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a b s t r a c t 

Strategic management of populations of interacting biological species routinely requires interventions 

combining multiple treatments or therapies. This is important in key research areas such as ecology, 

epidemiology, wound healing and oncology. Despite the well developed theory and techniques for deter- 

mining single optimal controls, there is limited practical guidance supporting implementation of combi- 

nation therapies. In this work we use optimal control theory to calculate optimal strategies for apply- 

ing combination therapies to a model of acute myeloid leukaemia. We present a versatile framework to 

systematically explore the trade-offs that arise in designing combination therapy protocols using opti- 

mal control. We consider various combinations of continuous and bang-bang (discrete) controls, and we 

investigate how the control dynamics interact and respond to changes in the weighting and form of the 

pay-off characterising optimality. We demonstrate that the optimal controls respond non-linearly to treat- 

ment strength and control parameters, due to the interactions between species. We discuss challenges in 

appropriately characterising optimality in a multiple control setting and provide practical guidance for 

applying multiple optimal controls. Code used in this work to implement multiple optimal controls is 

available on GitHub. 

Crown Copyright © 2020 Published by Elsevier Ltd. All rights reserved. 
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. Introduction 

Determining appropriate interventions for managing popula-

ions of interacting species poses significant challenges. A wide

ariety of biological processes are characterised by interactions

etween species, ranging from mutualistic to antagonistic. Mutu-

listic interactions benefit all species involved: for example, the

cacia-ant and acacia tree have a mutualistic interaction; the ants

re provided food and shelter by the tree, and in turn protect

he tree from herbivores, insects and other plants ( Janzen, 1966 ).

ntagonistic interactions occur where one species gains at the

xpense of others, or where all species are disadvantaged; such

s the predation of rabbits by foxes ( Fernandez-de Simon et al.,

015 ), competition for prey between lions and hyenas occupy-

ng the same ecological niche ( Sogbohossou et al., 2018 ), or in

cute myeloid leukaemia (AML) where progenitor blood cells and

eukaemic stem cells in the bone marrow niche compete for re-

ources ( Ishikawa et al., 2007; Mac Lean et al., 2013; Sipkins et al.,
∗ Corresponding author at: School of Mathematical Sciences, Queensland Univer- 

ity of Technology (QUT), 2 George Street, Brisbane, QLD 40 0 0, Australia. 
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005 ). These interactions, coupled with the reality that many inter-

entions impact multiple species within an environment, increase

he difficulty of designing intervention strategies. We use optimal

ontrol techniques to explore the dynamics of multi-species sys-

ems subject to multiple intervention strategies. We present a case

tudy considering a combination therapy approach to treatment;

nalysing a stem cell model of acute myeloid leukaemia (AML). We

ubject the system to a chemotherapy control that destroys both

eukaemic stem cells and progenitor blood cells, and a stem cell

ransplant control that replenishes progenitor blood cells. This is

n informative system to study as the complexity makes it unclear

ow to best apply these interventions without applying optimal

ontrol techniques, and the antagonistic dynamics of AML are rep-

esentative of many other systems in biology. 

Where available intervention mechanisms incur different costs,

arget different species or have a level of efficacy that varies

ased on the state of the system, it is reasonable to consider

 strategy with multiple interventions applied in combination.

e are interested in applying interventions to interacting multi-

pecies processes to influence the outcomes. Example situations

here multiple interventions are employed include aerial baiting

nd animal trapping for invasive species management in ecology

https://doi.org/10.1016/j.jtbi.2020.110277
http://www.ScienceDirect.com
http://www.elsevier.com/locate/jtb
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jtbi.2020.110277&domain=pdf
mailto:jesse.sharp@hdr.qut.edu.au
https://doi.org/10.1016/j.jtbi.2020.110277
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( Baker et al., 2017 ); vaccination, rehydration, antibiotics and san-

itation for outbreak control in epidemiology ( Miller Neilan et al.,

2010 ); growth hormone and hyperbaric oxygen therapy for wound

healing ( Adas et al., 2013 ); and chemotherapy and stem cell trans-

plants for cancer treatment in oncology ( Burnett et al., 2001 ). 

Interactions between species increase the complexity involved

when considering interventions, but can also provide opportuni-

ties. Failure to understand the interactions between species can re-

sult in unintended effects of intervention. In the Booderee National

Park in south-eastern Australia, intensive fox baiting was imple-

mented to curb population decline of native animals through pre-

dation by foxes. This significantly increased the abundance of wal-

labies, with the unintended consequence of reducing abundance of

some tree species ( Dexter et al., 2013 ). Conversely, understanding

interspecies interactions can provide exploitable opportunities in

designing interventions. In cancer research, particular genes have

been shown to exhibit cancer-promoting functions. There are sig-

nificant challenges associated with targeting these genes directly,

prompting investigation into means of targeting the upstream sig-

nalling pathways that activate the genes ( Rawlings et al., 2004;

Yu et al., 2014 ). Understanding the dynamics of interactions be-

tween species and the influence of proposed treatments improves

our ability to determine effective intervention strategies. 

Mathematical models provide a low-cost, low-risk way of ex-

ploring the dynamics of biological processes (and valuably, un-

derstanding the risks of proposed interventions) ( Baker et al.,

2019; Castro et al., 2016; Kirschner and Linderman, 2009; Moore,

2018 ). In cancer research mathematical models have been used

to explore key processes such as incidence; pathogenesis; tu-

mour growth; metastasis; immune reaction and treatment ( Byrne,

2010; Crowell et al., 2016; Cucuianu and Precup, 2010; Kumb-

hari et al., 2020; Mac Lean et al., 2014; Tang et al., 2011 ). Op-

timal control techniques are widely applied, not only in mathe-

matical biology broadly ( Chamchod, 2018; Lee and Chowell, 2017;

Lee et al., 2013; Malik et al., 2016 ), but also in cancer ther-

apy ( Castiglione and Piccoli, 2007; Itik et al., 2009; Schättler and

Ledzewicz, 2015 ) and AML specifically ( Sharp et al., 2019 ). Like-

wise, mathematical models have been used to study stem cell dy-

namics ( Marciniak-Czochra et al., 2009; Østby et al., 2003 ), includ-

ing optimal control of cancer via chemotherapy with consideration

for bone marrow destruction ( Fister and Panetta, 20 0 0 ). Optimal

control techniques have been applied to study various cancer ther-

apies, including: chemotherapy and immunotherapy ( Bunimovich-

Mendrazitsky and Shklyar, 2017 ), and combined broad spectrum

and targeted chemotherapy ( Nanda et al., 2007 ), for chronic

myeloid leukemia; chemotherapy and anti-angiogenic therapy to

control tumour volume ( d’Onofrio et al., 2009; Ledzewicz and

Schättler, 2016; Schättler and Ledzewicz, 2015 ); hormone ther-

apy for prostate cancer ( Cunningham et al., 2018 ); chemotherapy

in the presence of drug resistant tumours ( Carrére, 2017 ); and

chemotherapy and radiotherapy treatments for bone metastatic

cancer ( Camacho and Jerez, 2018 ). 

Many interacting population dynamics can be explored through

studying coupled systems of differential equations. As a starting

point, we could consider two species, S 1 ( t ) and S 2 ( t ) with general

growth and decay functions g 1 , g 2 and d 1 , d 2 , respectively. These

systems are readily extended to incorporate multiple interventions

or controls, say u ( t ) and v ( t ), that result in some net impacts c 1 and

c 2 on each species. Such a model could take the following form,

with all variables implicitly functions of time: 

d S 1 
d t 

= 

growth of S 1 ︷ ︸︸ ︷ 
g 1 (S 1 , S 2 ) −

decay of S 1 ︷ ︸︸ ︷ 
d 1 (S 1 , S 2 ) + 

interventions ︷ ︸︸ ︷ 
c 1 (S 1 , S 2 , u, v ) , 

d S 2 
d t 

= g 2 (S 1 , S 2 ) ︸ ︷︷ ︸ 
growth of S 2 

− d 2 (S 1 , S 2 ) ︸ ︷︷ ︸ 
decay of S 2 

+ c 2 (S 1 , S 2 , u, v ) ︸ ︷︷ ︸ 
interventions 

. (1)
In Eq. (1) all growth and decay terms are presented as func-

ions of both species. These terms can be reduced to functions of

 single species to capture the range of interactions from mutual-

sm to antagonism. For example, the classic Lotka-Volterra model

or predator-prey interaction ( Berryman, 1992; Lotka, 1925 ) can be

ecovered if g 1 ( S 1 , S 2 ) reduces to g 1 ( S 1 ), and d 2 ( S 1 , S 2 ) reduces to

 2 ( S 2 ). The intervention terms are expressed as functions of both

pecies and controls for generality, but can also be reduced to

odel specific interventions. We note that this formulation per-

its modelling of complex interactions between species and pro-

ides flexibility in the application of controls, for example allowing

s to implement a control that impacts both species simultane-

usly. 

This paper presents a case study of a two species model with

esource competition, where abundance of one species is desir-

ble and the other is undesirable. We consider the dynamics of

ptimal therapies involving two controls. In particular, we model

he dynamics of a combination therapy intervention with one

ontrol that negatively affects both species, and another control

hat positively affects only the desirable species. Results are ob-

ained under pay-off regimes corresponding to continuous applica-

ions of both controls; combinations of continuous and bang-bang

discrete) controls; and bang-bang applications of both controls

 Lenhart and Workman, 2007; Sharp et al., 2019 ). The impact of

ey parameters on the combination therapy dynamics are also con-

idered. We find that the response of the optimal control strategy

o interaction parameters can be highly non-linear, with behaviour

hat exhibits significant variation across the parameter space. We

dentify dynamics reflective of clinical practice under some param-

ter regimes, and note that some interesting solution dynamics

re transient, existing only over small regions of control parameter

pace. We also demonstrate that the response of the system un-

er optimal control dynamics can provide insights into the quality

f the underlying model. Finally, we comment on the challenges

nvolved in selecting appropriate pay-off weightings, and the flexi-

ility it affords. 

There are two key aspects of novelty in this work. First, we have

ompleted a novel mathematical modelling exercise in which acute

yeloid leukaemia is treated using a combination of chemotherapy

nd stem cell transplants, determined using optimal control the-

ry. Secondly, we present a versatile framework, and make code

vailable, for designing combination therapy protocols using opti-

al control. We note that this framework can be readily adapted to

roblems beyond oncology involving multiple interacting species

ubject to multiple interventions. 

In Section 2 we outline the optimal control approach taken in

his work. In Section 3 we introduce a model of AML ( Crowell

t al., 2016; Sharp et al., 2019 ) to examine as a case study on

ombination therapy; we subject the model to both a chemother-

py control and a stem cell transplant control. We identify candi-

ate pay-off functions characterising optimality for the AML model.

esults and discussion corresponding to these candidate pay-off

unctions are presented in Section 4 . Concluding remarks are pro-

ided in Section 5 . In the supplementary material we present a

road collection of results corresponding to a wide range of con-

rol parameter regimes, we provide a phase portrait illustrating the

teady state behaviour of the model, and we explore sensitivity of

he optimal control regimes to parameters, assumptions and initial

onditions. 

The code used to produce the optimal control results in

his work is freely available on GitHub . Our implementation of

he FBSM uses a fourth-order Runge-Kutta method to generate

umerical solutions to ordinary differential equations ( Lenhart

nd Workman, 2007; Press, 2007 ). A sufficiently small constant

ime step is chosen to produce numerical solutions that are

rid-independent. 

https://github.com/Jesse-Sharp/Sharp2019
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. Optimal control theory 

When considering a system with inputs that we can control,

e are naturally interested in determining the particular amount

nd timing of these inputs that produces the best outcome. In the

ontext of optimal control, best corresponds to a control that min-

mises or maximises a specified pay-off. The pay-off is also mod-

lled; as such it has assumptions, and in complex systems it is not

lways clear how to appropriately represent objectives. This is par-

icularly evident when controls are designed to meet multiple ob-

ectives; there is not necessarily a single way to value outcomes

 Marler and Arora, 2004; Roijers and Whiteson, 2017 ). When con-

idering optimal control for disease treatment, the pay-off typically

ncorporates factors such as reducing the negative effect of the dis-

ase, and minimising the resources used and any adverse effects of

he treatment. 

For the interacting multi-species system given by Eq. (1) a gen-

ral pay-off functional, J , to be minimised over a fixed time interval

s: 

 = 

∫ t f 

t 0 

L (S 1 (t) , S 2 (t) , u (t) , v (t)) d t, 

here u ( t ) and v ( t ) represent the treatments or interventions ap-

lied. The integral captures cumulative costs over time, such as

isease burden, side effects or toxicity of a treatment, or resource

osts. The particular form chosen for L determines the dynamics

f the optimal strategy, as we discuss later. 

In this work, we determine optimal controls through applica-

ions of Pontryagin’s Maximum Principle (PMP) ( Pontryagin et al.,

962 ). Although multiple interventions are commonly applied in

cology, epidemiology, wound healing and oncology ( Adas et al.,

013; Baker et al., 2017; Burnett et al., 2001; Miller Neilan et al.,

010 ), there is limited discussion of optimal control problems with

ultiple controls. The theory and practice of modelling a single

ptimal control using the PMP approach has been thoroughly ex-

lored in texts such as ( Anderson and Moore, 2014; Athans and

alb, 1966; Bryson and Ho, 1975; Lenhart and Workman, 2007 ),

nd extends readily to multiple control problems. As such, we

resent here only a brief outline of the process, and focus this

ork on insights and issues of practical implementation of mul-

iple optimal controls. We construct the Hamiltonian and appro-

riate co-state equations that couple the objective and cost to

he multi-species system. Applying the PMP produces a two-point

oundary value problem (TPBVP) that we must solve, in combina-

ion with known initial conditions for the state , { S 1 ( t 0 ), S 2 ( t 0 )}, to

inimise the Hamiltonian and hence determine the optimal con-

rols and corresponding optimal state trajectories. The TPBVPs aris-

ng in optimal control are typically characterised as being a system

f differential equations where some initial conditions and some fi-

al time conditions are known. As such, they are commonly solved

sing iterative approaches such as the forward-backward sweep

ethod (FBSM) or shooting methods ( Keller, 1976; Lenhart and

orkman, 2007 ). 

We apply the FBSM, an iterative process involving the following

teps: an initial guess is made for the controls over the interval;

sing this guess the state is solved forwards in time from t 0 to t f ;

ith this information and the transversality condition (a final time

onstraint on the co-state variables, derived from the pay-off func-

ion), the co-state equations are solved backwards in time from t f 
o t 0 , and; the guess for the controls are updated based on the

olutions for the state and co-state. This process is repeated until

he state, co-state and controls are deemed to have converged to

ome tolerance. Practical guidance and code for implementation of

he FBSM for optimal control problems is available in the literature

 Lenhart and Workman, 2007; Sharp et al., 2019 ). The FBSM read-

ly generalises to problems with multiple controls with no modifi-
ation beyond including the additional equations, though typically

ncorporating additional controls also increases the computational

ost. An algorithm for the FBSM for multiple controls is provided

n the supplementary material. 

The pay-off functions we consider vary in regard to whether

ach of the terms in the integrand are linear or quadratic. Lin-

ar and quadratic forms are prevalent in the literature ( Anderson

nd Moore, 2014; Li and Todorov, 2004; Norton, 2014; Priess et al.,

015 ), although other forms are also considered, such as a logarith-

ic pay-off to represent investor utility in mathematical finance

 Akian and Sulem, 2001; Kuwana, 1995 ). Quadratic control terms

n the pay-off produce continuous controls. Having the control

erm appear only linearly in both the pay-off and the state pro-

uces bang-bang or singular controls. Bang-bang controls require

pecified lower and upper bounds, are applied at either bound,

nd switch based on the sign of the derivative of the Hamiltonian

ith respect to the control variable. Singular controls arise when

his derivative is zero over any finite interval excluding isolated

oints. Over such intervals the optimal control cannot be deter-

ined by simply looking for the value that minimises the Hamil-

onian ( Bryson and Ho, 1975; Lenhart and Workman, 2007 ). In this

ork we focus on control parameter regimes where the linear pay-

ff terms correspond to non-singular bang-bang optimal control 

roblems. 

The functional form of state variables in the pay-off has a less

lear impact on the control dynamics. Quadratic terms attribute a

isproportionally greater cost to large quantities than small; this

an be desirable when modelling leukaemia, as a larger leukaemic

urden can be disproportionally more damaging than a smaller

ne ( Estey and Döhner, 2006 ). The downside of this is that very lit-

le cost is ascribed to a small leukaemic burden, meaning optimal

ontrol regimes derived from a pay-off with a quadratic leukaemia

erm may reach a state where significant leukaemia remains. Con-

ersely, the penalty applied by a linear term is proportional to the

ize of the leukaemic burden; optimal control regimes derived un-

er this type of pay-off will typically produce final states with less

eukaemia remaining. 

In the following sections, we explore the dynamics of multiple

ontrols through a model of AML subject to combination therapy.

e present select results in this document to highlight key fea-

ures of multiple control dynamics, and present a broad selection

f additional results in the supplementary material. 

. Case study: combination therapy for acute myeloid 

eukaemia 

Acute Myeloid Leukaemia (AML) is a blood cancer charac-

erised by the transformation of haematopoietic stem cells into

eukaemic blast cells, primarily in the bone marrow ( Crowell et al.,

016; Mughal et al., 2010 ). The presence of leukaemic cells in

he bone marrow niche disrupts haematopoiesis ( Crowell et al.,

016 ), as these cells stop responding to normal regulators of pro-

iferation and no longer undergo normal differentiation or mat-

ration ( Estey and Döhner, 2006; Hanahan and Weinberg, 2011 ).

ypical treatments for AML include chemotherapy; immunother-

py; haematopoietic stem cell transplants; radiotherapy and leuka-

heresis ( Andreeff, 2015; Mughal et al., 2010; Popat and Abraham,

011 ). Treatment strategies often incorporate multiple therapies

oncurrently, these combination therapies can be intramodal; such

s chemotherapy with multiple chemotherapeutic agents, or inter-

odal; such as chemotherapy in combination with stem cell trans-

lantation. Combination therapies offer a range of potential advan-

ages over individual therapies, including reduction of toxicity and

dverse effects of treatment, improved outcomes in the presence

f drug resistance and tumour cell heterogeneity and potentiation

f chemotherapy ( Bast et al., 2017; Jain, 2001; Yardley, 2013 ). 



4 J.A. Sharp, A.P. Browning and T. Mapder et al. / Journal of Theoretical Biology 497 (2020) 110277 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

p

 

 

s  

s  

e  

i  

i

 

o  

c  

S  

l  

p  

i  

o  

v  

t  

t

 

t  

o  

s  

s  

A  

p  

o  

p  

c  

n  

n  

a  

t

 

d  

c  

t  

s  

p  

o  

c  

c  

L

 

In a clinical setting, AML treatment may involve both

chemotherapy to reduce the leukaemic cell population and stem

cell transplants to bolster the healthy cell populations. This has

been shown to allow a higher dose of chemotherapy to be given,

reduce adverse effects of the chemotherapy, reduce the risk of re-

lapse and improve long-term survival ( Burnett et al., 2001; Löwen-

berg et al., 1999; Yeshurun and Wolach, 2019 ). When treating can-

cer via chemotherapy the exact mechanisms depend on the type of

cancer and the particular chemotherapeutic drug, but typically, cy-

totoxic drugs are administered that target highly proliferative cells.

Unfortunately, this commonly includes not only cancer cells, but

also healthy cells in the bone marrow, hair, skin and digestive

system ( Mughal et al., 2010 ). The loss of these healthy cells con-

tributes to the significant side effects experienced by chemother-

apy patients. A stem cell transplant can mitigate these side effects

by giving a patient allogeneic (from a matched donor) or autol-

ogous (from the person receiving the transplant) stem cells, typ-

ically collected from the bone marrow or the peripheral blood.

Transplants are most often administered in remission, following

preparative high-dose chemotherapy and/or radiotherapy ( Burnett

et al., 2001; Cancer Council Australia, 2018 ). Side effects aris-

ing from stem cell transplants can also be significant, including

complications related to the liver, kidneys and lungs, heightened

risk of bacterial and viral infections, and graft-versus-host disease

( Döhner et al., 2015; Gooley et al., 2010; Löwenberg et al., 1999 ). 

Development, progression and response to treatment of AML is

highly heterogeneous, due to its distinct genetic variation ( Estey

and Döhner, 2006; Stiehl et al., 2015 ). Measuring individual biolog-

ical parameter values directly from experiments is challenging, and

fitting models to clinical data produces parameter estimates that

are not unique or with significant uncertainty ( Gutenkunst et al.,

2007; Stiehl et al., 2015 ). Further, clinical data is often only col-

lected at a course-grained level, sufficient to describe only the col-

lective behaviour of the system ( Crowell et al., 2016; Gutenkunst

et al., 2007 ). In Ommen et al. (2014) , patient data is analysed to

investigate the doubling time of the leukaemic burden in relapse

of AML ( Ommen et al., 2014 ). The results are delineated according

to molecular subgroups. The median doubling times for these sub-

groups range from 12 to 24 days. There was significant variance

between samples however, with doubling times ranging from 3

days to around 70 days. Another study of patients with untreated,

newly diagnosed AML calculates the median potential tumour dou-

bling time to be 8 days, with a range of 3 to 48.9 days ( Brons et al.,

1993 ). 

In treating AML with chemotherapy, the timing and dose of

chemotherapeutic agents is a critical factor in determining patient

outcomes ( Pollyea and Jordan, 2017 ). It follows that the dosages

applied in combination therapy are also critical, particularly with

studies indicating that synergistic relationships may exist between

treatments in particular ratios and schedules but not others ( Bast

et al., 2017; Mayer and Janoff, 2007 ). As such, it is important to un-

derstand the dynamics of systems subject to multiple treatments,

and identify key factors that impact the optimal treatment sched-

ules and dosages. Different aspects of treatment schedules interact

in a complex way and models are a useful way to investigate the

relationship ( Baker et al., 2018 ). 

We consider a stem cell model of AML first presented by

Crowell et al. (2016) , modified to incorporate an immune re-

sponse to leukaemia ( Sharp et al., 2019 ). The model consists of five

species; haematopoietic stem cells S ( t ), progenitor cells A ( t ), termi-

nally differentiated blood cells D ( t ), leukaemic stem cells L ( t ), and

fully differentiated leukaemia cells T ( t ). All dependent variables are

functions of t , and rates have dimension [ T −1 ] . We do not explicitly

specify a time scale. For notational convenience we often omit the

explicit time-dependence of S ( t ), A ( t ), D ( t ), L ( t ) and T ( t ) from this
oint forward: 

d S 

d t 
= ρS S(1 − S) − δS S, 

d A 

d t 
= δS S + ρA A (1 − A − L ) − δA A, 

d D 

d t 
= δA A − μD D, 

d L 

d t 
= ρL L (1 − A − L ) − δL L − αL 

γ + L 
, 

d T 

d t 
= δL L − μT T . (2)

The competition between progenitor blood cells and leukaemic

tem cells is based on the hypothesis that these cells occupy the

ame niche within the bone marrow ( Ishikawa et al., 2007; Sipkins

t al., 2005 ). Motivation for incorporating this kind of interaction

n models of AML and other similar leukaemias has been detailed

n the literature ( Crowell et al., 2016; Mac Lean et al., 2014 ). 

The steady state behaviour of the original model has been thor-

ughly explored in Crowell et al. (2016) , and the effect of the in-

orporated immune response on these steady states is outlined in

harp et al. (2019) . Briefly, the original model supports healthy (no

eukaemia cells), leukaemic (no healthy cells) and coexisting (both

rogenitor blood cells and leukaemia cells) steady states, and the

mmune response incorporated in Sharp et al. (2019) has the effect

f introducing a stable healthy steady state in place of the pre-

iously unstable healthy steady state. A phase portrait illustrating

his steady state behaviour is included in the supplementary ma-

erial. 

The haematopoietic stem cells in the original model grow logis-

ically to steady state: lim 

t→∞ 

S(t) = S̄ = 1 − δS /ρS , independent of the

ther cell types. As such, in this work we make a simplifying as-

umption that the haematopoietic stem cell population is held con-

tant at this steady state. Provided that S (0) is of a similar scale to

 (0) and L (0), relaxing this assumption does not significantly im-

act the results. Prior to S ( t ) reaching steady state, the production

f A from S is proportionally reduced, resulting in less competitive

ressure exerted on L by A , promoting an increased application of

ontrol. This is demonstrated in the supplementary material. We

eglect the terminally differentiated cell populations as they do

ot feed back to the progenitor or leukaemic stem cell populations,

nd as such will not influence the design of optimal combination

herapy based on progenitor and leukaemic stem cell populations. 

The chemotherapy control, u ( t ), is modelled as an additional

eath term for both progenitor blood cells and leukaemic stem

ells. The additional death rate of each type of cell depends on

he amount of control applied and the size of the population. The

tem cell transplant control, v ( t ), is modelled as an increase in the

rogenitor blood cell population, depending only on the amount

f control applied. These assumptions reduce Eqs. (2) to (3) . We

onsider scaled populations such that 0 ≤ A + L ≤ 1 in absence of

ontrol, for suitably chosen initial conditions: A (0) + L (0) < 1 and

 (0) � 0.9. 

d A (t) 

d t 
= δS ̄S + ρA A (t)(1 − A (t) − L (t)) − δA A (t) 

+ 

stem cell 
transplant ︷︸︸︷ 
v (t) −

chemotherapy ︷ ︸︸ ︷ 
κu (t) A (t) , 

d L (t) 

d t 
= ρL L (t)(1 − A (t) − L (t)) − δL L (t) − αL (t) 

γ + L (t) 

− u (t) L (t) ︸ ︷︷ ︸ 
chemotherapy 

. (3)
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Fig. 1. Numerical solutions are presented for Eq. (3) to demonstrate the model dynamics for different initial conditions, in absence of control ( u ( t ) ≡ v ( t ) ≡ 0). Parameter 

values are given in Table 1 . Initial conditions in (a) correspond to the coexisting steady state. In (b) we observe that a small leukaemic population is depleted through the 

immune response and competition with progenitor blood cells. In (c) we observe that a small progenitor blood cell population is replenished from haematopoietic stem cells, 

such that the model tends toward the coexisting steady state. 

Table 1 

Parameters. 

Parameter description Variable Value Dimensions 

Haematopoietic stem cell ( S ) steady state S̄ 0.72 [ −] 

Proliferation of S ρS 0.5 [T −1 ] 

Proliferation of A ρA 0.43 [T −1 ] 

Proliferation of L ρL 0.27 [T −1 ] 

Differentiation of S into A δS 0.14 [T −1 ] 

Differentiation of A δA 0.44 [T −1 ] 

Differentiation of L δL 0.05 [T −1 ] 

Characteristic rate of the immune response α 0.015 [T −1 ] 

Half saturation constant of the immune response γ 0.01 [ −] 

Parameters correspond to those presented with the original model ( Crowell et al., 2016 ), 

with immune response parameters introduced in subsequent work ( Sharp et al., 2019 ). 
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The significant heterogeneity of AML development, progression

nd response to treatment makes identifying realistic individual

arameter values challenging; as such the parameter values in

able 1 are selected such that the qualitative behaviour we observe

rom the uncontrolled model is consistent with previous studies

 Crowell et al., 2016; Sharp et al., 2019 ). For illustrative purposes

e treat the rates presented to be per day, and present solutions

ver a potentially typical time-scale of days. We note that there is

ignificant uncertainty in the parameter values, and stress that the

ocus of this work is on the dynamics and interactions of multiple

ontrols, and in particular, how these dynamics change in response

o varying control parameters. We provide additional results in the

upplementary material exploring parameter sensitivity. 

In the context of applying multiple interventions, particularly

hen an intervention impacts multiple species, understanding in-

eractions between species and controls is crucial for determin-

ng appropriate management strategies. As such, we are particu-

arly interested in the parameter κ , that describes the effective-

ess of the chemotherapy in killing progenitor blood cells, rela-

ive to leukaemic stem cells; κ < 1 corresponds to chemother-

py that is more effective at killing leukaemic stem cells than

rogenitor blood cells, κ = 1 corresponds to chemotherapy that is

qually effective at killing either cell type and κ > 1 corresponds

o chemotherapy that is more effective at killing progenitor blood

ells than leukaemic stem cells. This parameter can be adjusted to

eflect the clinically observed heterogeneity in response to treat-

ent. A description of the other model parameters and the values

sed to produce results in this work are presented in Table 1 . In

bsence of control, these parameters can give rise to the coexisting

teady state. Dynamics of this model, for various initial conditions,

nd without any control, are presented in Fig. 1 . Solutions in this

ork are initialised at the coexisting steady state values for A and

 unless otherwise specified, however this is not a requirement of

he technique. This is a sensible choice as it corresponds to a rea-

onable treatment scenario, whereby a patient initially has some

ealthy cells and some leukaemic cells. It also best allows us to

a  
nvestigate interplay between the interspecies interaction and the

ontrol dynamics. In the supplementary material we present addi-

ional results demonstrating that the optimal controls are relatively

nsensitive to moderate variation in the initial conditions. 

Due to the significant cost and side effects associated with each

reatment, we typically define pay-offs that minimise not only the

eukaemic burden but also the amount of each control applied. In

he remainder of this section we identify and discuss several rea-

onable choices of pay-off. We model two controls and explore the

ynamics of each possible combination of continuous and bang-

ang. This produces four distinct sets of control dynamics. In the

upplementary material we present numerical solutions for each

ombination of control dynamics and investigate the impact of var-

ous parameters. 

Bang-bang controls require lower and upper bounds on the

ontrol variable, and are named as such because the optimal con-

rol takes either the lower or upper bound, with finitely many dis-

ontinuous switching points throughout the interval. We also ap-

ly bounds on the continuous controls. Bounds are used to incor-

orate practical constraints such as a maximum tolerated dose. In

his work, we apply a lower bound of zero to all controls, corre-

ponding to no treatment. The control techniques are general and

o not require the lower control bound to be zero. However, this

s a practical choice in a treatment context. Unless otherwise spec-

fied we choose upper bounds on continuous controls to be arbi-

rarily large; such that they do not constrain the control dynamics.

here is no requirement for any relationship between the upper

ounds on the chemotherapy and stem cell transplant controls, u b 
nd v b , respectively. 

The pay-offs we consider in this work can be expressed in a

eneral form as: 

 = 

∫ t f 

0 

(a 1 u (t) p + a 2 v (t) q + a 3 L (t ) r ) d t , 0 ≤ u (t) ≤ u b , 0 ≤ v (t) ≤ v b . 

(4) 

We focus our investigation on the combinations of continuous

nd bang-bang controls possible with p ∈ {1, 2} and q ∈ {1, 2}.
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Linear control terms in the pay-off, corresponding to p = 1 for

chemotherapy control and q = 1 for stem cell transplant control,

produce bang-bang controls. Quadratic control terms in the pay-

off, corresponding to p = 2 for chemotherapy control and q = 2 for

stem cell transplant control, produce continuous controls. In each

case we also explore the impact of a linear or quadratic luekaemic

term in the pay-off, through choosing r ∈ {1, 2}. 

Parameters a 1 , a 2 , a 3 > 0 are chosen to weight the relative im-

portance of each contribution to the pay-off. For example, if we

want to assign a greater penalty to the chemotherapy control than

to the stem cell transplant control and the leukaemia, we increase

a 1 relative to a 2 and a 3 . When mixing quadratic and linear control

terms care must be exercised when selecting weighting parame-

ters. For the model given by Eq. (3) , with 0 ≤ A + L ≤ 1 , linear pay-

off terms are proportionally more penalising than quadratic terms

( x > x 2 for x ∈ (0, 1)). 

The weighting parameters and exponents in the pay-off do not

have a direct clinical interpretation, but rather need to be consid-

ered in the context of how optimality is characterised in a clinical

setting. For example, the simplest fully linear pay-off, with p = q =
r = 1 and a 1 = a 2 = a 3 = 1 , implies that one unit of chemotherapy

control imposes the same cost or harm as one unit of stem cell

transplant control or one unit of leukaemia. For practical applica-

tions, these pay-off weightings and exponents could be estimated

through expert opinion of clinicians ( Gibert et al., 2010; Martin

et al., 2012; Normand et al., 1998 ). The combination of parame-

ters that best characterise optimality may vary between cases, and

depend on factors such as the particular controls and their side ef-

fects, and how a particular patient is impacted by the leukaemia.

Since the aim of this work is to present a general framework rather

than a specific application of that framework, we leave these con-

stants unspecified and note that code is provided at Github to fa-

cilitate particular applications. 

3.1. Continuous chemotherapy, continuous stem cell transplant 

controls 

For a continuous chemotherapy control and continuous stem

cell transplant control we consider a pay-off that minimises the

cumulative amount of leukaemia and the controls, with each term

squared. This corresponds to Eq. (4) with p = 2 and q = 2 . 

Results investigating the effect of varying the parameter κ; the

rate that the chemotherapy control depletes progenitor blood cells

relative to leukaemic cells, are presented in Figure S1 of the sup-

plementary material. Results exploring the impact of changing the

final time are presented in Figure S2 of the supplementary mate-

rial. 

3.2. Continuous chemotherapy, bang-bang stem cell transplant 

controls 

A pay-off that minimises the cumulative amount of chemother-

apy control squared, with the stem cell transplant control term en-

tering the pay-off linearly, will produce a continuous chemother-

apy control with bang-bang stem cell transplant control. This cor-

responds to Eq. (4) with p = 2 and q = 1 . 

Results investigating greater variations in the parameter κ are

presented in Figure S3 of the supplementary material. Upper

bounds on the continuous chemotherapy control are considered in

Figure S4 of the supplementary material. 

3.3. Bang-bang chemotherapy, continuous stem cell transplant 

controls 

Bang-bang chemotherapy control with continuous stem cell

transplant control arises from the pay-off in Eq. (4) with p = 1 and
 = 2 . Noting that each control impacts the state differently ( u re-

uces both A and L while v increases A only), we can expect this to

roduce different dynamics to the combination considered in the

revious part with p = 2 and q = 1 . 

We present results exploring the effect of the final time on

he dynamics of the bang-bang chemotherapy control in Figure S5

f the supplementary material. In Figure S6 of the supplementary

aterial we investigate how different upper bounds on the contin-

ous stem cell transplant control impact the dynamics. 

.4. Bang-bang chemotherapy, bang-bang stem cell transplant 

ontrols 

Finally, we investigate the case where both controls enter the

ay-off linearly, such that both optimal controls are bang-bang.

his corresponds to Eq. (4) with p = 1 and q = 1 . 

In Figure S7 of the supplementary material, we investigate the

mpact of increasing the upper bound on each of the bang-bang

ontrols, effectively allowing for stronger doses of each treatment

o be applied. In Figure S8 of the supplementary material we con-

ider how the parameter κ impacts the dynamics when all controls

re bang-bang. 

. Results and discussion 

In this section we draw insights about the behaviour of the

odel when subject to interventions, and also more broadly inves-

igate key factors influencing the dynamics of multiple controls. In

articular, we focus on the strength of interaction between controls

nd species, the form and strength of the controls applied, the du-

ation of the treatment interval and the control weighting param-

ters. Suites of results investigating these aspects are presented in

he supplementary material. In the remainder of this section, we

ighlight key insights. 

.1. Optimal strategies respond non-linearly to control parameters 

Due in part to the heterogeneity of AML, there is significant

ncertainty around how an individual will respond to treatment

 Estey and Döhner, 2006; Kumar, 2011 ), which is represented by

in our model. This poses challenges in determining appropri-

te intervention strategies, as it is unclear how heavily chemother-

py treatment will deplete healthy blood cells. As such, a key as-

ect of this work is to investigate how the optimal control dynam-

cs change as we vary κ . Varying κ allows us to change the rate

hat the chemotherapy control depletes progenitor blood cells rel-

tive to leukaemic cells. Increasing κ makes chemotherapy more

amaging to the progenitor blood cells; intuitively one might ex-

ect this to promote a reduced application of chemotherapy con-

rol. This occurs under some circumstances, but the dynamics are

on-linear due to the interactions between the progenitor blood

ells and leukaemic cells. In Fig. 2 we present results demonstrat-

ng that adjusting κ can both increase and decrease the duration

f both chemotherapy and stem cell transplant controls, depend-

ng on the control weighting parameters. Changing control weight-

ng parameters could be thought of as representing the way that

ifferent individuals may be more or less heavily impacted by the

side) effects of leukaemia or the treatments ( Nanda et al., 2007 ).

hese results agree with the clinically observed heterogeneity in

esponse to regimented treatment, and highlight a key challenge

n managing the interacting populations. Even when the nature of

n interaction is known, the optimal intervention strategy can vary

ignificantly with changes to the strength of the relationship, the

trength of the treatment and the form of the controls. 

The upper bound on a control represents the maximum

trength of the treatment, and can be used to enforce a practical

https://github.com/Jesse-Sharp/Sharp2019
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Fig. 2. The control dynamics respond non-linearly to the parameter κ . Solutions are presented corresponding to the linear pay-off given in Eq. (4) with p = 1 , q = 1 , r = 1 

and upper control bounds u b = v b = 0 . 1 . With equal weightings ( a 1 = a 2 = a 3 = 1 ), increasing κ from κ = 0 . 5 to κ = 2 extends the duration of the stem cell transplant 

control and has little effect on the chemotherapy control. With a reduced weight on the chemotherapy control in the pay-off ( a 1 = 0 . 5 ), increasing κ from κ = 0 . 5 to κ = 2 

extends the duration of both controls. With a reduced weight on the stem cell transplant control in the pay-off ( a 2 = 0 . 5 ), increasing κ from κ = 0 . 5 to κ = 2 increases the 

application of the stem cell transplant control and reduces the application of the chemotherapy control. 

Fig. 3. Increasing the upper bound of the bang-bang controls can significantly alter the dynamics. Solutions are presented corresponding to the linear pay-off given in 

Eq. (4) with p = 1 , q = 1 , r = 1 and equal pay-off weightings ( a 1 = a 2 = a 3 = 1 ). When the chemotherapy control is more effective at killing leukaemia cells than progenitor 

blood cells ( κ = 0 . 5 ), we observe that increasing the upper bound of each control from u b = v b = 0 . 1 to u b = v b = 0 . 2 results in a reduced duration of application of both 

controls. Increasing the bounds further to u b = v b = 0 . 3 leads to the result in panel (c) where only the chemotherapy control is applied. When the chemotherapy control is 

more effective at killing progenitor blood cells than leukaemia cells ( κ = 2 ), the stem cell transplant control is no longer applied after increasing the upper bound of each 

control from u b = v b = 0 . 1 to u b = v b = 0 . 2 . 

c  

t  

t  

v  

t  

t  

m  

c  

c  

m  

o  

t  

n  

s

onstraint such as a maximum tolerated dose. For bang-bang con-

rols with a lower bound of zero, the optimal treatment is to apply

he drug at the maximum tolerated dose (over one or many inter-

als) or not at all. Bounds can also be used to enforce a dosage

hreshold on continuous optimal controls, while still admitting in-

ermediate doses. In Fig. 3 we observe that increasing the treat-

ent strength results in a reduced duration of application of both
ontrols. For sufficiently high maximum doses only chemotherapy

ontrol is applied. At lower κ , we observe that the maximum doses

ust be higher before combination therapy is abandoned in favour

f solely chemotherapy. This demonstrates that the strength of a

reatment can influence whether or not it is applied, indicating a

on-linear response of the optimal control strategy to treatment

trength. 
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Fig. 4. Under particular pay-off weightings, we observe that the stem cell transplant control is applied as the chemotherapy treatment is stopped. Solutions are presented 

corresponding to the pay-off given in Eq. (4) with p = 1 , q = 1 , r = 2 and upper control bounds u b = v b = 0 . 3 . 
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4.2. Interesting optimal strategies can be transient in parameter 

space 

Optimal control dynamics that resemble clinical practice are re-

covered under particular pay-off weighting parameters. If a stem

cell transplant is administered in practice, it typically follows

high-dose chemotherapy or radiotherapy to reduce the level of

leukaemic cells, suppress the immune system and condition the

patient for the introduction and growth of the new blood cells

( Cancer Council Australia, 2019; Mayo Clinic, 2019 ). In Fig. 4 (b) we

observe that for particular pay-off weightings it is possible to re-

cover similar behaviour through optimal control solutions to the

model. It is also interesting to note the transience of this result

within the pay-off weighting parameter space. In Fig. 4 (a) a small

decrease in the weighting on the stem cell transplant control in the

pay-off causes the stem cell transplant control to be applied earlier

and for longer. Conversely, the small increase in the weighting on

the stem cell transplant control demonstrated in Fig. 4 (c) results

in no stem cell transplant control being applied at all. However,

under these parameters the optimal control results exhibit a sig-

nificant leukaemia population remaining at final time. 

4.3. Practical insights 

Optimal control results can provide insight into the quality of

the underlying model and its assumptions. In this work we con-

sider a simplified stem cell model of acute myeloid leukaemia. In

reducing this model, it is assumed that the haematopoietic stem

cell population is held constant at its steady state, allowing us to

focus on the dynamics of the progenitor blood cells (that are re-

plenished at a constant rate due to the haematopoietic stem cell

population) and the leukaemic cells. This assumption is reasonable

for a large region of control parameter space, although it is quite

restrictive when we are considering control regimes that would

significantly deplete the progenitor population, such as where κ
and u b are large. This can be observed in Fig. 3 (e) where the pro-

genitor blood cell population remains almost constant from t ≈ 5

to t ≈ 10 despite the chemotherapy control being applied up to

t ≈ 10, due to the constant rate of replenishment of progenitor

blood cells. This causes the stem cell transplant control to be de-

valued in these circumstances, suggesting that the model could be

improved by reintroducing the haematopoietic stem cell popula-

tion, and having it also negatively impacted by the chemotherapy

control. 

It is clear that the optimal control strategy entirely depends on

the form and weighting of the pay-off. The results in the main text

and the associated supplementary material demonstrate that these

choices can produce fundamentally different optimal control dy-

namics and outcomes. Selecting an appropriate pay-off form and

weighting is therefore a significant and recurring challenge in ap-
lied optimal control. An ideal pay-off encodes how each factor

s truly valued relative to each other factor, although determining

his is often not feasible or requires subjective judgement. Deter-

ining appropriate pay-off functions becomes increasingly compli-

ated when dealing with multiple controls; it introduces the need

or relative weighting, and in some cases scaling or normalisa-

ion of pay-off terms. Control problems in biology typically include

on-monetary costs; such as side effects of treatment, which are

ot easily valued ( Sharp et al., 2019; Tigue et al., 2007 ). Even for

roblems where all elements of a pay-off are readily expressed in

onetary terms, there can be challenges associated with economic

ncertainty ( La Riviere et al., 2017 ). 

When determining the form of a control term in the pay-off

unction it may be tempting to consider how the control can be

pplied practically. For example, if it is only possible for the control

o be active or not active (with no intermediate levels of activa-

ion) using a linear term ensures that the optimal control is bang-

ang. Particular care must be taken in employing this approach for

 multi-objective pay-off, as a linear term implies a different cost

eighting to (for example) a quadratic term, which penalises dis-

roportionally; ( x > x 2 for x ∈ (0, 1), x < x 2 for x ∈ (1, ∞ )). A stan-

ard approach in the literature is to consider a practical range of

arameter values, often guided by the literature or expert opinion,

nd examine how sensitive the control strategy is to changes in

hese parameters ( Jung et al., 2002; Neilan et al., 2010 ). The param-

ters can also be tuned to produce optimal control strategies that

atisfy additional external constraints ( Baker and Bode, 2013 ). An

lternative approach feasible for some problems is to construct the

implest possible pay-off (for example, the sole objective of min-

mising leukaemia), at the cost of requiring a more sophisticated

odel that explicitly accounts for the negative impacts or costs of

he controls. 

In some regions of the parameter space, the FBSM fails to con-

erge. Convergence can often be achieved by adjusting the param-

ter that weights the contribution of the control from previous

teration to the control in the next iteration ( Sharp et al., 2019 ).

owever, there are some regions of the parameter space where the

ontrol does not converge for any value of this parameter. Interest-

ngly, this non-convergence does not always occur at the extrem-

ties of a parameter space. For example, comparing Figure S3(h)

ith Figure S3(i) of the supplementary material, we show that in-

reasing the rate that the chemotherapy control kills progenitor

lood cells relative to leukaemic cells from κ = 1 to κ = 10 moves

he optimal control solution from a moderate application of both

ontrols, to a solution dominated by stem cell transplant control.

or intermediate values, 5.5 � κ � 7.5, this control problem does

ot converge. This may correspond to a region where the optimal

ontrol is not bang-bang, but rather is singular. Singular control

roblems arise when the first order conditions derived from the
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MP do not provide sufficient information over an interval to de-

ermine the optimal control ( Bryson and Ho, 1975 ). Singular con-

rols can sometimes be determined from higher order optimality

onditions, although this is non-trivial ( Fraser-Andrews, 1989; Goh,

966 ). 

. Conclusion 

In this work we study the application of multiple optimal con-

rols to a stem cell model of AML. We consider a chemother-

py control that reduces the population of both progenitor blood

ells and leukaemic stem cells, and a stem cell transplant control

hat replenishes progenitor blood cells. To investigate the dynam-

cs arising from different forms of control and interspecies inter-

ction, we generate results corresponding to each of the possible

ombinations of continuous and bang-bang controls, with pay-off

unctions containing linear or quadratic leukaemia terms. The dy-

amics of multiple controls are further explored through varying

ontrol parameters, treatment strengths and the rate at which the

hemotherapy control depletes progenitor blood cells relative to

eukaemic stem cells. 

We determine optimal controls through application of PMP,

ielding two-point boundary value problems. Numerical solutions

o these problems are generated using an implementation of the

orward-backward sweep method. The method readily generalises

o solving problems with multiple controls, and we observe only

 modest increase in computational resources required beyond a

omparable single optimal control problem. 

Through investigating how optimal control dynamics change in

esponse to the relative effectiveness of the chemotherapy con-

rol, the maximum strength of the controls and other control and

eighting parameters we show that the behaviour can be highly

on-linear. We observe that interesting and clinically reflective op-

imal control strategies can be transient, existing only over small

egions of control parameter space. We also demonstrate how op-

imal control results can provide insight into the quality of the un-

erlying model. 

Modelling multiple interventions that incur costs naturally in-

reases the complexity involved in determining appropriate pay-off

unctions. A pragmatic approach is to consider a range of weight-

ng parameters and observe the optimal control dynamics. The sen-

itivity of these dynamics to the weighting parameters can provide

nsight into how carefully a pay-off must be chosen. If the opti-

al control dynamics under a particular set of control parameters

o not represent a desirable outcome to the practitioner, then the

ay-off function may need to be modified ( Kirk, 2004 ). 

The primary avenues for extending this work are model refine-

ent and control approach. The model could be extended to incor-

orating a delay to the impact of the stem cell transplant on the

ystem, either through a delay differential equation, or an addi-

ional state equation acting as a reservoir of A cells produced by

he stem cell transplant. This is biologically motivated as it can

ake multiple weeks for the production of blood cells to occur

ollowing a transplant ( Cancer Research UK, 2019 ). This extension

ould also facilitate relaxing the assumption of a constant reser-

oir of haematopoietic stem cells replenishing the stem cell pop-

lation. The control approach in this work focuses on fixed termi-

al time problems. Although informative, this can result in optimal

ontrol results that are clinically undesirable under some parame-

er regimes, such as having a significant amount of leukaemia re-

aining at the terminal time. Alternatively, optimal controls can be

etermined for problems with free terminal times and fixed final

tates; for example no leukaemia remaining ( Lenhart and Work-

an, 2007 ). The problems explored in this work could be recast as

xed final state problems to determine how significantly this alters

he optimal control dynamics. 
RediT authorship contribution statement 

Jesse A. Sharp: Conceptualization, Methodology, Software, For- 

al analysis, Visualization, Writing - original draft, Writing

 review & editing. Alexander P. Browning: Conceptualization,

ethodology, Writing - review & editing. Tarunendu Mapder:

onceptualization, Methodology, Writing - review & editing.

hristopher M. Baker: Conceptualization, Methodology, Writing - 

eview & editing. Kevin Burrage: Supervision, Writing - review

 editing, Methodology, Conceptualization. Matthew J. Simpson: 

onceptualization, Methodology, Writing - review & editing, Super-

ision. 

cknowledgements 

This work is supported by the Air Force Office of Scientific Re-

earch ( BAA-AFRL-AFOSR-2016-0 0 07 ) and the Australian Research

ouncil (DP170100474). Computational resources were provided by

he eResearch Office at QUT. J.A.S gratefully acknowledges support

rom the Australian Government Research Training Program and

he AF Pillow Applied Mathematics Trust. We thank the three ref-

rees for their helpful comments and suggestions. 

upplementary material 

Supplementary material associated with this article can be

ound, in the online version, at doi: 10.1016/j.jtbi.2020.110277 . 

eferences 

das, M. , Kemik, O. , Adas, G. , Arikan, S. , Kuntsal, L. , Kapran, Y. , Toklu, A.S. , 2013. Is

combined therapy more effective than growth hormone or hyperbaric oxygen
alone in the healing of left ischemic and non-ischemic colonic anastomoses?

Clinics (Sao Paulo) 68, 1440–1445 . 

kian, M. , Sulem, A. , 2001. Dynamic optimization of long-term growth rate for
a portfolio with transaction costs and logarithmic utility. Math. Finance 11,

153–188 . 
nderson, B. , Moore, J. , 2014. Optimal Control Linear Quadratic Methods. Dover Pub-

lications, New York . 
ndreeff, M. , 2015. Current Cancer Research: Targeted Therapy of Acute Myeloid

Leukaemia. Springer-Verlag, New York . 

thans, M. , Falb, P. , 1966. Optimal Control: An Introduction to the Theory and its
Applications. McGraw-Hill, New York . 

aker, C.M. , Armsworth, P.R. , Lenhart, S.M. , 2017. Handling overheads: optimal mul-
ti-method invasive species control. Theor. Ecol. 10, 493–501 . 

aker, C.M. , Bode, M. , 2013. Spatial control of invasive species in conservation land-
scapes. Comput. Manag. Sci. 10, 1–21 . 

aker, C.M. , Bode, M. , Dexter, N. , Lindenmayer, D.B. , Foster, C. , Mac Gregor, C. ,

Plein, M. , McDonald-Madden, E. , 2019. A novel approach to assessing the
ecosystem-wide impacts of reintroductions. Ecol. Appl. 29, e01811 . 

aker, C.M. , Ferrari, M.J. , Shea, K. , 2018. Beyond dose: pulsed antibiotic treatment
schedules can maintain individual benefit while reducing resistance. Sci. Rep. 8,

5866 . 
ast Jr., R.C. , et al. , 2017. Holland-Frei Cancer Medicine. Wiley, New Jersey . 

erryman, A .A . , 1992. The origins and evolution of predator-prey theory. Ecology 73,

1530–1535 . 
rons, P.P.T. , Haanen, C. , Boezeman, J.B.M. , Muus, P. , Holdrinet, R.S.G. , Pen-

nings, A.H.M. , Wessels, H.M.C. , de Witte, T. , 1993. Proliferation patterns in acute
myeloid leukaemia: leukaemic clonogenic growth and in vivo cell cycle kinetics.

Ann. Hematol. 66, 225–233 . 
ryson, A. , Ho, Y.C. , 1975. Applied Optimal Control: Optimization, Estimation, and

Control. Taylor & Francis, Abingdon . 

unimovich-Mendrazitsky, S. , Shklyar, B. , 2017. Optimization of combined leukaemia
therapy by finite-dimensional optimal control modeling. J. Optim. Theory. Appl.

175, 218–235 . 
urnett, A.K. , Goldstone, A.H. , Stevens, R.M.F. , Hann, I.M. , Rees, J.H.K. , Gray, R.G. ,

Wheatley, K. , 2001. Randomised comparison of addition of autologous bone–
marrow transplantation to intensive chemotherapy for acute myeloid leukaemia

in first remission: results of MRC AML 10 trial. Lancet 351, 700–708 . 
yrne, H.M. , 2010. Dissecting cancer through mathematics: from the cell to the an-

imal model. Nat. Rev. Cancer 10, 221–230 . 

amacho, A. , Jerez, S. , 2018. Bone metastasis modeling via optimal control. J. Math.
Biol. 78, 497–526 . 

ancer Council Australia, 2018. Understanding acute leukaemia. Retrieved from
https://www.cancercouncil.com.au/acute- myeloid- leukaemia/ (Accessed Febru- 

ary 2020). 

https://doi.org/10.13039/100000181
https://doi.org/10.1016/j.jtbi.2020.110277
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0001
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0001
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0001
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0001
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0001
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0001
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0001
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0001
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0002
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0002
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0002
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0003
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0003
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0003
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0004
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0004
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0005
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0005
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0005
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0006
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0006
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0006
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0006
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0007
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0007
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0007
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0008
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0008
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0008
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0008
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0008
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0008
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0008
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0008
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0008
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0009
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0009
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0009
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0009
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0010
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0010
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0010
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0011
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0011
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0012
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0012
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0012
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0012
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0012
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0012
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0012
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0012
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0012
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0013
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0013
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0013
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0014
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0014
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0014
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0015
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0015
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0015
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0015
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0015
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0015
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0015
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0015
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0016
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0016
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0017
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0017
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0017
https://www.cancercouncil.com.au/acute-myeloid-leukaemia/


10 J.A. Sharp, A.P. Browning and T. Mapder et al. / Journal of Theoretical Biology 497 (2020) 110277 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

L  

 

L  

 

L  

 

M  

 

M  

 

 

M  

 

M  

M  

 

M  

M  

 

M  

M  

 

N  

N  

N  

 

N  

O  

 

 

Ø  

 

 

P  

 

P  

P  

P  

 

R  

R  

S  

S  

 

 

S  

 

 

Cancer Council Australia, 2019. Stem cell transplant for acute myeloid
668 leukaemia. Retrieved from https://www.cancercouncil.com.au/

acute- myeloid- leukaemia/treatment/stem- cell- transplant/ (Accessed Febru-
ary 2020). 

Cancer Research UK, 2019. Stem cell or bone marrow transplants
for acute myeloid leukaemia (AML). Retrieved from https://www.

cancerresearchuk.org/about- cancer/acute- myeloid- leukaemia- aml/treating- aml/ 
bone- marrow- stem- cells- transplant- aml/having- transplant (Accessed February,

2020). 

Carrére, C. , 2017. Optimization of an in vitro chemotherapy to avoid resistant tu-
mours. J. Theor. Biol. 413, 24–33 . 

Castiglione, F. , Piccoli, B. , 2007. Cancer immunotherapy, mathematical modeling and
optimal control. J. Theor. Biol. 247, 723–732 . 

Castro, M. , Lythe, G. , Molina-Paris, C. , Ribeiro, R.M. , 2016. Mathematics in moderm
immunology. Interface Focus 6, 20150093 . 

Chamchod, F. , 2018. Modeling the spread of capripoxvirus among livestock and op-

timal vaccination strategies. J. Theor. Biol. 437, 179–186 . 
Crowell, H.L. , Mac Lean, A.L. , Stumpf, M.P.H. , 2016. Feedback mechanisms control

coexistence in a stem cell model of acute myeloid leukaemia. J. Theor. Biol. 401,
43–53 . 

Cucuianu, A. , Precup, R. , 2010. A hypothetical-mathematical model of acute myeloid
leukaemia pathogenesis. Comput. Math. Methods Med. 11, 49–65 . 

Cunningham, J.J. , Brown, J.S. , Gatenby, R.A. , Sta ̌nková, K. , 2018. Optimal control to

develop therapeutic strategies for metastatic castrate resistant prostate cancer.
J. Theor. Biol. 459, 67–78 . 

Dexter, N. , Hudson, M. , James, S. , Mac Gregor, C. , Lindenmayer, D.B. , 2013. Unin-
tended consequences of invasive predator control in an australian forest: over-

abundant wallabies and vegetation change. PLoS One 8, e69087 . 
Döhner, H. , Weisdorf, D.J. , Bloomfield, C.D. , 2015. Acute myeloid leukaemia. N. Engl.

J. Med. 373, 1136–1152 . 

d’Onofrio, A. , Ledzewicz, U. , Maurer, H. , Schättler, H. , 2009. On optimal delivery of
combination therapy for tumours. Math. Biosci. 222, 13–26 . 

Estey, E. , Döhner, H. , 2006. Acute myeloid leukaemia. Lancet 368, 1894–1907 . 
Fernandez-de Simon, J. , Díaz-Ruiz, F. , Rodríguez-de le Cruz, M. , Delibes-Mateos, M. ,

Villafuerte, R. , Ferreras, P. , 2015. Can widespread generalist predators affect key-
stone prey? A case study with red foxes and european rabbits in their native

range. Popul. Ecol. 57, 591–599 . 

Fister, R.K. , Panetta, J.C. , 20 0 0. Optimal control applied to cell-cycle-specific cancer
chemotherapy. SIAM J. Appl. Math. 60, 1059–1072 . 

Fraser-Andrews, G. , 1989. Finding candidate singular optimal controls: a state of the
art survey. J. Optim. Theory Appl. 60, 173–190 . 

Gibert, K. , García-Alonso, C. , Salvador-Carulla, L. , 2010. Integrating clinicians, knowl-
edge and data: expert-based cooperative analysis in healthcare decision sup-

port. Health Res. Policy Syst. 8, 6490 . 

Goh, B.S. , 1966. Necessary conditions for singular extremals involving multiple con-
trol variables. SIAM J. Control Optim. 4, 716–731 . 

Gooley, T.A. , Chien, J.W. , Pergam, S.A. , Hingorani, S. , Sorror, M.L. , Boeckh, M. , Mar-
tin, P.J. , Sandmaier, B.M. , Marr, K.A. , Appelbaum, F.R. , Storb, R. , Mc Donald, G.B. ,

2010. Reduced mortality after allogeneic hematopoietic-cell transplantation. N.
Engl. J. Med. 363, 2091–2101 . 

Gutenkunst, R.N. , Waterfall, J.J. , Casey, F.P. , Brown, K.S. , Myers, C.R. , Sethna, J.P. ,
2007. Universally sloppy parameter sensitivities in systems biology models.

PLOS Comput. Biol. 3, e189 . 

Hanahan, D. , Weinberg, R.A. , 2011. Hallmarks of cancer: the next generation. Cell
144, 646–674 . 

Ishikawa, F. , Yoshida, S. , Saito, Y. , Hijikata, A. , Kitamura, H. , Tanaka, S. , Naka-
mura, R. , Tanaka, T. , Tomiyama, H. , Saito, N. , Fukata, M. , Miyamoto, T. , Lyons, B. ,

Ohshima, K. , Uchida, N. , Taniguchi, S. , Ohara, O. , Akashi, K. , Harada, M. ,
Shultz, L.D. , 2007. Chemotherapy-resistant human AML stem cells home to

and engraft within the bone-marrow endosteal region. Nat. Biotechnol. 25,

1315–1321 . 
Itik, M. , Salamuci, M.U. , Banks, S.P. , 2009. Optimal control of drug therapy in cancer

treatment. Nonlinear Anal. 71, 1473–1486 . 
Jain, R.K. , 2001. Normalizing tumor vasculature with anti-angiogenic therapy: a new

paradigm for combination therapy. Nat. Med. 7, 987–989 . 
Janzen, D.H. , 1966. Coevolution of mutualism between ants and acacias in Central

America. Evolution 20, 249–275 . 

Jung, E. , Lenhart, S. , Fing, Z. , 2002. Optimal control of treatments in a two-strain
tuberculosis model. Discrete Contin. Dyn. Syst. - Ser. B 2, 473–482 . 

Keller, H.B. , 1976. Numerical Solution of Two Point Boundary Value Problems. Soci-
ety for Industrial and Applied Mathematics, Philadelphia . 

Kirk, D.E. , 2004. Optimal Control Theory: an Introduction. Dover Publications, New
York . 

Kirschner, D.E. , Linderman, J.J. , 2009. Mathematical and computational approaches

can complement experimental studies of host-pathogen interactions. Cell Mi-
crobiol. 11, 531–539 . 

Kumar, C.C. , 2011. Genetic abnormalities and challenges in the treatment of Acute
Myeloid Leukemia. Genes Cancer 2, 95–107 . 

Kumbhari, A. , Kim, P.S. , Lee, P.P. , 2020. Optimisation of anti-cancer peptide vaccines
to preferentially elicit high-avidity T cells. J. Theor. Biol. 486, 110067 . 

Kuwana, Y. , 1995. Certainty equivalence and logarithmic utilities in consumption in-

vestment problems. Math. Finance 5, 297–309 . 
La Riviere, J. , Kling, D. , Sanchirico, J.N. , Sims, C. , Springborn, M. , 2017. The treatment

of uncertainty and learning in the economics of natural resource and environ-
mental management. Rev. Environ. Econ. Policy 12, 92–112 . 

Ledzewicz, U. , Schättler, H. , 2016. Optimizing chemotherapeutic anti-cancer treat-
ment and the tumor microenvironment: an analysis of mathematical models.
In: Rejniak, K. (Ed.). Advances in Experimental Medicine and Biology, Systems

Biology of Tumor Microenvironment, 936. Springer, Cham . 
Lee, J. , Kim, J. , Kwon, H. , 2013. Optimal control of an influenza model with seasonal

forcing and age-dependent transmission rates. J. Theor. Biol. 317, 310–320 . 
ee, S. , Chowell, G. , 2017. Exploring optimal control strategies in seasonally varying

flu-like epidemics. J. Theor. Biol. 412, 36–47 . 
Lenhart, S. , Workman, J.T. , 2007. Optimal Control Applied to Biological Models.

Chapman & Hall/CRC, Taylor & Francis, London . 

i, W. , Todorov, E. , 2004. Iterative linear quadratic regulator design for nonlinear
biological movement systems. proceedings of the 1st international conference

on informatics in control. Autom. Robot. 1, 222–229 . 
otka, A.J. , 1925. Elements of Physical Biology. Williams and Wilkins, Baltimore,

Maryland, USA. . 
Löwenberg, B. , Downing, J.R. , Burnett, A. , 1999. Acute myeloid leukaemia. N. Engl. J.

Med. 341, 1051–1062 . 

ac Lean, A.L. , Celso, C.L. , Stumpf, M.P.H. , 2013. Population dynamics of normal
and leukaemia stem cells in the haematopoietic stem cell niche show distinct

regimes where leukaemia will be controlled. J. R. Soc. Interface 10, 20120968 . 
ac Lean, A.L. , Filippi, S. , Stumpf, M.P.H. , 2014. The ecology in the hematopoietic

stem cell niche determines the clinical outcome in chronic myeloid leukemia.
Proc. Natl. Acad. Sci. USA 111, 3883–3888 . 

Malik, T. , Imran, M. , Jayaraman, R. , 2016. Optimal control with multiple human pa-

pillomavirus vaccines. J. Theor. Biol. 393, 179–193 . 
arciniak-Czochra, A. , Stiehl, T. , Ho, A.D. , Jäger, W. , Wagner, W. , 2009. Modelling of

asymmetric cell division in hematopoietic stem cells - regulation of self renewal
is essential for efficient repopulation. Stem Cells Dev. 18, 377–386 . 

arler, R.T. , Arora, J.S. , 2004. Survey of multi-objective optimization methods for
engineering. Struct. Multidiscip. Optim. 26, 369–395 . 

artin, T.G. , Burgman, M.A. , Fidler, F. , Kuhnert, P.M. , Mc Bride, M. , Mengersen, K. ,

2012. Eliciting expert knowledge in conservation science. Conserv. Biol. 26,
29–38 . 

ayer, L.D. , Janoff, A.S. , 2007. Optimizing combination chemotherapy by controlling
drug ratios. Mol. Interv. 7, 216–223 . 

ayo Clinic, 2019. Bone marrow transplant. Retrieved from: https://www.mayoclinic.
org/tests-procedures/bone-marrow-transplant/about/pac-20384854 (Accessed

February, 2020). 

iller Neilan, R.L. , Schaefer, E. , Gaff, H. , Renee Fister, K. , Lenhart, S. , 2010. Modeling
optimal intervention strategies for cholera. Bull. Math. Biol. 72, 2004–2018 . 

oore, H. , 2018. How to mathematically optimize drug regimens using optimal con-
trol. J. Pharmacokinet. Pharmacodyn. 45, 127–137 . 

Mughal, T.I. , Goldman, J.M. , Mughal, S.T. , 2010. Understanding Leukaemias, Lym-
phomas and Myelomas. Taylor & Francis, London . 

anda, S. , Moore, H. , Lenhart, S. , 2007. Optimal control of treatment in a mathemat-

ical model of chronic myelogenous leukaemia. Math. Biosci. 210, 143–156 . 
eilan, R.L.M. , Schaefer, E. , Gaff, H. , Fister, K.R. , Lenhart, S. , 2010. Modeling optimal

intervention strategies for cholera. Bull. Math. Biol. 72, 2004–2018 . 
ormand, S.T. , Mc Neil, B.J. , Peterson, L.E. , Palmer, R.H. , 1998. Eliciting expert opin-

ion using the delphi technique: identifying performance indicators for cardio-
vascular disease. Int. J. Qual. Healthc. 10, 247–260 . 

orton, M. , 2014. Modern control engineering. Pergamon Unified Engineering Series.
Elsevier Science, Saint Louis . 

mmen, H.B. , Hokland, P. , Haferlach, T. , Abildgaard, L. , Alpermann, T. , Haferlach, C. ,

Kern, W. , Schnittger, S. , 2014. Relapse kinetics in acute myeloid leukaemias with
MLL translocations of partial tandem duplications within the MLL gene. Br. J.

Haematol. 165, 618–628 . 
stby, I. , Rusten, L.S. , Kvalheim, G. , Grøttum, P. , 2003. A mathematical model for

reconstitution of granulopoiesis after high dose chemotherapy with autologous
stem cell transplantation. J. Math. Biol. 47, 101–136 . 

Pollyea, D.A. , Jordan, C.T. , 2017. Therapeutic targeting of acute myeloid leukaemia

stem cells. Blood 129, 1627–1635 . 
ontryagin, L.S. , Boltyanskii, V.G. , Gamkrelidze, R.V. , Mischenko, E.F. , 1962. The

Mathematical Theory of Optimal Processes [English translation]. Interscience,
New York . 

opat, U. , Abraham, J. , 2011. Emerging Cancer Therapeutics: Leukaemia. Demos Med-
ical Publishing, New York . 

ress, W.H. , 2007. Numerical Recipes: The Art of Scientific Computing. Cambridge

University Press, New York . 
riess, M.C. , Conway, R. , Choi, J. , Popovich, J.M. , Radcliffe, C. , 2015. Solutions to the

inverse LQR problem with application to biological systems analysis. IEEE Trans.
Control Syst. Technol. 23, 770–777 . 

awlings, J.S. , Rosler, K.M. , Harrison, D.A. , 2004. The JAK/STAT signaling pathway. J.
Cell Sci. 117, 1281–1283 . 

oijers, D.M. , Whiteson, S. , 2017. Multi-objective Decision Making. Morgon & Clay-

pool, California . 
chättler, H. , Ledzewicz, U. , 2015. Optimal Control for Mathematical Models of Can-

cer Therapies. Springer, New York . 
harp, J.A . , Browning, A .P. , Mapder, T. , Burrage, K. , Simpson, M.J. , 2019. Optimal con-

trol of acute myeloid leukaemia. J. Theor. Biol. 470, 30–42 . 
Sipkins, D.A. , Wei, X. , Wu, J.W. , Runnels, J.M. , Côtè, D. , Means, T.K. , Luster, A.D. , Scad-

den, D.T. , Lin, C.P. , 2005. In vivo imaging of specialized bone marrow endothelial

microdomains for tumour engraftment. Nature 435, 969–973 . 
ogbohossou, E.A. , Kassa, B.D. , Waltert, M. , Khorozyan, I. , 2018. Spatio-temporal

niche partitioning between the African lion (Panthera leo leo) and spotted
hyena (crocuta crocuta) in western African savannas. Eur. J. Wildlife Res. 64,

1–8 . 

https://www.cancercouncil.com.au/acute-myeloid-leukaemia/treatment/stem-cell-transplant/
https://www.cancerresearchuk.org/about-cancer/acute-myeloid-leukaemia-aml/treating-aml/bone-marrow-stem-cells-transplant-aml/having-transplant
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0018
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0018
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0019
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0019
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0019
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0020
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0020
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0020
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0020
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0020
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0021
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0021
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0022
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0022
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0022
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0022
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0023
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0023
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0023
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0024
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0024
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0024
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0024
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0024
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0025
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0025
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0025
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0025
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0025
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0025
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0026
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0026
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0026
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0026
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0027
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0027
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0027
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0027
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0027
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0028
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0028
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0028
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0029
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0029
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0029
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0029
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0029
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0029
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0029
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0030
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0030
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0030
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0031
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0031
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0032
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0032
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0032
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0032
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0033
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0033
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0034
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0034
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0034
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0034
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0034
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0034
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0034
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0034
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0034
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0034
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0034
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0034
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0034
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0035
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0035
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0035
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0035
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0035
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0035
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0035
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0036
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0036
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0036
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0037
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0037
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0037
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0037
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0037
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0037
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0037
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0037
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0037
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0037
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0037
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0037
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0037
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0037
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0037
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0037
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0037
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0037
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0037
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0037
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0037
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0038
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0038
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0038
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0038
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0039
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0039
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0040
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0040
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0041
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0041
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0041
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0041
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0042
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0042
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0043
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0043
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0044
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0044
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0044
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0045
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0045
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0046
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0046
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0046
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0046
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0047
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0047
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0048
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0048
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0048
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0048
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0048
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0048
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0049
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0049
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0049
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0049
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0050
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0050
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0050
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0050
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0051
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0051
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0051
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0052
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0052
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0052
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0053
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0053
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0053
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0054
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0054
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0055
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0055
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0055
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0055
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0056
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0056
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0056
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0056
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0057
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0057
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0057
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0057
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0058
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0058
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0058
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0058
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0059
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0059
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0059
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0059
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0059
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0059
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0060
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0060
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0060
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0061
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0061
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0061
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0061
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0061
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0061
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0061
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0062
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0062
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0062
https://www.mayoclinic.org/tests-procedures/bone-marrow-transplant/about/pac-20384854
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0063
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0063
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0063
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0063
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0063
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0063
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0064
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0064
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0065
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0065
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0065
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0065
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0066
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0066
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0066
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0066
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0067
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0067
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0067
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0067
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0067
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0067
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0068
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0068
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0068
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0068
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0068
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0069
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0069
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0070
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0070
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0070
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0070
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0070
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0070
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0070
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0070
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0070
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0071
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0071
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0071
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0071
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0071
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0072
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0072
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0072
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0073
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0073
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0073
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0073
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0073
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0074
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0074
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0074
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0075
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0075
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0076
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0076
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0076
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0076
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0076
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0076
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0077
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0077
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0077
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0077
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0078
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0078
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0078
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0079
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0079
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0079
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0080
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0080
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0080
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0080
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0080
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0080
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0081
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0081
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0081
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0081
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0081
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0081
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0081
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0081
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0081
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0081
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0082
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0082
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0082
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0082
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0082


J.A. Sharp, A.P. Browning and T. Mapder et al. / Journal of Theoretical Biology 497 (2020) 110277 11 

S  

 

T  

 

 

T  

Y  

Y  

 

Y  

 

tiehl, T. , Baran, N. , Ho, A .D. , Marciniak-Czochra, A . , 2015. Cell division patterns in
acute myeloid leukaemia - stem-like cells determine clinical course: a model to

predict patient survival. Cancer Res. 75, 940–949 . 
ang, M. , Gonen, M. , Quintas-Cardama, A. , Cortes, J. , Kantarjian, H. , Field, C. ,

Hughes, T.P. , Branford, S. , Michor, F. , 2011. Dynamics of chronic myeloid
leukemia response to long-term targeted therapy reveal treatment effects on

leukemic stem cells. Blood 118, 1622–1631 . 
igue, C.C. , Fitzner, K.A. , Alkhatib, M. , Schmid, E. , Bennett, C.L. , 2007. The value of in-

novation: the economics of targeted drugs for cancer. Target. Oncol. 2, 113–119 . 
ardley, D.A. , 2013. Drug resistance and the role of combination chemotherapy in
improving patient outcomes. Int. J. Breast Cancer 15, 137414 . 

eshurun, M. , Wolach, O. , 2019. Autologous hematopoietic cell transplantation for
AML in first remission – an abandoned practice or promising approach? Semin.

Hematol. 56, 139–146 . 
u, H. , Lee, H. , Herrmann, A. , Buettner, R. , Jove, R. , 2014. Revisiting STAT3 sig-

nalling in cancer: new and unexpected biological functions. Nat. Rev. Cancer
14, 736–746 . 

http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0083
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0083
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0083
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0083
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0083
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0084
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0084
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0084
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0084
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0084
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0084
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0084
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0084
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0084
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0084
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0085
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0085
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0085
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0085
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0085
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0085
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0086
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0086
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0087
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0087
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0087
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0088
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0088
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0088
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0088
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0088
http://refhub.elsevier.com/S0022-5193(20)30132-6/sbref0088

	Designing combination therapies using multiple optimal controls
	1 Introduction
	2 Optimal control theory
	3 Case study: combination therapy for acute myeloid leukaemia
	3.1 Continuous chemotherapy, continuous stem cell transplant controls
	3.2 Continuous chemotherapy, bang-bang stem cell transplant controls
	3.3 Bang-bang chemotherapy, continuous stem cell transplant controls
	3.4 Bang-bang chemotherapy, bang-bang stem cell transplant controls

	4 Results and discussion
	4.1 Optimal strategies respond non-linearly to control parameters
	4.2 Interesting optimal strategies can be transient in parameter space
	4.3 Practical insights

	5 Conclusion
	CRediT authorship contribution statement
	Acknowledgements
	Supplementary material
	References


