univariate profiles for this
product (Fig. 6(b)) suggests that our data is sufficient to obtain pre-
cise estimates of the product br3, but that it does not identify b and
r3 individually. The univariate profile in Fig. 6(b) indicates that
choosing the product br3 ¼ 1:9� 10�3 gives the best match to
the data, but estimating this product is not helpful if we wish to
identify b and r3 separately. To highlight potential issues involving
such types of non-identifiability we consider b ¼ 0:1, then setting
r3 ¼ 1:9� 10�2 /day gives an excellent match to the data, and in
this case the re-growth time scale is 1=r3 ¼ 53 days. In comparison,
if b ¼ 1, then setting r3 ¼ 1:9� 10�3 /day also gives an excellent
match to the data, and in this case the re-growth time scale is
1=r3 ¼ 530 days. This exercise provides concrete evidence that
our data is insufficient to provide precise parameter estimates for
the Richards’ growth model since there are many parameter com-



Fig. 5. Univariate profile likelihoods for parameters in the logistic, Gompertz and Richards’ model, as indicated. In each case the profile is shown (solid blue) together with the
MLE (vertical red) and a horizontal line at �1.92. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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binations that match the data and these parameter estimates
should not be used to support decision making.

In summary, comparing the profiles between different models
in Fig. 5 suggests that this data leads to identifiable parameter esti-
mates for the logistic growth model, but that the two most
straightforward extensions of that model, namely the Gompertz
Fig. 6. (a) Bivariate profiles for b and r3. (b) Univariate profile for the

8

and Richards’ models, suffer from practical identifiability issues.
Therefore, we interpret these results to mean that the most reliable
way to interpret this data is with the logistic growth model. While
using parameter identifiability to guide model selection is not rou-
tinely considered, it provides a straightforward, computationally-
efficient means of informing quantitative distinctions between
product br3. The MLE is dbr3 ¼ 1:9� 10�3 1:4� 10�3;2:9� 10�3
h i

.
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model suitability. We note, however, that difficulties with identifi-
ability do not mean that these models are wrong, simply that they
are difficult to reliably estimate parameters for, given the type of
data available. This motivates our next investigation.

It is instructive to contrast our profile likelihood-based analysis
of model selection with a more standard Information criteria-
based analysis. A standard way to compare models is using the
AIC (Akaike, 1974),

AIC ¼ �2 sup
h

‘ h jyið Þ þ 2k; ð12Þ

where k is the dimensionality of h (Warne et al., 2018). Given a set
of candidate models, the preferred model is the one with the min-
imum AIC. This means that the AIC rewards goodness of fit, mea-
sured by the likelihood function, but penalises model complexity
through the þ2k term. This approach to model selection is very
popular, and perhaps this popularity stems from the fact that this
criterion is straightforward to implement and interpret. However,
as we will now demonstrate, taking an AIC approach provides far
less information than our profile likelihood-based analysis. The
AIC approach ranks the models: (i) AIC ¼ �41:5 for the logistic
model; (ii) AIC ¼ �40:3 for the Gompertz model; and (iii)
AIC ¼ �37:4 for the Richards’ model. This ranking is consistent with
our profile likelihood-based analysis, but it is obvious that the pro-
file likelihood-based analysis provides a more nuanced and useful
insight. For example, the profile likelihood-based analysis confirms
that the logistic model is practically identifiable, whereas both the
Gompertz and Richards’ models encounter practical identifiability
issues with this data. In particular, not only does the profile
likelihood-based approach highlight issues of practical identifiabil-
ity, it shows precisely which parameters are identifiable, which
parameters are not-identifiable, and the nature of this non-
identifiability. For instance, we find that C 0ð Þ is one-sided identifi-
able for the Gompertz model and the product br3 is identifiable
for the Richards’ model whereas, individually, b and r3 are not iden-
tifiable. In contrast, the AIC-based analysis provides no such
detailed insight. Therefore, given the relative ease with which pro-
file likelihoods can be calculated, we suggest that this approach
ought to be more widely adopted because it provides far more use-
ful insight into model selection.

All results in this section correspond to the data in Fig. 3(b)
which describes the re-growth of coral at site 1 near Lady Mus-
grave Island. For completeness, we repeat this analysis for a sec-
ond, independent data set describing the re-growth of coral at
site 3 near Lady Musgrave Island, with full results reported in the
Supplementary Material. In summary, we find the same outcome
applies to this second data set, namely that the logistic growth
model does not suffer from any practical identifiability issues,
whereas both the Gompertz and Richards’ growth model suffer
from practical identifiability issues in this second set of data. Note
that our MATLAB algorithms on GitHub contain both data sets and
can be used to replicate all calculations in both the main and sup-
plementary material documents.
2.4. Parameter estimation and model checks with fixed C 0ð Þ

Our observation that the initial density C 0ð Þ, for the Gompertz
model (Fig. 5(h)) is not well-identified by the data prompts us to
consider a further set of results where we adopt the standard prac-
tice of estimating h under the assumption that variability in C 0ð Þ is
neglected, and is treated as a known quantity given by the first
observation, C 0ð Þ ¼ yo1 (Thompson et al., 2020; Warne et al.,
2021). Fig. 7(a)–(c) compares the data with the model evaluated
at the MLE with C 0ð Þ ¼ yo1, and the scaled residuals are shown in
9

Fig. 7(e)–(f). A summary of the MLE estimates for each model are
given in Table 2. The Durbin-Watson test indicates that the scaled
residuals are more correlated when C 0ð Þ is fixed.

The quality of the model-data match in Fig. 7(a)–(c) is clearly
poorer than when we simultaneously estimate C 0ð Þ as part of ĥ
(Fig. 4), and in particular we see that the MLE solutions systemat-
ically overestimate the data at early times, and then underestimate
the data at later times. These trends are clear in the scaled residu-
als in Fig. 7(d)–(f) that are visually correlated. The Durbin-Watson
test indicates that the scaled residuals are more correlated when
C 0ð Þ is fixed. This is particularly true for the Gompertz model
where we see the potential for drawing erroneous conclusions
about the underlying biological mechanisms since br2 differs by
an order of magnitude depending on whether we treat C 0ð Þ as a
fixed or variable quantity. The estimate of the time scale of re-
growth is 625 days in the case where we estimate C 0ð Þ from the
data whereas it is 1429 days variability in C 0ð Þ is neglected. This
exercise clearly illustrates the danger in adopting discipline-
specific procedures without carefully considering alternative
approaches.
2.5. Profiling misspecified models

To conclude we present some further synthetic data exploration
to mimic the commonly-encountered scenario where we have
sparse, noisy data generated by a relatively complicated process,
which we then interpret with a simpler mathematical model. Data
in Fig. 8(a)–(d) show solutions of the Richards’ growth model over
a range of b 2 1=10;3=2½ �, where we consider the time interval
t 2 0; T½ � where T is defined implicitly by C Tð Þ ¼ 0:999K . Noisy data
are generated by taking 20 equally-spaced temporal observations
within this interval and corrupting the data by adding normally
distributed noise with zero mean and constant variance, r2. Data
in Fig. 8(a)–(d) are generated by setting r3 ¼ 5:5� 10�3;

K ¼ 80;C 0ð Þ ¼ 1 and r ¼ 2, which are consistent with the MLE in
Table 1.

To explore how well we can interpret noisy data from the rela-
tively complicated Richards’ growth model with the simpler logis-

tic and Gompertz growth models we estimate bh and calculate
univariate profiles for r1 and r2. Scaled residuals for the logistic
and Gompertz models are plotted in Fig. 8 and Fig. 8(i)–(l), respec-
tively, and we see no obvious visual evidence of correlation. Taking
the noisy data from the Richards’ growth model and constructing
univariate profiles for r1 and r2 leads to well-shaped, relatively nar-
row profiles in Fig. 8(m)–(p). These profiles again highlight certain
relationships between the Richards’, logistic and Gompertz growth
models established in Fig. 4. In particular, for sufficiently small b in
Fig. 8(m) we see the expected relationship between the Richards’
growth model and the Gompertz growth model since the MLE for
r2 is very close to the expected limiting behaviour, r2 ¼ br3 as
b ! 0þ. Furthermore, not only does the profile match the expected
point estimate, but we see that the width of the profile is relatively
narrow, implying that it is possible to recover relatively precise
and interpretable parameter estimates working with a misspeci-
fied model. Similarly, when working with the special case b ¼ 1
in Fig. 8(o) we see the profile for r1 for the logistic growth model
is peaked close to the expected result, r1 ¼ r3. Again, this profile
is relatively narrow, implying that it is possible to obtain meaning-
ful and interpretable parameter estimates when working with a
misspecified model. The remaining profiles in Fig. 8(m)–(p) lead
to well-shaped profiles with relatively narrow confidence inter-
vals. Generating data from either the logistic or Gompertz models
at the MLE for r1 and r2, respectively, leads to relatively uncorre-



Fig. 7. (a)-(c) Observed data (blue discs) superimposed with MLE solutions of the logistic, Gompertz and Richards’ models with C 0ð Þ ¼ yo1. (d)-(f) scaled residuals for each
model. The Durbin-Watson test yields DW ¼ 1:1 p ¼ 0:048ð Þ;DW ¼ 0:64 p ¼ 0:0045ð Þ, and DW ¼ 1:3 p ¼ 0:11ð Þ, for the logistic, Gompertz and Richards’ models, respectively.
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lated residuals and an excellent match to the data in Fig. 8(a)–(d)
(not shown).

We now further explore the extent to which we are able to esti-
mate parameters under model misspecification by repeating the

calculation of bh and univariate profiles for r1 and r2 using data from
the Richards’ growth model by considering 30 equally-spaced val-
ues of b 2 1=10;3=2½ �. We repeat this exercise using both relatively
noisy data with r ¼ 2, and with noise-free data, r ¼ 0. For each set

of synthetic data set we generate bh and compute the quantities
b br3 � bri� 	

=r3 for i ¼ 1;2, that are plotted in Fig. 9(a) for the logistic
and Gompertz models, respectively. As before in Fig. 8, the quantity
Table 2
Parameter estimates with fixed C 0ð Þ ¼ yo1, 95% confidence intervals are given in parenthes

Logistic m ¼ 1ð Þ G

crm 1:8� 10�3 [1:7� 10�3, 2:0� 10�3] 7:0� 10�bK 84 [79, 90]bb –br 3.7 [2.5, 5.9]

10
b br3 � br2� 	
=r3 approaches zero as b becomes sufficiently small,

while the quantity b br3 � br1� 	
=r3 is approximately zero when

b ¼ 1, as expected. Plotting these quantities with noise-free data
in Fig. 9(a) illustrates how the MLEs for br1 and br2 vary with b with-
out the influence of external noise. Analogous data in Fig. 9(b)
shows the influence of corrupting the data with some noise, and
we see that the underlying trends in these quantities are modestly
impacted by incorporating noise into the data.

We now quantify the precision of the estimates of r1 and r2 in
terms of the width of the 95% confidence interval, w. Data in
Fig. 9(c) shows how the width of the profiles varies with b for
es.

ompertz m ¼ 2ð Þ Richards’ m ¼ 3ð Þ
4 [5:9� 10�4, 9:0� 10�4] 1:6� 10�3 [1:5� 10�3, 1:9� 10�3]
106 [88,138] 80 [75, 86]

– 1.8 [1.0, 3.9]

6.3 [4.3, 10.2] 3.1 [2.1, 5.0]



Fig. 8. (a)–(d) Solution of the Richards’ growth curves (solid red) for the values of b indicated with C 0ð Þ ¼ 1; r3 ¼ 5:5� 10�3 and K ¼ 80. Noisy data (blue dots) are obtained by
sampling 20 equally-spaced observations in the interval 0 < t < T and adding normally distributed noise with zero mean and r ¼ 2. Here T is defined implicitly by
C Tð Þ ¼ 0:999K. For each data we estimate bh using samemethods outlined in the methods in Section 2.2. Scaled residuals for the MLE using the logistic growth model are given
in (e)–(h) and for the Gompertz growth model are given in (i)–(l). Univariate profiles for r1 (blue) and r2 (green) are given in (m)–(p). Subfigures (m)–(p) contain a red vertical
line at br3 ¼ 5:5� 10�3b. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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noise-free data, r ¼ 0. We see the width of the profile for the logis-
tic model approaches zero when b ¼ 1, while the width of the pro-
file for the Gompertz growth model approaches zero as b becomes
sufficiently small, as expected. Additional results in Fig. 9(d) show
how the addition of noise to the data affects the width of the pro-
files, where we see that the clear trends in Fig. 9(c) are completely
obscured by the incorporation of noise. Overall, one way to inter-
pret the results in Figs. 8,9 is that the Richards’ model for b 6 1
11
can be reasonably well approximated by simpler models, whereas
for cases where b > 1 the Richards’ model may not be reliably
interpreted using simpler models.

3. Conclusion and Future Work

In this work we present a general framework that can aid model
selection by comparing different models through the lens of prac-



Fig. 9. (a)–(b) show quantities ðbr̂3 � r̂mÞ=r̂3 for m ¼ 1;2 as functions of b for noise free data (r ¼ 0) and noisy data (r ¼ 2), respectively. (c)–(d) show the width of the
profiles, w, plotted as functions of b for noise free data (r ¼ 0) and noisy data (r ¼ 2), respectively. In all cases results for the logistic growth model are shown in blue while
results for the Gompertz growth model are shown in green. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this
article.)
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tical parameter identifiability and checks of statistical assumptions
underlying valid identifiability analysis. Population biology is one
of many fields where questions of model selection are extremely
important, with the potential to be very challenging because it is
possible to interpret data with more than one candidate model
(Gutenkunst et al., 2007). In practice it is often unclear which
model is most appropriate to work with and so developing
methodologies that can assist in supporting these decisions is
valuable.

Various approaches are adopted to deal with model selection in
the literature, from the very simplest and surprisingly common
approach of neglecting the question completely, to using more
developed ideas such as information criteria (Akaike, 1974;
Burnham et al., 2011; Bortz and Nelson, 2006; Johnson and
Omland, 2004; Shmueli, 2010; Warne et al., 2018) and Bayesian
approaches that use, for example, Bayes factors (Browning et al.,
2020a; Kass and Raftery, 1995; Toni et al., 2009). Many of these
established approaches, however, are difficult to interpret inferen-
tially (Dormann et al., 2018) and do not explicitly consider the fun-
damental question of practical identifiability where we assess
whether the data contains sufficient information to form precise
parameter estimates, and whether this varies between different
candidate models.

For our particular data, we show the apparently simple sigmoid
growth data can be accurately predicted by several candidate
mathematical models without any obvious challenges at first. Only
when we ask the question whether the parameters are identifiable
does it becomes clear that some of these models are more appeal-
ing than others. In this case we show that typical data relating to
sigmoid re-growth of hard corals can be modelled using logistic,
Gompertz and Richards’ models. However, both the Gompertz
and Richards’ models encounter identifiability issues, whereas
there is no such issue with the logistic model. While this finding
is consistent with our intuitive expectation that increasingly com-
12
plicated models ought to be used only when there is sufficient data
available to estimate the unknown parameters, the difference in
identifiability is somewhat surprising. For example, the logistic
growth model with four unknown quantities h ¼ r1;K;C 0ð Þ;rð Þ
does not lead to any identifiability issues, whereas the more
commonly-invoked Gompertz growth model with the same num-
ber of unknowns, h ¼ r2;K;C 0ð Þ;rð Þ, encounters practical identifia-
bility issues since estimates of C 0ð Þ are not identifiable. This
difference is surprising given that these two models involve the
same number of unknowns, and even more surprising in this con-
text since the Gompertz growth model is routinely used in the
study of coral reef re-growth, but often this model is used without
any explicit consideration of parameter identifiability (Thompson
et al., 2020; Warne et al., 2021).

As we demonstrated, attempts to simplify parameter estima-
tion by the common but ad hoc practice fixing of initial conditions
introduces separate issues with the statistical assumptions under-
lying valid identifiability analysis, as indicated by residual checks.
This suggests that great care ought to be taken when we interpret
experimental data with a mathematical model since the assump-
tion that more complex models lead to better insight is not neces-
sarily true. We suggest that the adoption of practical identifiability
analysis along with model checks (e.g. inspection of residuals) is a
very straightforward way to help guide model selection, and
thereby aid in understanding underlying biological mechanisms.
While our work here focuses on three simple models and one sig-
moid data set, our approach is broad and applies to any continuum
sigmoid model and any appropriate sigmoid data set. Further, our
approach of selecting a model based upon the degree to which
parameters are identifiable, provided it also passes statistical mis-
specification checks, has a strong implication for the question of
experimental design, since we can use the tools presented in this
work to explore what additional data is required to improve the
identifiability of the parameters (Warne et al., 2017. Extending
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our tools to deal with the question of experimental design is an
open area that we expect will provide great insight into the ques-
tion of optimal experimental design.

In conclusion, it is worth revisiting the point we made in the
Introduction where we noted that the coral re-growth data we deal
with is of high interest because the data describes the whole recov-
ery trajectory, including late time data where the net growth rate is
reduced as the density approaches the carrying capacity. In other
applications, such as cell biology, usually only early time data is
collected because maintaining cell culture for very long periods
of time is difficult and expensive (Warne et al., 2017). In such cases,
measurements only cover the early-time concave-up part of the
sigmoid curve and do not include late-time, concave down data.
This has important implications for our ability to estimate carrying
capacity densities. Some of our previous work explored this chal-
lenge in detail, see Warne et al. (2017), for example (Warne
et al., 2017). In such cases it is straightforward to use a profile
likelihood-based method for model selection, but it would be more
natural to focus on a different class of models that do not incorpo-
rate a carrying capacity density. One such mathematical model is
the power law model, dC=dt ¼ rCa, where the parameters r and a
are to be estimated from data (Sarapata and de Pillis, 2014). The
practical identifiability of this model can be assessed using the
same tools presented in this work for data that does not include
long-time crowding effects.
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