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Abstract

We analyse the coalescence of invasive cell populations by studying both the temporal and steady behaviour of a system of coupled

reaction–diffusion equations. This problem is relevant to recent experimental observations of the dynamics of opposingly directed

invasion waves of cells. Two cell types, u and v, are considered with the cell motility governed by linear or nonlinear diffusion. The cells

proliferate logistically so that the long-term total cell density, uþ v approaches a carrying capacity. The steady-state solutions for u and v

are denoted us and vs. The steady solutions are spatially invariant and satisfy us þ vs ¼ 1. However, this expression is underdetermined so

the relative proportion of each cell type us and vs cannot be determined a priori. Various properties of this model are studied, such as how

the relative proportion of us and vs depends on the relative motility and relative proliferation rates. The model is analysed using a

combination of numerical simulations and a comparison principle. This investigation unearths some novel outcomes regarding the role

of overcrowding and cell death in this type of cell migration assay. These observations have relevance to experimental design and

interpretation regarding the identification and parameterisation of mechanisms involved in cell invasion.

r 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

Mathematical models of cell migration have been
traditionally developed to describe the dynamics of systems
with one cell type (Keller and Segel, 1970; Murray, 2002).
Although these models have successfully explained experi-
mental observations (Maini et al., 2004a, 2004b; Savla
et al., 2004) and provided deeper insight into biological
phenomena (Savla et al., 2004; Tyson et al., 1999), it is
likely that most practical modelling will depend on
simulating the interactions of many cell types (Wolpert,
2002).

The use of multispecies modelling to represent cell
migration phenomena has become standard in many
applications. For example, multispecies modelling is used
in both continuum and discrete frameworks to simulate cell
migration in a variety of contexts including cell sorting
(Merks and Glazier, 2005), embryonic morphogenesis
(Longo et al., 2004), microvasculature patterning (Peirce
et al., 2004), avascular tumour development (Perumpanani

et al., 1997), and the development of the enteric nervous
system (ENS) (Simpson et al., 2006b, 2007).
In this analysis we focus on cell invasion phenomena

involving the interaction of two opposingly directed cell
invasion waves. A schematic diagram of this process is
given in Fig. 1 where two invasion waves are shown
moving towards each other and simultaneously invading
the unoccupied space between them. We are particularly
interested in the dynamics of the system after the two
invasion waves intersect and the details of how the two
populations coalesce over long periods of time.

1.1. Previous work on interacting invasion models

The wound healing model developed and analysed by
Sherratt (2000) proposed that contact inhibition of motility
can be a dominant mechanism influencing systems with
significant cell–cell contact. In this work the nonlinear cell
diffusivity was written as a fraction of each cell type
present. The movement of each cell type was assumed to be
proportional to the macroscopic gradient of the total cell
density (Witelski, 1997) rather than being proportional to
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the macroscopic gradient of the individual cell density
(Simpson et al., 2006b). Sherratt’s model predicts that two
opposingly directed invasion waves, as shown in Fig. 1,
come together and a well-defined boundary develops which
acts to separate the two cell types. This boundary moves as
a travelling wave under particular conditions (Sherratt,
2000). The key feature of this model is the formation of a
localised transition zone where the two cell types come
together. Cell mixing is limited to this transition zone
rather than across the entire domain.

The interacting species invasion models that we have
previously considered were used in conjunction with
experimental observations to investigate the organisation
of cell proliferation along the longitudinal axis of an
invasion wave (Simpson et al., 2006b, 2007). This previous
work considered short-term simulations for a limited range
of geometries, parameters and initial conditions and did
not focus on coalescence processes. This new analysis
significantly extends the previous work by focusing on the
details of coalescence processes by thoroughly characteris-
ing both the short- and long-time behaviour for a wide
range of initial conditions, parameters and geometries.

Different theoretical approaches have been taken to
represent similar problems in other fields. For example,
Witelski (1995, 1997) considered the short-time behaviour
of coalescing populations as well as detailed analyses of
segregation dynamics. Cavazzoni (2000) investigated inter-
acting invasion models which relax to Fisher’s equation
under certain conditions. Painter and Sherratt (2003)
considered several mechanisms that might influence moti-
lity in a mixture of two motile populations. Related
problems in the context of mathematical ecology have
been investigated (see Murray, 2003, for a review); for
example, Dunbar (1984) analysed models of pursuit and
evasion in predator–prey systems while Méndez et al.
(2006) studied an invasion model proposed by Cook.

1.2. Biological motivation

Our recent modelling has been aimed at simulating the
development of the ENS during vertebrate embryogenesis.

This process involves neural crest cells (NCC) invading
the developing gut tissue as a rostro-caudal wave
(Allan and Newgreen, 1980; Burns et al., 2002; Young
et al., 2004). NCCs are motile and proliferate to a
carrying capacity density. These cells invade the gut tissue
as a constant speed invasion wave and differentiate into
neurons and glia to form the ENS which gives rise to
normal gut function and peristaltic contraction (Burns,
2005; Hearn et al., 1998; Young et al., 2001, 2004).
Failure of the invasion process results in Hirschsprung’s
Disease, a relatively common and potentially fatal birth
defect in humans, where a variable length of the terminal
intestine fails to produce peristalsis due to the absence of
the ENS.
A novel characteristic of normal ENS development is the

absence of NCC death during the invasion process
(Gianino et al., 2003; Young et al., 2004). This means that
net increase in NCC population size is a result of birth
processes only rather than a net combination of birth and
death processes.
The behaviour of interacting NCC invasion waves was

experimentally investigated by Burns et al. (2002)
where observations were made of the long-term interaction
of opposingly directed NCC invasion waves. A schematic
of Burns’ observations is given in Fig. 2. Burns’
experimental procedure involved taking a group of NCCs
from the rostral end of the embryo and grafting them
at the caudal end of the developing intestine. This resulted
in the indigenous NCCs invading the gut in the
usual rostral-to-caudal direction while the grafted
donor NCCs simultaneously invaded the gut in the
opposing caudal-to-rostral direction. Burns’ experiments
were in ovo, meaning that the developing embryo was
left intact after the graft took place. Consequently, the
system was studied for a longer time than would be
possible in an organ culture experiment (Simpson et al.,
2006b, 2007).
Burns’ experimental results show that two opposingly

directed NCC invasion waves came together at some
particular location and then each cell type continued to
move in opposing directions beyond the point of intersec-
tion. This results in the two cell populations becoming
widely mixed over a long period of time. This mixing
phenomenon is not predicted by Sherratt’s (2000) model.
Therefore, we propose a different approach to capture the
invasion and mixing processes. Another feature of Burns’
experiments is that the gut tissues are growing simulta-
neously as the cell invasion process proceeds. Although it is
possible to include domain growth (Landman et al., 2003;
Simpson et al., 2006a) our analysis will focus on a
nongrowing domain; we leave the extension to the growing
case for future analysis.
To make progress in simulating coalesence phenomena

we use a continuum approach and pose two conservation
equations, one for each cell type. Each cell type will be
motile and proliferative (Simpson et al., 2007). A general
diffusive flux rule is assumed to govern the cell motility
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Fig. 1. Schematic diagram showing two invading cell populations

advancing towards each other. The blue cell population is invading to

the right while the red population is invading to the left. After some time

the two populations intersect and coalesce.
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while proliferation is modelled by a carrying capacity-
limited logistic term. These assumptions have been shown
to replicate critical features of NCC invasion in organ
culture (Simpson et al., 2006b, 2007). The key feature of
our model, which makes the solution very different from
those considered by Sherratt (2000), is that the motility of
each cell type is proportional to the macroscopic gradient
of each cell density and not the gradient of the total cell
density.

The transient and steady-state solutions of this model are
considered. We describe and analyse various properties of
these solutions. The steady solutions correspond to the
long-term outcome of a developmental process.

2. Mathematical model

Conservation of mass statements are developed for
two interacting cell populations with cell densities
u0ðx0; t0Þ and v0ðx0; t0Þ. The spatial coordinate is x0 and t0 is
time. Cells are diffusively motile and proliferate logis-
tically so that the long-term total cell density u0ðx0; t0Þ þ
v0ðx0; t0Þ approaches a carrying capacity density denoted

as c. This gives

qu0

qt0
¼ Du

q
qx0

f
u0

c
;
v0

c

� �
qu0

qx0

� �
þ luu0 1�

u0 þ v0

c

� �
, ð1Þ

qv0

qt0
¼ Dv

q
qx0

g
u0

c
;
v0

c

� �
qv0

qx0

� �
þ lvv0 1�

u0 þ v0

c

� �
, ð2Þ

where Du and Dv are the cell diffusivities while lu and lv are
the mitotic indices (proliferation rates) for the u0 and v0

populations, respectively. The functions f ðu0=c; v0=cÞ and
gðu0=c; v0=cÞ are unspecified linear or nonlinear dimension-
less diffusivity functions. It is convenient to scale (1)–(2)
with the length and time scales L and T so that u ¼ u0=c,
v ¼ v0=c, t ¼ t0=T and x ¼ x0=L. Choosing T ¼ 1=lu and
L ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Du=lu

p
gives the dimensionless system

qu

qt
¼

q
qx

f ðu; vÞ
qu

qx

� �
þ uð1� u� vÞ, ð3Þ

qv

qt
¼ D

q
qx

gðu; vÞ
qv

qx

� �
þLvð1� u� vÞ, ð4Þ

where D ¼ Dv=Du and L ¼ lv=lu. The parameters D and
L can be interpreted as the motility and proliferation rate
of the v population relative to the u population, respec-
tively.
For the case where both cell populations are identical,

f ðu; vÞ ¼ gðu; vÞ, D ¼ 1 and L ¼ 1. Then Eqs. (3) and (4)
can be added to arrive at an equivalent equation for the
total population w ¼ uþ v, written as

qw

qt
¼

q
qx

f ðu; vÞ
qw

qx

� �
þ w 1� wð Þ. (5)

For the special case of linear diffusion with f ðu; vÞ ¼ 1, (5)
is the dimensionless Fisher equation (Fisher, 1937; Murray,
2002).

2.1. Steady-state solutions

The u and v solutions will be obtained on 0oxoL, with
no-flux conditions for both species at both boundaries, and
a nonzero initial condition. We are interested in determin-
ing the nonzero steady-state solutions us and vs to (3)–(4).
In general, the steady solutions are spatially invariant and
satisfy us þ vs ¼ 1. However, the specific values of us and vs

cannot be determined a priori; therefore, it is not clear
which proportion of each cell type will be present under
steady conditions. This is a novel feature of this system.
The only method to determine us and vs is to determine the
transient solutions and observe how they evolve through
time. This property is encountered in other cell migration
models (Denman et al., 2007) as well as various other
applications including theoretical ecology (Shigesada,
1980) and polymer dynamics (Cohen et al., 1995). For
the interacting invasion wave problem the governing
equations will be integrated numerically. We are interested
in how us and vs depend on D, L, f ðu; vÞ and gðu; vÞ as well
as the initial conditions.
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Fig. 2. Schematic diagram showing the long-term behaviour of NCC

invasion adapted from Burns et al. (2002) (reproduced with permission

from The Company of Biologists). Profiles are shown from E4 (embryonic

age four days) to E8.5. The pattern of the rostral-to-caudal invasion is

shown in red while the opposingly directed invasion of transplanted cells is

shown in black. The two populations are separated at early times and

continue to move in opposing directions until the end of the experiment.

As the experiment proceeds the gut continues to elongate and develop

symmetric cecal lobes.
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To quantify the relative proportion of each cell popula-
tion under steady conditions we introduce a ratio, given by

R ¼
us

vs

. (6)

All numerical results will be reported in terms of R.
In many studies of cell invasion it is possible to find

approximate solutions by, for example, reducing the
governing equations to ordinary differential equations
with a travelling wave coordinate transformation (Land-
man et al., 2005; Sherratt, 2000; Simpson et al., 2006b). For
this particular problem, our results show that the usual
travelling wave approximation, phase plane analyses and
perturbation approximations are not relevant. Other
attempts to obtain approximate closed form solutions
have not been successful. Therefore, we rely primarily on
numerical simulation together with some theoretical
analysis of the solution properties.

2.2. Interpretation of the logistic terms

We now discuss the interpretation of the logistic terms in
the absence of any spatial dependence. In a single species
model of cell invasion governed by logistic processes, the
scaled source/sink term is written as dw=dt ¼ wð1� wÞ,
where w is the cell density. There are two ways to interpret
this model. Firstly, the model can be written as

dw

dt
¼ w|{z}

birth

� w2|{z}
death

, (7)

where the growth is interpreted as a net combination of
birth and death processes acting simultaneously. Secondly,
the logistic term describes the per capita time rate of
change of the population density as

1

w

dw

dt
¼ ð1� wÞ. (8)

This quantity decreases as the cell density increases. We
interpret this to be a birth process when wo1, or a death
process when w41, rather than a net combination of both
acting simultaneously.

The scaled source/sink terms in the invasion models
(3)–(4) have the form du=dt ¼ uð1� wÞ and dv=dt ¼

Lvð1� wÞ where the total cell density is given by
w ¼ uþ v. We interpret these source/sink terms as a per
capita time rate of change of population density, as either a
pure birth or pure death process.

(1) When wo1, the system is uncrowded and the source/
sink terms are positive. In this case we interpret the
logistic terms as representing cell birth processes only.

(2) When w41, the system is crowded and the source/sink
terms are negative. In this case we interpret the logistic
terms as representing cell death processes only.

This interpretation of the logistic terms is consistent with
known properties of NCC invasion. As stated previously,

under normal conditions there is no cell death associated
with NCC invasion (Gianino et al., 2003; Young et al.,
2004). Therefore, the net increase in NCC population size
is governed by birth processes only rather than a net
combination of birth and death processes acting simulta-
neously.

3. Numerical simulation

System (3)–(4) will be simulated where the two popula-
tions are initially separated and then allowed to invade the
empty region between them (Fig. 1). Both the transient and
long-term behaviour will be determined repeatedly for a
range of D, L, f ðu; vÞ and gðu; vÞ. To accurately and
efficiently achieve this we will use a finite difference spatial
discretisation with a second-order implicit automatic time
stepping algorithm described by Sloan and coworkers
(Kavetski et al., 2002; Sloan and Abbo, 1999).
The automatic time stepping algorithm detects regions of

the solution requiring small time steps to reduce temporal
truncation errors to an acceptable level. The algorithm also
allows larger more economical steps to be taken where the
solution varies more gradually in time. This is essential for
the current problem as we expect periods of both slow and
rapid temporal changes. Simulating long-term phenomena
for a range of parameters with a heuristic time stepping
algorithm could be very inefficient. The details of the
numerical algorithm are given in Appendix A.

4. Analysis

It is possible to analyse certain properties of the transient
and steady-state solutions of (3)–(4). A linear stability
analysis shows that the steady-state solution, us þ vs ¼ 1, is
stable against small nonuniform perturbations.
This applies to both linear and nonlinear diffusivities.
Appendix B contains the details of the stability analysis.
We also develop a comparison principle and investigate

certain limiting behaviours where parameters D and/or L
are set to zero.

4.1. Comparison principle with f ðu; vÞ ¼ gðu; vÞ ¼ GðwÞ

To assist describing the dynamics of system (3)–(4) we
investigate special conditions where the solution can be
compared with the solution of a simpler single species
equation. Strong maximum principles for parabolic equa-
tions (Protter and Weinberger, 1967, p. 188) yield a
comparison principle (McOwen, 1996, p. 312–313; Pao,
1992, Exercise 7) which can be applied to (3)–(4) for any
initial condition satisfying 0puðx; 0Þ þ vðx; 0Þp1.
Consider the nonlinear differential operator F defined as

F ½U � ¼
qU

qt
�

q
qx

GðUÞ
qU

qx

� �
�Uð1�UÞ ¼ 0. (9)

With GðUÞ ¼ 1, Eq. (9) is Fisher’s equation (Fisher, 1937),
otherwise the equation is an extension of Fisher’s equation
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with nonlinear diffusivity GðUÞ (Murray, 2002; Witelski,
1995, 1997). With no-flux boundary conditions and initial
conditions satisfying 0pUðx; 0Þp1, the solution of (9)
satisfies 0pUðx; tÞp1 for all x and t40 provided that
G0ðUÞ is bounded (Protter and Weinberger, 1967).

Defining w ¼ uþ v and setting D ¼ 1, Eqs. (3) and (4)
can be added to produce a single equation in w, as long as
f ðu; vÞ ¼ gðu; vÞ and f ðu; vÞ ¼ GðwÞ. This gives

qw

qt
�

q
qx

GðwÞ
qw

qx

� �
� wð1� wÞ þ ð1�LÞvð1� wÞ ¼ 0.

(10)

For 0pLp1, ð1�LÞvð1� wÞX0 for all wp1. Therefore,
the following inequality can be formed:

0 ¼
qw

qt
�

q
qx

GðwÞ
qw

qx

� �
� wð1� wÞ þ ð1�LÞvð1� wÞ

X
qw

qt
�

q
qx

GðwÞ
qw

qx

� �
� wð1� wÞ ¼ F ½w�. ð11Þ

Combining (9) and (11) gives the comparison

F ½U �XF ½w�. (12)

If Uðx; 0ÞXwðx; 0ÞX0 for all x and both U and w satisfy
no-flux boundary conditions, then the comparison princi-
ple yields that Uðx; tÞXwðx; tÞ for all x and t40. In
addition, since 0pUðx; tÞp1, we obtain the important
result that 0pwðx; tÞ ¼ uðx; tÞ þ vðx; tÞp1 for all x and t.
Therefore, when D ¼ 1 with f ðu; vÞ ¼ gðu; vÞ ¼ GðwÞ, the
solution to (3)–(4) will be restricted to 0puðx; tÞ þ
vðx; tÞp1 for all x and t40. This comparison principle
applies to arbitrary initial conditions satisfying
0puðx; 0Þ þ vðx; 0Þp1, and an arbitrary domain. We will
make use of this result in Section 5 to interpret numerical
simulations.

By symmetry, these arguments also apply when L41,
since the scaling in (1)–(2) could have been constructed
relative to the v parameters, rather than the u para-
meters. This comparison principle has been developed
for the special case where the nonlinear diffusivity is
written as a function of the total cell density f ðu; vÞ ¼ GðwÞ.
Other functional forms are possible; using numerical
results in Section 5 we conjecture that the comparison
principle also applies to other forms provided that
f ðu; vÞ ¼ gðu; vÞ.

It does not appear possible to develop a comparison
principle when Da1 to yield a condition to be met for
uðx; tÞ þ vðx; tÞ41. For this case we rely on numerical
simulations.

The arguments outlined above also apply to more
general logistic-type source terms (Tsoularis and Wallace,
2002). For example, the same result can be obtained when
the source term in Eq. (9) and the analogous source terms
in (3)–(4) are replaced with terms like Umð1�UÞ where m

is a positive integer.

4.2. Steady-state solutions with D ¼ 0 and/or L ¼ 0

Setting D ¼ 0 and L ¼ 0 in (3)–(4) means that the v

population is immotile and nonproliferative. The govern-
ing equation for the v population is qv=qt ¼ 0 and so the
initial condition for v cannot evolve with time. The
resulting steady states are not spatially uniform and this
case is not considered any further.
Setting D ¼ 0 in (3)–(4) means that the v population is

immotile but proliferative. Regardless of the value of L,
the steady solution is us þ vs ¼ 1 with us ¼ 1 and vs ¼ 0.
Therefore, R ¼ 1 for this case.
For L ¼ 0 and any D40, the value of R can be

determined. Setting L ¼ 0 implies that the v population is
nonproliferative but motile. Under these conditions the
mass of v, mv ¼

R L

0 vðx; tÞdx, is conserved for all t40.
Therefore, at steady state, this mass will be uniformly
distributed giving vs ¼ mv=L. Consequently us ¼ 1�mv=L.

5. Results and discussion

A detailed series of results are presented for linear
diffusion. Following these, further results for other
common choices of cell diffusivity functions are presented
and discussed.

5.1. Linear diffusion: transient solutions

To simulate coalescence with linear diffusion we set
f ðu; vÞ ¼ gðu; vÞ ¼ 1. Transient profiles are considered
before analysing the steady solutions. Profiles are gener-
ated on 0oxo10 with the two cell populations being
initially separated. We consider

uðx; 0Þ ¼ 1�Hðx� 2Þ; vðx; 0Þ ¼ Hðx� 8Þ, (13)

where H is the Heaviside step function. Further scenarios
with different domains and initial conditions are investi-
gated in later sections.
Results for identical cell populations with D ¼L ¼ 1

are summarised in the first column of Fig. 3 where
solutions are shown for a range of times required for the
initial condition to evolve into the steady solution. The u

and v cell populations, initially separate, rapidly invade the
unoccupied space 2oxo8. The cell populations coalesce
symmetrically at x ¼ 5. After t ¼ 5 the sum of the
populations is approximately uþ v ¼ 1 for all 0oxo10.
Therefore, for t45 the proliferation terms in (3)–(4) are
small. However, the spatial gradients in u and v are
nonzero so that the macroscopic profiles of uðx; tÞ and
vðx; tÞ continue to evolve in time until qu=qx ¼ qv=qx ¼ 0.
For long-term conditions as t!1, the steady-state
solution is us ¼ vs ¼ 0:5. This result is intuitively expected
since both cell types are identical and the initial conditions
are symmetric.
Transient solutions where the two cell types have

different motilities and proliferation rates (Da1 and
La1) are also demonstrated. The same initial conditions
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Fig. 3. Temporal evolution of coalescence with linear diffusion. Results are shown for identical populations D ¼L ¼ 1 in the left hand column at

t ¼ 0; 1; 5; 20 and 500. Details of the uðx; tÞ (blue), vðx; tÞ (red) and the sum uðx; tÞ þ vðx; tÞ (green) are shown. Equivalent results are shown in the right-hand

column for D ¼ 0:05 and L ¼ 0:5. Numerical simulations are evaluated with Dx ¼ 0:01 and variable Dt.
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are considered with D ¼ 0:05 and L ¼ 0:5. These para-
meters imply that the u population is 20 times more motile
and twice as proliferative than the v population. Transient
solutions are given in the second column of Fig. 3. The
transient profiles reflect that the u population is more
invasive than the v population, as the u profile advances to
the right more rapidly than the v profile advances to the
left. The same steady state us þ vs ¼ 1 is achieved.
However, the steady profile consists of more u cells than
v cells with us ¼ 0:897 and vs ¼ 0:103. This agrees with our
intuitive notion that their ought to be more u cells than v

cells as the u population is more motile and proliferative.
This computation is repeated for a range of D and L
values.

5.2. Linear diffusion: steady-state solutions

It is unclear how the proportion of us and vs varies with
D, L or with the initial conditions. For example, R ¼ 1 for
D ¼L ¼ 1 while R ¼ 8:71 for D ¼ 0:05 and L ¼ 0:5. The
ratio R is reported in Fig. 4a as a function of D and L for
0pLp10 and 0:05pDp5 with the symmetric initial
condition (13). All profiles pass through R ¼ 4 for L ¼ 0
since mv ¼ 2 for the initial condition (13); accordingly vs ¼

0:2 and us ¼ 0:8 for any D.
The profiles in Fig. 4a show that R ¼ RðD;LÞ. Several

properties of this function can be deduced.

(1) For sufficiently large fixed D, the profiles are mono-
tonically decreasing functions of L, that is qR=qLo0
for all L.

(2) For sufficiently small fixedD, the profiles are increasing
functions of L (qR=qL40) for sufficiently small L
and the profiles are decreasing functions of L
(qR=qLo0) for sufficiently large L.

(3) For each fixed L, R is a monotonically decreasing
function of D, that is qR=qDo0 for all D.

On intuitive grounds, some of these trends are expected.
For example, since increasing the value of L means that
the relative proliferation rate of the v population to the u

population increases, we anticipate that the relative
number of v cells will increase, giving rise to a smaller
value of R. However, this argument is not valid for all L
values, since it is false when the relative motility of the v to
the u population, given by D, is sufficiently small. The
reason for this is not obvious. Alternatively, as the relative
motility of the v to the u population decreases, we
anticipate the proportion of v cells will decrease, corre-
sponding to a increase in R. This result appears to be
independent of L.

From Fig. 4a, we can deduce the regions in the (D,L)
parameter space where Ro1 and R41. Fig. 5 illustrates
this bifurcation diagram. For values of L4LðDÞ, Ro1,
while for LoLðDÞ, R41. Hence, we can readily
determine whether us dominates over vs.
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We now focus our attention on investigating the reasons
for the increasing R profiles for sufficiently small D and L.
To do this, we compare the transient evolution of the
solution for D ¼L ¼ 1 and D ¼ 0:05 and L ¼ 0:5
(Fig. 3). Two obvious differences are revealed. Firstly,
when the coefficients are less than unity the u population
invades the empty space more rapidly than the v popula-
tion, giving rise to a nonsymmetric coalescence pattern.
Secondly, the rapid invasion is associated with the local cell
density in the region of coalescence rising above capacity
density; that is uðx; tÞ þ vðx; tÞ41 for some period of time,
as illustrated in Fig. 3 in the region 8oxo10 at t ¼ 5.
Comparing the uþ v profiles shows that the total cell
density never rises above unity for the D ¼L ¼ 1 case.

The formation of a region where the total cell density in
greater than the capacity density means that overcrowding
occurs and the logistic proliferation terms in (3)–(4)
become negative. With our interpretation of the logistic
terms given in Section 2.2, this overcrowding leads to cell
death. Therefore, it seems reasonable to conjecture that
overcrowding occurs for some values of D and L
considered in Fig. 4a, while no overcrowding occurs for
other values. This provides a potential explanation for the
differences in behaviour of R as a function of L,
depending on the size of D (Fig. 4a).

5.2.1. Linear diffusion: role of overcrowding and cell death

To better understand the role of overcrowding in
determining the steady-state solutions, we resimulate all
results in Fig. 4a under modified conditions where cell
death processes are eliminated. This is achieved by
introducing a switch function, wðuþ vÞ, which leads to a
modified system given by

qu

qt
¼

q
qx

f ðu; vÞ
qu

qx

� �
þ wðuþ vÞu½1� ðuþ vÞ�, ð14Þ

qv

qt
¼ D

q
qx

gðu; vÞ
qv

qx

� �
þ wðuþ vÞLv½1� ðuþ vÞ�. ð15Þ

The switch function wðuþ vÞ must not affect the system
in uncrowded conditions. This is achieved by setting
wðuþ vÞ ¼ 1 when ðuþ vÞp1 so that birth processes will
proceed unhindered in uncrowded regions. The switch
function wðuþ vÞ will be used to inactivate death processes.
This is achieved by setting wðuþ vÞ ¼ 0 when ðuþ vÞ41
meaning that death processes will be inactivated. In
summary, the switch function eliminates cell death
processes while having no affect on cell birth. The switch
is defined as,

wðuþ vÞ ¼ H½1� ðuþ vÞ� ¼
1; ðuþ vÞp1;

0; ðuþ vÞ41:

(
(16)

We will refer to simulations conducted without the switch
as ‘‘fully coupled’’. Simulations conducted with the switch
are ‘‘partially coupled’’ since the switch overrides and
partly removes the coupling for crowded conditions.
Making comparisons of these kinds of coupled and

partially coupled solutions have been used previously to
determine the relative importance of complex coupling
processes in models of variable density fluid flow (Simpson
and Clement, 2003, 2004). This switch is similar to the
mechanism introduced by Hillen and Painter (2001) who
turned off a chemotactic response at high cell densities to
study long-term behaviour of chemotactic cell migration
models.
If the partially coupled and fully coupled steady-state

solutions are different for the same parameters and
initial conditions, then overcrowding and cell death must
have occurred during the fully coupled simulation. On
the other hand, if the steady-state solutions are the
same, we cannot deduce whether cell death occurred
from R alone. In this case the fully coupled transient
profile must be studied to see whether uðx; tÞ þ vðx; tÞ41 in
any region for some time. However, for conditions where
overcrowding never occurs in the fully coupled solution,
the steady state fully and partially coupled R values must
be identical.
To understand how important overcrowding is, all fully

coupled simulations in Fig. 4a were repeated under
partially coupled conditions and the corresponding R

values are given in Fig. 4b. The most striking effect of
introducing the wðuþ vÞ switch is that all R profiles are
decreasing functions of L, that is qR=qLo0 for all L.
This means that the formation of monotonically increasing
regions in the fully coupled profiles (Fig. 4a) must be
associated, in some way, with conditions that allow
overcrowding. The other key feature of the partially
coupled profiles is that the curves do not pass through
the common point R ¼ 4 for L ¼ 0. The steady-state
solution of the partially coupled problem does not satisfy
us þ vs ¼ 1, rather the solution is us þ vs ¼ K for some
constant KX1.
To quantitatively assess the influence of cell death, the R

values in Fig. 4a and 4b are compared. This shows that all
values of R are different between the fully and partially
coupled simulations except when D ¼ 1 regardless of L.
This outcome is in accordance with the comparison
principle which showed that overcrowding will never occur
for f ðu; vÞ ¼ gðu; vÞ ¼ GðwÞ and D ¼ 1 provided that
0puðx; 0Þ þ vðx; 0Þp1. Unfortunately, the comparison
principle provides no information when Da1. In Section
5.2, we hypothesised that overcrowding might only occur
for sufficiently small D and sufficiently small L corre-
sponding to the profiles in Fig. 4a that had a positive slope.
Quantitatively comparing the coupled and partially
coupled simulations shows that this supposition is incorrect
as overcrowding occurs whenever Da1.

5.3. Linear diffusion: nonsymmetric initial conditions and

large domains

Further simulations will be conducted for different initial
conditions and a wider domain to demonstrate that the
comparison principle applies to more general problems.
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A special feature of the previous example was that uðx; 0Þ
and vðx; 0Þ were spatially symmetric. A more general case is
considered with a nonsymmetric initial condition. We
change the initial distribution of u to

uðx; 0Þ ¼ 1�Hðx� lÞ; vðx; 0Þ ¼ Hðx� 8Þ. (17)

Results are generated for l ¼ 3. The temporal profiles for
this initial condition are similar to those shown in Fig. 3
and so only the steady profiles for R are presented. Fully
coupled and partially coupled steady profiles are given in
Fig. 6.

All simulations presented so far are relevant for a narrow
domain. Many invasion models support travelling wave
solutions valid on �1oxo1 (Maini et al., 2004a,b;
Murray, 2002; Sherratt, 2000). To observe travelling waves
numerically, simulations must be performed on wide
domains. To observe travelling wave-type behaviour we
consider (3)–(4) on �50oxo50 with

uðx; 0Þ ¼
1

1þ expðx� auÞ
; vðx; 0Þ ¼

1

1þ expðav � xÞ
.

(18)

The exponential initial conditions are chosen since they
evolve into travelling wave-type solutions faster than
Heaviside initial conditions. A widely separated symmetric
initial distribution of u and v is specified by setting au ¼

�30 and av ¼ 30. We expect that there will be sufficient
space between the populations so that travelling wave-like
profiles will form during the transient phase. The temporal
evolution of the system with D ¼L ¼ 1 and D ¼ 0:05
and L ¼ 0:5 is shown in Fig. 7. The R values are given in
Fig. 8.

Comparing the fully and partially coupled R values for
the nonsymmetric initial condition (Fig. 6) and the wide
domain (Fig. 8) reveals how important overcrowding and
cell death is for various D and L. All fully coupled R

values are different to the partially coupled R values with
the exception of the D ¼ 1 case. This result is anticipated
from the comparison principle which is valid for arbitrary

initial conditions satisfying 0puðx; 0Þ þ vðx; 0Þp1 and an
arbitrary domain.
Although the results presented so far yield complex and

interesting behaviour, they are limited to a special case of
linear diffusion. Many applications of continuum model-
ling in mathematical biology use a nonlinear diffusivity
function to include effects of cell–cell contact and crowding
on the cell motility (Cai et al., 2006; Maini et al., 2004a;
Sherratt, 2000; Simpson et al., 2006b). We now resimulate
some of the problems previously considered with some
common choices of nonlinear diffusivity functions.

5.4. Standard nonlinear diffusivity

The suitability of linear diffusion has been questioned by
several authors within the context of representing cell
motility (Cai et al., 2006; Sherratt, 2000). A further suite of
numerical results will be generated for two common
choices of f ðu; vÞ and gðu; vÞ in (3)–(4).
Increasing degenerate nonlinear diffusion is the most

commonly adopted nonlinear diffusivity form in cell
migration applications. Here, we consider

f ðu; vÞ ¼ gðu; vÞ ¼ ðuþ vÞn (19)

with n40. Sharp fronted solutions are expected since
f ðu; vÞ ¼ gðu; vÞ ¼ 0 when uþ v ¼ 0. Other analysts (Cai et
al., 2006; Painter and Sherratt, 2003; Simpson et al., 2006b)
use decreasing diffusivity functions to simulate a reduced
motility in high cell density regions due to cell–cell
interactions. Such a diffusivity function is given by

f ðu; vÞ ¼ gðu; vÞ ¼
1

1þ kðuþ vÞ
, (20)

with k40. Preliminary investigations suggest that the
results are qualitatively similar for various values
of n and k. By way of example we present results for
n ¼ k ¼ 1.
Because the qualitative features of the results for linear

diffusion were independent of the width of the domain and
the initial conditions provided 0puðx; 0Þ þ vðx; 0Þp1, we

ARTICLE IN PRESS

0 2 4 6 8 10

R = us/vs

0

2

4

6

8

10

Fully Coupled

0 2 4 6 8 10
0

2

4

6

8

10

Partially Coupled
12 12

 = λv/λu  = λv/λu

Decreasing     = Dv/Du
Decreasing     = Dv/Du

Fig. 6. Values of R ¼ us=vs versusL for the nonsymmetric initial condition (17) showing (a) fully coupled conditions and (b) partially coupled conditions.

Seven contours are shown for D ¼ 0:05; 0:1; 0:25; 0:5; 1:0; 2:0 and 5:0.

M.J. Simpson et al. / Journal of Theoretical Biology 247 (2007) 525–543 533



Aut
ho

r's
   

pe
rs

on
al

   
co

py

ARTICLE IN PRESS

-50 -30 -10 10 30 50
0

0.2

0.4

0.6

0.8

1.0
t = 0

x

-50 -30 -10 10 30 50
0

0.2

0.4

0.6

0.8

1.0
t = 0

x

-50 -30 -10 10 30 50

x

-50 -30 -10 10 30 50

x

-50 -30 -10 10 30 50

x

-50 -30 -10 10 30 50

x

-50 -30 -10 10 30 50

x

-50 -30 -10 10 30 50

x

-50 -30 -10 10 30 50

x

-50 -30 -10 10 30 50

x

0

0.2

0.4

0.6

0.8

1.0
t = 10

0

0.2

0.4

0.6

0.8

1.0
t = 100

0

0.2

0.4

0.6

0.8

1.0
t = 1000

0

0.2

0.4

0.6

0.8

1.0
t = 10000

0

0.2

0.4

0.6

0.8

1.0
t = 10

0

0.2

0.4

0.6

0.8

1.0
t = 100

0

0.2

0.4

0.6

0.8

1.0
t = 1000

0

0.2

0.4

0.6

0.8

1.0
t = 10000

=    = 1 = 0.05    = 0.5
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will simulate nonlinear diffusivity problems with initial
conditions (13) on 0oxo10. Transient profiles are
presented in Figs. 9 and 10 for the increasing and
decreasing diffusivity functions, respectively. Results for
identical populations D ¼L ¼ 1 are presented together
with equivalent results with D ¼ 0:05 and L ¼ 0:5. The
most obvious difference between the linear diffusion and
the nonlinear diffusion cases is that the profiles for the
degenerate increasing diffusivity are sharp fronted whereas
all other cases involve smooth differentiable profiles. As for
linear diffusion, the identical population problems with the
two nonlinear diffusivity functions evolve so that
0puðx; tÞ þ vðx; tÞp1 for all t40. However, the total
population density for D ¼ 0:05 and L ¼ 0:5 becomes
overcrowded with uðx; tÞ þ vðx; tÞ41 for some period of
time.

Qualitatively similar trends for the R values are
illustrated Figs. 11 and 12 for the increasing and decreasing
nonlinear diffusivity functions, respectively. Comparing
the coupled and partially coupled simulations shows that
all R values differ between the coupled and partially
coupled conditions with the exception of the D ¼ 1 case.
Therefore, as before, overcrowding and cell death must
occur during the transient evolution of all problems other
than the D ¼ 1 case. The result for D ¼ 1 is anticipated
from the comparison principle developed in Section 4.

5.5. Nonstandard nonlinear diffusivity

In addition to standard nonlinear diffusivities, it is
prudent to test other forms suggested in the literature. As
an example, the diffusivity functions proposed by Sherratt
(2000), to simulate competing invasion fronts with contact
inhibition, are considered. In this case f ðu; vÞagðu; vÞ and
are given by

f ðu; vÞ ¼
u

ðuþ vÞ
; gðu; vÞ ¼

v

ðuþ vÞ
. (21)

Sherratt used initial conditions where uþ v40 for all x

Sherratt, 2000. Here, we simulate two populations initially

separated with uþ v ¼ 0 at t ¼ 0 in some region. There-
fore, we apply (21) only where uþ v40 otherwise we set
f ðu; vÞ ¼ gðu; vÞ ¼ 0 wherever uþ v ¼ 0. Initial conditions
(13) are used to repeat all previous simulations on
0oxo10. Transient profiles are given in Fig. 13. These
results are radically different to all other transient profiles
regarding the role of overcrowding and cell death. The
solution for D ¼L ¼ 1 shows that uðx; tÞ þ vðx; tÞ41 in
some locations at later times. In this case the comparison
principle cannot be applied as (3)–(4) do not sum to
produce a similar equation for the total population.
Steady-state R profiles are given in Fig. 14. These results

are also remarkably different to the other results as the
fully coupled R values are all different to the partially
coupled R values except when D ¼L ¼ 1. Therefore,
Sherratt’s diffusivity functions permit overcrowding for all
parameters since the transient profiles in Fig. 13 show that
overcrowding also occurs when D ¼L ¼ 1. We conjecture
that the origin of this difference is that f ðu; vÞagðu; vÞ,
which is unlike the other cases considered here.
In addition to simulating the coalescence problem with

Sherratt’s diffusivity functions we also conducted further
simulations with a range of f ðu; vÞ and gðu; vÞ. Other cases
where f ðu; vÞagðu; vÞ were tested, for example f ðu; vÞ ¼ u

and gðu; vÞ ¼ v, and f ðu; vÞ ¼ 1=ð1þ uÞ and gðu; vÞ ¼ 1
=ð1þ vÞ. For both cases the simulations revealed that cell
death occurred for all values of D and L.
Further simulations were conducted for diffusivities

satisfying f ðu; vÞ ¼ gðu; vÞ but which cannot be written as
a function of the total cell density uþ v. We considered
f ðu; vÞ ¼ gðu; vÞ ¼ u, v, 1þ uv and e�uv. Repeating the
simulations showed that R differed between the coupled
and partially coupled simulations except for the
special case when D ¼ 1 for any L. For all cases tested
with f ðu; vÞ ¼ gðu; vÞ and D ¼ 1, the fully coupled
transient solutions never became overcrowded and
0puðx; tÞ þ vðx; tÞp1 for all t40. These results suggest
that the comparison principle is valid when just f ðu; vÞ ¼
gðu; vÞ and the additional condition f ðu; vÞ ¼ GðwÞ is
unnecessary.
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Fig. 9. Temporal evolution of coalescence with increasing degenerate nonlinear diffusion f ðu; vÞ ¼ gðu; vÞ ¼ ðuþ vÞn and n ¼ 1. Results are shown for

identical populations D ¼L ¼ 1 in the left-hand column at t ¼ 0; 1; 5; 20 and 500. Details of the uðx; tÞ (blue), vðx; tÞ (red) and the sum uðx; tÞ þ vðx; tÞ
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Fig. 10. Temporal evolution of coalescence with decreasing nonlinear diffusion f ðu; vÞ ¼ gðu; vÞ ¼ ð1þ kðuþ vÞÞ�1 and k ¼ 1. Results are shown for

identical populations D ¼L ¼ 1 in the left-hand column at t ¼ 0; 1; 5; 20 and 500. Details of the uðx; tÞ (blue), vðx; tÞ (red) and the sum uðx; tÞ þ vðx; tÞ
(green) are shown. Equivalent results are shown in the right-hand column for D ¼ 0:05 and L ¼ 0:5. Numerical simulations are evaluated with Dx ¼ 0:01
and variable Dt.
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6. Conclusions

This analysis considers the transient and long-term
dynamics of two invasive cell populations which undergo
coalescence. The problem is modelled as a coupled reaction
diffusion system with the cell motility governed by a linear
or nonlinear diffusive flux and a logistic source term
represents proliferation so that the long-term total cell
density will approach a carrying capacity density. This
model admits solutions which have the same qualitative
characteristics observed in experimental assays investigat-
ing the long-term interaction of opposingly directed
invasion waves. An interesting feature of the system is
that the expression governing the steady-state behaviour is
underdetermined so the only way to deduce the steady-
state solution is to integrate the system through time.

The simulation and analysis of the coalescence patterns
provide very insightful strong conclusions of interest to
experimental cell biologists. If two cell populations are
invasive and behave according to (3)–(4), we suggest that
the long-term interaction assay performed by Burns et al.
(2002) will yield important information to assist in

identifying the particular mechanism(s) regarding cell
motility. In addition to making observations of the
spatiotemporal distributions of the cell types during and
after coalescence, it would be useful to determine the
presence or absence of cell death. Although cell death was
not measured in Burns’ original experiments (A. Burns,
personal communication, 2006), other analysis of the
normal rostral-to-caudal migration of NCCs revealed that
cell death does not normally occur (Gianino et al., 2003;
Young et al., 2004). Therefore, we suggest that in future
coalescence assays it would be very useful to make similar
observations of cell death. The analysis suggests that the
presence or absence of overcrowding will be independent of
the initial condition so long as the initial cell density is
below the tissue carrying capacity. This is a positive
outcome since it is very difficult to control the precise
number and distribution of cells in a grafting assay.
The fully and partially coupled numerical simulations

together with the comparison principle shows that if cell
death is not observed in the coalescence assay then the two
populations u and v have the same diffusive motility
mechanism. Making such an observation would be useful
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Fig. 13. Temporal evolution of coalescence with diffusivity functions specified by Sherratt (2000), f ðu; vÞ ¼ u=ðuþ vÞ, gðu; vÞ ¼ v=ðuþ vÞ. Results are

shown for D ¼L ¼ 1 in the left-hand column at t ¼ 0; 1; 5; 20 and t ¼ 10 000. Details of the uðx; tÞ (blue), vðx; tÞ (red) and the sum uðx; tÞ þ vðx; tÞ (green)
are shown. Equivalent results are shown in the right-hand column for D ¼ 0:05 and L ¼ 0:5. Numerical simulations are evaluated with Dx ¼ 0:01 and

variable Dt.
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in assessing the validity of common assumptions under-
pinning many chimeric experimental systems. Chimeric
assays are commonly used to distinguish between different
cell types, such as the use of chick-quail grafting methods
(Burns et al., 2002; Erickson, 1985; Le Douarin and Teillet,
1973; Le Douarin, 1973; Simpson et al., 2007). The critical
underlying assumption in these experiments is that the
donor and host cell types behave indistinguishably. Hence,
these experiments assume that the donor and host cells
have the same motility. This assumption, which is always
implicit and untested, could be validated or challenged by
making observations of the presence or absence of cell
death in a coalescence assay.

The approach taken in this work provides two levels of
detail regarding the simulation and interpretation of
coalescence processes. Firstly, full details are obtained
with the numerical simulations. This approach allows the
steady-state solution to be exactly characterised in terms of
the ratio R. Secondly, and more generally, we analytically
determine conditions guaranteeing that the transient
solution never becomes overcrowded for all t40. While
the exact steady-state R depends on the initial condition
and domain geometry, this is not true of the conditions
regarding the absence of overcrowding. For any initial
condition satisfying 0puðx; 0Þ þ vðx; 0Þp1 on any 0oxoL

the solution never becomes overcrowded for all t40
provided that both cell populations have identical diffusiv-
ities. This is a very strong, general result. This suggests that
an existing cell migration assay (Fig. 2) can be used in a
new way to determine whether two different cell popula-
tions are governed by the same motility mechanism.

A final and important point can be made regarding the
question of whether the logistic-type source terms are
appropriate to represent overcrowding and cell death. A
common assumption in continuum models of cell invasion
phenomena is that cells proliferate to a carrying capacity
limit, and that a logistic (Murray, 2002) or similar source
term (Tsoularis and Wallace, 2002) governs this process. In
virtually all theoretical applications, the source term is
positive and acts to increase the cell density as the invasion

process proceeds. However, the current study and other
recent theoretical work (Simpson et al., 2006b) have
investigated interactions of invasive cell populations where
the logistic source terms act as a sink due to overcrowding.
We suggest that a thorough examination of experimental
systems involving the interaction of invasive cell popula-
tions will be of enormous interest to the theoretical biology
community as it is unclear whether or not logistic-type
terms are appropriate to represent overcrowding and cell
death processes.
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Appendix A. Numerical algorithm

Eqs. (3)–(4) will be integrated from tk to tkþ1 with
Dtk ¼ tkþ1 � tk. Variable time steps will be used and Dt will
be referred to without the superscript unless necessary.
Spatial derivatives are replaced with standard centred in
space finite difference approximations on a uniformly
spaced grid with N nodes. The semi-discrete odes at the ith
internal node are given by

dui

dt
¼

1

Dx2
f iþ1=2 uiþ1 � ui½ � � f i�1=2 ui � ui�1½ �

� �
þ uið1� vi � uiÞ, ð22Þ

dvi

dt
¼

D

Dx2
giþ1=2 viþ1 � vi½ � � gi�1=2 vi � vi�1½ �

� �
þLvið1� vi � uiÞ. ð23Þ
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With starting values uk
i and vk

i , trial values of ukþ1
i and vkþ1

i

are evaluated with a backward Euler time step. The discrete
equations are linearised with a standard Picard linearisa-
tion with iteration index m. The linearised equations can be
written as

ukþ1;mþ1
i � uk

i

Dt
¼

1

Dx2
f kþ1;m

iþ1=2 ukþ1;mþ1
iþ1 � ukþ1;mþ1

i

h i�
�f kþ1;m

i�1=2 ukþ1;mþ1
i � ukþ1;mþ1

i�1

h i�
þ ukþ1;mþ1

i ð1� vkþ1;m
i � ukþ1;m

i Þ, ð24Þ

vkþ1;mþ1
i � vk

i

Dt
¼

D

Dx2
gkþ1;m

iþ1=2 vkþ1;mþ1
iþ1 � vkþ1;mþ1

i

h i�
� gkþ1;m

i�1=2 vkþ1;mþ1
i � vkþ1;mþ1

i�1

h i
þLvkþ1;mþ1

i ð1� vkþ1;m
i � ukþ1;mþ1

i Þ. ð25Þ

The internode diffusivities are evaluated with an arithmetic
average. The linear systems for u and v are solved
sequentially to take advantage of the tridiagonal
matrix structure and the Thomas algorithm. Picard
iterations are conducted until an absolute convergence test
is satisfied

max jckþ1;mþ1
i � ckþ1;m

i jotP for i ¼ 1; 2; 3; . . . ;N, (26)

where ci represents either ui or vi. The temporal derivative
across the time step is approximated by

dc

dt

� �kþ1

i

¼
ckþ1

i � ck
i

Dt
for i ¼ 1; 2; 3; . . . ;N. (27)

A measure of the local truncation error associated with the
backward Euler approximation is given by

ekþ1
i ¼

Dt

2

dc

dt

� �kþ1

i

�
dc

dt

� �k

i

					
					 for i ¼ 1; 2; 3; . . . ;N.

(28)

To implement (28), values of ðdc=dtÞki are retained from the
previous time step. For the very first step values of ðdc=dtÞ0i
are calculated from the initial conditions. The current step
is accepted provided that an absolute convergence test is
satisfied

maxðekþ1;mþ1
i Þ ¼ ekþ1;mþ1otT for i ¼ 1; 2; 3; . . . ;N.

(29)

If this error test is not satisfied, then Dt is reduced and the
temporal integration is re-attempted with a smaller Dt. The
reduced time step is given by

Dtreduced ¼ Dtfailed �max s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tT

max ekþ1;mþ1; �ð Þ

r
; rmin

� �
. (30)

The maximum time step reduction rate is set to rmin ¼ 0:5.
The safety factor is s ¼ 0:9 (Sloan and Abbo, 1999) and the
machine precision � ¼ 1� 10�10 prevents floating point
errors.

If the error test is satisfied, the backward Euler
approximations are locally extrapolated to second-order

accuracy,

ckþ1
i ¼ ck

i þ
Dt

2

dc

dt

� �k

i

þ
dc

dt

� �kþ1

i

" #
for i ¼ 1; 2; 3; . . . ;N.

(31)

These estimates are stored as the solution and the
algorithm attempts a new time step. At the beginning of
each new time step a forward Euler expression is used to
approximate starting values of ukþ1;0 and vkþ1;0. Compared
to the usual approach of setting ukþ1;0 ¼ uk and vkþ1;0 ¼ vk,
we have found that the linearisation iterations converge
faster with the forward Euler estimates. These estimates are
given by

ckþ1;0
i ¼ ck

i þ Dt
dc

dt

� �k

i

for i ¼ 1; 2; 3; . . . ;N. (32)

Each new time step is attempted with an enlarged Dt,

Dtenlarged ¼ Dtaccepted �min s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tT

maxðekþ1;mþ1; �Þ

r
; rmax

� �
.

(33)

Here rmax ¼ 2:0 to ensure that the step size changes are not
too abrupt.
To stop the algorithm we implement one of two

approaches depending on the purpose of the simulation.
Firstly, if the algorithm is to be executed until a particular
time tstop, we test at the beginning of each time step to see
whether the next step will advance the solution past this
point. Once the algorithm establishes that the next step will
advance the system beyond tstop, the time step is reduced so
that the time step takes the solution exactly to tstop.
Secondly, if the algorithm is used to solve for the long-time
steady solution, we test to see when the solutions are
spatially invariant. This involves evaluating both the
maximum and minimum values of u and v. The solution
is deemed to be steady when

maxðumax � umin; vmax � vminÞotS. (34)

Once the algorithm reaches a time when (34) is satisfied,
then it is deemed that the solution is steady and the
algorithm stops.
All results presented in this work are obtained using

tP ¼ 1� 10�5, tT ¼ 1� 10�4 and tS ¼ 1� 10�4. We
found that further reducing these tolerances gave identical
results and so this level of computing tolerance was
adequate. All simulations were initiated with a very small
time step Dt0 ¼ 1� 10�5.

Appendix B. Linear stability analysis

To assess the stability of the steady-state solution
satisfying us þ vs ¼ 1, we consider a small perturbation
about the steady state given by

u ¼ us þ �1e
ðstþikxÞ; v ¼ vs þ �2e

ðstþikxÞ, (35)
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where 0o�1 � 1, 0o�2 � 1, k is the wave number and s is
the coefficient determining the stability about the steady
state. The perturbations (35) are substituted into (3)–(4),
assuming the first-order partial derivatives of f ðu; vÞ and
gðu; vÞ are bounded, the linear terms are retained giving the
linearised system about the steady state. The eigenvalues
are given by the determinant of the coefficient matrix of
this linear system

det
sþ us þ f ðus; vsÞk

2; us

Lvs; sþLvs þDgðus; vsÞk
2

" #
¼ 0. (36)

The eigenvalues are given by s� ¼ ð�M�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 � 4N
p

Þ=2
with

M ¼ us þLvs þ k2 Dgðus; vsÞ þ f ðus; vsÞ½ �, ð37Þ

N ¼ k2 Dusgðus; vsÞ þLvsf ðus; vsÞ½ � þDf ðus; vsÞgðus; vsÞk
4.

ð38Þ

For stability we require both R s�ð Þo0, which in turn
requires both M40 and N40. These two conditions are
always satisfied according to (37)–(38) as the constants us,
vs, D, L and the functions f ðus; vsÞ and gðus; vsÞ are positive
by definition. Therefore, the steady-state solution us þ vs ¼

1 is stable for any D, L and any f ðu; vÞ and gðu; vÞ whose
first-order partial derivatives are bounded.
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