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We study measures of the amount of time required for transient flow in heterogeneous porous media to
effectively reach steady state, also known as the response time. Here, we develop a new approach that
extends the concept of mean action time. Previous applications of the theory of mean action time to esti-
mate the response time use the first two central moments of the probability density function associated
with the transition from the initial condition, at t = 0, to the steady state condition that arises in the long
time limit, as t ! 1. This previous approach leads to a computationally convenient estimation of the
response time, but the accuracy can be poor. Here, we outline a powerful extension using the first k
raw moments, showing how to produce an extremely accurate estimate by making use of asymptotic
properties of the cumulative distribution function. Results are validated using an existing laboratory-
scale data set describing flow in a homogeneous porous medium. In addition, we demonstrate how the
results also apply to flow in heterogeneous porous media. Overall, the new method is: (i) extremely accu-
rate; and (ii) computationally inexpensive. In fact, the computational cost of the new method is orders of
magnitude less than the computational effort required to study the response time by solving the tran-
sient flow equation. Furthermore, the approach provides a rigorous mathematical connection with the
heuristic argument that the response time for flow in a homogeneous porous medium is proportional
to L2=D, where L is a relevant length scale, and D is the aquifer diffusivity. Here, we extend such heuristic
arguments by providing a clear mathematical definition of the proportionality constant.

� 2017 Elsevier B.V. All rights reserved.
1. Introduction

Transient, or time dependent groundwater flow conditions are
more complicated than steady state groundwater flow conditions
(Bear, 1972, 1979). The physical differences in complexity are
echoed in the differences between mathematical models of tran-
sient groundwater flow and mathematical models of steady state
groundwater flow, with the latter simpler to solve than the former
(Anderson, 2007; Haitjema, 1995; Wang and Anderson, 1983). This
is because steady state groundwater flow models are elliptic par-
tial differential equations that do not involve the specification of
the initial condition or storage parameter. In contrast, transient
groundwater flow models are parabolic partial differential equa-
tions that require the specification of both the initial condition
and the storage parameter associated with the porous material.
Since steady state flow conditions arise as the long time limit of
a transient flow response (Haitjema, 1995), is it natural for us to
determine an estimate of the amount of time required for a tran-
sient response to occur, after which steady state conditions will
prevail and simpler steady models can be used to describe the flow
process. Such a time scale is often referred to as a response time
(Bredehoeft and Durbin, 2009; Currell et al., 2016; Haitjema, 2006).

In the groundwater modelling literature there are two main
techniques used to calculate the response time. In the first
approach, both the transient groundwater flow model and the
steady state groundwater flowmodels are solved, and the response
time is taken to be the amount of time taken for the difference
between the transient solution and the associated steady state
solution to fall below some sufficiently small tolerance
(Rousseau-Gueutin et al., 2013; Lu et al., 2013; Watson et al.,
2010). In the second method a simple scaling approach is adopted
whereby if groundwater flow takes place in a confined aquifer with
aquifer diffusivity D, then the response time is proportional to
L2=D, where L is a relevant length scale (Bredehoeft and Durbin,
2009; Currell et al., 2016; Haitjema, 2006). Both of these methods
suffer from certain limitations. For example, the first method relies
on solving both the steady state and transient flow problem of
interest. We note that if the transient solution is used to study
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the response time then this necessarily involves studying the long
time limit, t ! 1. Furthermore, in a standard implicit scheme,
small time steps are required to control truncation error. Therefore,
these two requirements, combined, mean that the first method
involves studying a transient solution numerically using a very
large number of time steps, which can be computationally expen-
sive. The second method is advantageous from the point of view
that it does not require any analytical or numerical solution of
the transient flow model. However, the key limitation of the scal-
ing argument approach is that it provides no insight into how
the response time varies spatially or with the boundary conditions,
nor is it obvious how the scaling argument applies to flow in
heterogeneous porous media where D might vary with position.
Moreover, it is unclear how to choose the constant of proportion-
ality between the response time and L2=D.

In this work, we use a different approach based on the concept
of mean action time (McNabb and Wake, 1991; Ellery et al., 2012a,
b). The benefit of working with this framework is that it avoids the
need for solving the underlying parabolic partial differential equa-
tion model of transient flow, and it provides explicit information
about how the response time varies with position (Simpson
et al., 2013; Jazaei et al., 2014). In general, the mean action time
approach relies on identifying a cumulative distribution function,
Fðt; xÞ, which varies from Fð0; xÞ ¼ 0 to Fðt; xÞ ! 1� as t ! 1. Previ-
ous studies using the concept of mean action time have examined
the first one or two central moments of the associated probability
density function, f ðt; xÞ ¼ dFðt; xÞ=dt (Simpson et al., 2013; Jazaei
et al., 2014). The first central moment is known as the mean action
time and the second central moment is known as the variance of
action time. In this work we take a more general approach and pre-
sent a new method that can be used to calculate the kth raw
moment of f ðt; xÞ and show how to combine these moments to pro-
duce a highly accurate estimate of the response time. The formula-
tion extends the mathematical results for diffusion in a
homogeneous medium without a source/sink term, developed by
Carr (2017), to a model of saturated flow through a heterogeneous
porous medium with a general source/sink term to describe
recharge processes (Simpson et al., 2013). In practice, our approach
can be used to arrive at a very accurate estimate of the response
time using just two consecutive raw moments, k� 1 and k, for a
suitably large choice of k. The key benefit of our approach is that
it leads to more accurate estimates of the response time compared
to previous estimates based on the first two central moments only
(Simpson et al., 2013; Jazaei et al., 2014). Furthermore, the compu-
tational effort required to solve for the first few moments is far less
than the computational effort required to solve for the underlying
transient solution.

The new estimate of the response time is applied to two case
studies. The first case study involves flow through a homogeneous
porous medium and considers both recharge and discharge pro-
cesses, where the saturated thickness increases and decreases over
time, respectively. In the first case study, we use a laboratory-scale
experimental data set to illustrate the strengths of our new
approach (Simpson et al., 2013). In the second case study we exam-
ine a more practical scenario involving flow through heteroge-
neous porous media, where the saturated hydraulic conductivity
varies spatially. In the second case study we use numerical solu-
tions of the governing flow equation to assess the accuracy of
our estimates of the response time. Overall, we find that the new
method is both highly accurate and highly efficient. Moreover, all
test cases lead to improved estimates of the response time, with
practically-useful estimates, accurate to two significant digits,
obtained using only the first two raw moments of f ðt; xÞ.

Our approach relies upon reformulating the transient response
in a groundwater flow system in terms of a cumulative distribution
function, and then examining certain properties of that transient
response in terms of the moments of the associated probability
density function. The goal of the analysis is to make a clear and
unambiguous distinction between transient flow conditions and
effectively steady state conditions. It is worthwhile pointing out
that analyzing data and mathematical models using moment anal-
ysis and moment-based techniques is relatively common in the
groundwater hydrology literature. Methods based on the analysis
of moments are used to interpret field data (Von Asmuth et al.,
2007; Besbes et al., 1984; Shapoori et al., 2015; Berendrecht
et al., 2016) and to calibrate mathematical models of groundwater
flow to match observed data (Bakker et al., 2007, 2008). However,
the purpose of the current study and these previous studies are
very different. Here our primary focus is not on calibrating models
or interpreting field data, instead we are concerned with determin-
ing a duration of time required for a transient groundwater
response to take place.

This manuscript is organised in the following way. In Section 2
we present, and analyze the governing groundwater flow equation
in a one-dimensional heterogeneous aquifer with arbitrary
recharge. To analyze the problem we consider an equivalent
semi-discrete formulation of the mathematical model, and we
make use of the properties of the semi-discrete formulation to
arrive at an approximate relationship between the response time
and two consecutive moments, k� 1 and k, for sufficiently large
k. We explain how to solve for the two consecutive moments,
and provide a mathematically rigorous connection between our
new theory and existing scaling approaches for a simplified prob-
lem of flow in homogeneous porous media. Case studies to demon-
strate the efficacy of our approach are presented in Section 3.
Finally, in Section 4, we summarise the contribution of this study.

2. Mathematical formulation

2.1. Groundwater flow model

We consider a one-dimensional Dupuit-Forchheimer model of
saturated flow through a heterogeneous porous medium with a
general source/sink term to describe recharge/discharge processes
(Bear, 1972, 1979),

S
@h
@t

¼ @

@x
KðxÞh @h

@x

� �
þ RðxÞ; 0 < x < L; t > 0; ð1Þ

hðx;0Þ ¼ h0ðxÞ; hð0; tÞ ¼ h1;
@h
@x

ðL; tÞ ¼ 0; ð2Þ

where hðx; tÞ > 0 is the saturated thickness at position x and time
t; S > 0 is the storage coefficient, KðxÞ > 0 is the spatially-varying
saturated hydraulic conductivity and RðxÞ is the spatially-varying
recharge rate (Fig. 1). For many practical problems, the hydraulic
gradient is small, j@h=@xj � 1, and so we can approximate Eq. (2)
by a linearised model (Bear, 1972, 1979), given by

@h
@t

¼ @

@x
DðxÞ @h

@x

� �
þWðxÞ; 0 < x < L; t > 0; ð3Þ

hðx;0Þ ¼ h0ðxÞ; hð0; tÞ ¼ h1;
@h
@x

ðL; tÞ ¼ 0; ð4Þ

with diffusivity DðxÞ ¼ hKðxÞ=S, source term WðxÞ ¼ RðxÞ=S and

average saturated thickness h. In this work, we study properties
of Eqs. (3) and (4), which means that our analysis is relevant for
confined flow (Bear, 1972, 1979) or unconfined flow with a suffi-
ciently small hydraulic gradient. If the model is used to study con-
fined flow then the storage coefficient is the specific storage (Bear,
1972, 1979), whereas if the model is used to study unconfined flow
the storage coefficient is the specific yield (Bear, 1972, 1979). The
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Fig. 1. Schematic illustrating groundwater response in: (a) a homogeneous porous medium with constant recharge; and (b) a heterogeneous porous medium with spatially
variable recharge. In both schematics flow takes place in a one-dimensional aquifer, 0 < x < L. At x ¼ 0 there is a constant saturated thickness, hð0; tÞ ¼ h1, and there is an
impermeable boundary at x ¼ L, giving @hðL; tÞ=@x ¼ 0. The initial saturated thickness is constant, hðx;0Þ ¼ h1, and a transient response takes place by the application of some
recharge, RðxÞ. In (a) flow takes place in a homogeneous porous medium with KðxÞ � K and the recharge is spatially uniform RðxÞ � R. In (b) flow takes place in a
heterogeneous porous medium with a spatially varying saturated hydraulic conductivity, KðxÞ, and the recharge is spatially variable, RðxÞ. At each location x ¼ a, for 0 < a < L,
the transient response sees hða; tÞ change monotonically from hða;0Þ ¼ h0ðaÞ to limt!1hða; tÞ ¼ h1ðaÞ as t increases, as shown in (c). Using the data in (c) we can construct a
cumulative distribution function, Fðt; aÞ ¼ 1� ðhða; tÞ � h1ðaÞÞ=ðh0ðaÞ � h1ðaÞÞ, which increases from Fð0; aÞ ¼ 0 and approaches Fð0; aÞ ¼ 1� as t ! 1, as illustrated in (d).
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initial condition is arbitrary, and the boundary conditions corre-
spond to a constant saturated thickness at x ¼ 0, and a no flow
boundary condition at x ¼ L. We focus on these boundary condi-
tions because they are relevant to the laboratory data presented
by Simpson et al. (2013), however, our approach can be adapted
to deal with other boundary conditions, and we will explain these
details later (Section 2.6). Furthermore, all our theoretical results
are demonstrated here using a one-dimensional model so that we
can present the theory as simply as possible. However, all develop-
ments also apply to two- and three-dimensional flow, and we will
make a comment on how these generalisations can be implemented
later (Simpson, 2018).

2.2. Definition of response time

Our aim is to calculate a response time, or a measure of the time
required for the transient solution of Eqs. (3) and (4), hðx; tÞ, to
effectively reach the corresponding steady state solution, which
can be written as h1ðxÞ ¼ limt!1hðx; tÞ, and which satisfies the
elliptic problem

0 ¼ d
dx

DðxÞdh1
dx

� �
þWðxÞ; 0 < x < L; ð5Þ
h1ð0Þ ¼ h1;
dh1
dx

ðLÞ ¼ 0; ð6Þ

For each position x, we take the response time to be the time, t ¼ tr ,
satisfying

hðx; trÞ � h1ðxÞ
h0ðxÞ � h1ðxÞ ¼ d; ð7Þ

where d � 1 is some sufficiently small, prescribed tolerance spec-
ifying the proportion of the transition from h0ðxÞ to h1ðxÞ remain-
ing at t ¼ tr . In general, we expect that tr will vary with position,
giving trðxÞ. In a practical sense, we can simply define the global
response time to be the maximum value of trðxÞ (Carr, 2017). Fur-
thermore, the choice of d can be guided by the accuracy with
which measurements of the hydraulic head can be made in a
practical setting.

The aim of this work is to calculate highly accurate estimates of
the response time, tr , without computing the transient solution of
Eqs. (3) and (4), hðx; tÞ. To make progress we examine the following
quantity

Fðt; xÞ ¼ 1� hðx; tÞ � h1ðxÞ
h0ðxÞ � h1ðxÞ ; ð8Þ
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which, for many practical flow problems, varies monotonically from
Fð0; xÞ ¼ 0 to Fðt; xÞ ! 1� in the long time limit as t ! 1. Combin-
ing Eqs. (7) and (8), the response time tr equivalently satisfies

Fðtr ; xÞ ¼ 1� d: ð9Þ
We can now reformulate the problem into a common one from
probability theory, by observing that Fðt; xÞ can be interpreted as
a cumulative distribution function of time t, at each location x. This
will always be the case provided that hðx; tÞ varies monotonically
from h0ðxÞ to h1ðxÞ. In addition to Eq. (8), our analysis will also
make use of the corresponding probability density function, f ðt; xÞ,
given by

f ðt; xÞ ¼ dFðt; xÞ
dt

¼ 1
h1ðxÞ � h0ðxÞ

@

@t
hðx; tÞ � h1ðxÞ½ �: ð10Þ
2.3. Studying the large time behaviour

Since we are only interested in small values of d, only the large
time behaviour of Fðt; xÞ is important when estimating tr . To
examine this behaviour, according to Eq. (8), we must study the
behaviour of the transient solution, hðx; tÞ, for large t. This can
be achieved by first carrying out a spatial-discretization of
Eqs. (3) and (4), say on a grid with nodes at x ¼ xi
0 ¼ x0 < x1 < . . . < xn ¼ Lð Þ, using a standard finite difference,
finite volume or finite element method (Wang and Anderson,
1983; Zheng and Bennett, 2002). After carrying out the spatial dis-
cretization we can study the time-dependent behaviour of the
resulting semi-discrete system, which can be expressed as (Barry
et al., 1996; Simpson and Landman, 2007)

dh
dt

¼ �Ahþ b; hð0Þ ¼ h0; ð11Þ

where h ¼ ðh1ðtÞ; . . . ;hnðtÞÞT is the spatially discretized transient
solution, with hiðtÞ denoting the numerical approximation of

hðx; tÞ at x ¼ xi and time t, h0 ¼ ðh0ðx1Þ; . . . ;h0ðxnÞÞT is the spatially
discretized initial condition, A is a positive definite matrix repre-
senting the spatial discretization of the linear operator L, defined
by Lh ¼ @

@x �DðxÞ @h
@x

� �
, and b is a vector that incorporates both the

boundary conditions and the spatial discretization of the source
term, WðxÞ. We remark that a semi-discrete equation is not
included at the left boundary ðx ¼ x0Þ in Eq. (11) since hð0; tÞ ¼ h1

for all time t. A key strength of our analysis is that we can deal with
a very general mathematical model which describes flow in a
heterogeneous porous medium where both the aquifer diffusivity,
DðxÞ, and the recharge rate, RðxÞ, can take on arbitrary functional
forms. Despite the fact that exact solutions of the partial differential
equation description of such general problems are rarely available,
except for quite particular forms of DðxÞ and RðxÞ (Zoppou and
Knight, 1997, 1999), we can still make analytical progress with
our approach. The key to making progress is that we study the time
dependent solution of the semi-discrete model in the long-time
limit, as t ! 1.

The exact solution of Eq. (11) is

hðtÞ ¼ h1 þ e�tA h0 � h1ð Þ; ð12Þ

where h1 ¼ �A�1b is the spatially discretized steady state solution.
Using the diagonalization of A (Wilkinson, 1965), we can express
the matrix exponential as

e�tA ¼
Xn
j¼1

e�tkjxjyT
j ; ð13Þ

where k1; . . . ; kn are the positive eigenvalues of A arranged in
order of increasing magnitude, x1; . . . ; xn are the corresponding
eigenvectors and yT
j is the jth row of the inverse of the matrix

x1; . . . ;xn½ �. Substituting Eq. (13) into Eq. (12) yields

hðtÞ ¼ h1 þ
Xn
j¼1

vje�tkj ; ð14Þ

where vj ¼ xjyT
j h0 � h1ð Þ. Therefore, at each position x, the solution,

Eq. (14), can be written as

hðx; tÞ ¼ h1ðxÞ þ
Xn
j¼1

v jðxÞe�tkj : ð15Þ

Substituting Eq. (15) into Eq. (8) leads to a specific functional
form for the cumulative distribution function

Fðt; xÞ ¼ 1�
Xn
j¼1

ajðxÞe�tkj ; ð16Þ

where ajðxÞ ¼ v jðxÞ=ðh0ðxÞ � h1ðxÞÞ. Since k1 is the smallest eigen-
value, e�tk1 � e�tkj for large t and for all j ¼ 2; . . . ;n, and hence:

Fðt; xÞ � 1� a1ðxÞe�tk1 ; for large t: ð17Þ
2.4. Simple formula for the response time

Substituting Eq. (17) into Eq. (9) and solving for tr yields the fol-
lowing approximation for the response time

tr � 1
k1

loge
a1ðxÞ
d

� �
; for small d: ð18Þ

This asymptotic expression for the response time depends on two
unknown parameters, k1 and a1ðxÞ, however, as shown previously
by Carr (2017) for the homogeneous diffusion equation without
any source term or spatial variations in the coefficients, we can
compute these parameters using the raw moments of the underly-
ing probability distribution. The kth raw moment at position x is

MkðxÞ ¼
Z 1

0
tkf ðt; xÞ dt; k ¼ 0;1;2; . . . ; ð19Þ

where f ðt; xÞ is the probability density function, obtained by differ-
entiating Eq. (16) with respect to time t

f ðt; xÞ ¼
Xn
j¼1

ajðxÞkje�tkj : ð20Þ

Substituting this expression for f ðt; xÞ into Eq. (19) leads to

MkðxÞ ¼
Xn
j¼1

kjajðxÞ
Z 1

0
tke�tkj dt:

Using integration by parts repeatedly, and noting that
limt!1tme�tkj ¼ 0 for m ¼ 1; . . . ; k, one can show thatZ 1

0
tke�tkj dt ¼ k!

kkþ1
j

;

and hence

MkðxÞ ¼ k!
Xn
j¼1

ajðxÞ
kkj

:

Since k1 is the smallest eigenvalue, kk1 � kkj for large k and for all
j ¼ 2; . . . ;n and hence we have the asymptotic result:

MkðxÞ � a1ðxÞk!
kk1

; for large k; ð21Þ

which relates the two unknown parameters in Eq. (18), k1 and a1ðxÞ,
to the kth moment. For suitably large k, using two consecutive
moments, we have
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Mk�1ðxÞ � a1ðxÞðk� 1Þ!
kk�1
1

; MkðxÞ � a1ðxÞk!
kk1

; ð22Þ

which can be solved to give

a1ðxÞ � MkðxÞ
k!

kMk�1ðxÞ
MkðxÞ

� �k

; k1ðxÞ � kMk�1ðxÞ
MkðxÞ : ð23Þ

Inserting the approximations given by Eq. (23) into Eq. (18) yields
the following estimate of the response time

RTðx; k; dÞ ¼ MkðxÞ
kMk�1ðxÞ loge

MkðxÞ
k!d

kMk�1ðxÞ
MkðxÞ

� �k
" #

; ð24Þ

where we introduce the notation RTðx; k; dÞ for the response time at
position x. Note that RTðx; k; dÞ also depends on the choice of k and d,
which we treat as parameters. As we will demonstrate later,
RTðx; k; dÞ provides a highly accurate estimate of the true response
time at position x; trðxÞ, provided k is sufficiently large. While the
moments depend on the initial and steady state solutions, h0ðxÞ
and h1ðxÞ, remarkably RTðx; k; dÞ does not depend on the transient
solution, hðx; tÞ. This results in large computational savings as it
means that we can compute the response time without solving the
underlying transient flow problem formulated in Eqs. (3) and (4).

Later, we will compare RTðx; k; dÞ to two other measures
of the time required to reach steady state, MATðxÞ and
ðMATþ

ffiffiffiffiffiffiffiffiffiffi
VAT

p
ÞðxÞ, corresponding to the mean of the probability

density function, and the mean plus one standard deviation of
the probability density function f ðt; xÞ (Ellery et al., 2013). These
quantities involve the computation of the first two central
moments, that are known as the mean action time (MAT) and
the variance of action time (VAT), respectively. These two esti-
mates can be expressed in terms of the first two raw moments,
M1ðxÞ and M2ðxÞ, as

MATðxÞ ¼ M1ðxÞ; ð25Þ

ðMATþ
ffiffiffiffiffiffiffiffiffiffi
VAT

p
ÞðxÞ ¼ M1ðxÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2ðxÞ �M2

1ðxÞ
q

: ð26Þ

Later when we consider applying our new theory to certain case
studies we will compare the accuracy of RTðx; k; dÞ, MATðxÞ and
ðMATþ

ffiffiffiffiffiffiffiffiffiffi
VAT

p
ÞðxÞ.

2.5. Computation of the raw moments

To apply the new method, all that is required to compute
RTðx; k; dÞ is to supply the raw moments in Eq. (24). To achieve this
we present a new algorithm that extends the approach of Carr
(2017) to a spatially-varying diffusivity and non-zero source term.
Using integration by parts, the kth raw moment, Eq. (19), can be
expressed as (Carr, 2017; Simpson et al., 2013)

MkðxÞ ¼ k
gðxÞ

Z 1

0
tk�1 h1ðxÞ � hðx; tÞ½ � dt; ð27Þ

where we define gðxÞ ¼ h1ðxÞ � h0ðxÞ to keep the notation succinct.
Next, define MkðxÞ ¼ MkðxÞgðxÞ, and hence from Eq. (27) we have

MkðxÞ ¼ k
Z 1

0
tk�1 h1ðxÞ � hðx; tÞ½ � dt: ð28Þ

Differentiating both sides of Eq. (28) with respect to x, multiplying
the result by DðxÞ and then differentiating again with respect to x,
yields

d
dx

DðxÞdMk

dx

 !
¼ k

Z 1

0
tk�1 d

dx
DðxÞdh1

dx

� �
� @

@x
DðxÞ @h

@x

� �� �
dt:
The source term WðxÞ can be added and subtracted in the integrand
to give

d
dx

DðxÞdMk

dx

 !
¼ k

Z 1

0
tk�1 d

dx
DðxÞdh1

dx

� �
þWðxÞ

�

� @

@x
DðxÞ @h

@x

� �
�WðxÞ

�
dt: ð29Þ

Now, noting the form of Eq. (3), Eq. (29) simplifies further to:

d
dx

DðxÞdMk

dx

 !
¼ k

Z 1

0
tk�1 @

@t
h1ðxÞ � hðx; tÞ½ � dt: ð30Þ

From Eqs. (10) and (19), the right-hand side of Eq. (30) can be
expressed in terms of the ðk� 1Þth raw moment. In summary, the
kth moment satisfies the following boundary value problem

d
dx

DðxÞdMk

dx

 !
¼ �kMk�1ðxÞ; 0 < x < L; ð31Þ

Mkð0Þ ¼ 0;
dMk

dx
ðLÞ ¼ 0: ð32Þ

The boundary conditions, Eq. (32), are derived using the bound-
ary conditions given by Eq. (4) together with appropriate expres-
sions for MkðxÞ and dMk=dx. For example, combining h1ð0Þ ¼ h1

and hð0; tÞ ¼ h1 with Eq. (28) gives the stated boundary condition
at x ¼ 0.

The boundary value problem, Eqs. (31) and (32), defines a recur-
sive relation between the functionsM0ðxÞ;M1ðxÞ and so on. Starting
with k ¼ 1, the right-hand side of Eq. (31) is known, with
M0ðxÞ ¼ M0ðxÞgðxÞ ¼ gðxÞ, since the zeroth order moment
M0ðxÞ ¼ 1, so Eqs. (31) and (32) can be solved for M1ðxÞ. With
M1ðxÞ now known, the boundary value problem is solved for
M2ðxÞ. This process is repeated until a desired order. At each step,
the raw moment, which ultimately appears in the response time
formula in Eq. (24), is simply given by MkðxÞ ¼ MkðxÞ=gðxÞ.

2.6. Extension to other types of boundary conditions

To present the new theory as clearly as possible, all results are
developed for the boundary conditions in Eq. (4) because these
boundary conditions are relevant to the laboratory data set pre-
sented by Simpson et al. (2013). However, more general boundary
conditions are easily accommodated. For example, if we consider
the general boundary conditions

a0hð0; tÞ � b0
@h
@x

ð0; tÞ ¼ c0; aLhðL; tÞ þ bL
@h
@x

ðL; tÞ ¼ cL; ð33Þ

where a0; b0; c0; aL; bL; cL are specified constants, the formula for the
response time, Eq. (24), still holds. However, the boundary condi-
tions appearing in Eq. (32) become

a0Mkð0Þ � b0
dMk

dx
ð0Þ ¼ 0; aLMkðLÞ þ bL

dMk

dx
ðLÞ ¼ 0: ð34Þ

These general boundary condition are obtained using

a0MkðxÞ � b0
dMk

dx
ðxÞ ¼ k

Z 1

0
tk�1 a0h1ðxÞ � b0

dh1
dx

ðxÞ
�

� a0hðx; tÞ � b0
@h
@x

ðx; tÞ
� ��

dt;

aLMkðxÞ þ bL
dMk

dx
ðxÞ ¼ k

Z 1

0
tk�1 aLh1ðxÞ þ bL

dh1
dx

ðxÞ
�

� aLhðx; tÞ þ bL
@h
@x

ðx; tÞ
� ��

dt;
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which are formed by taking appropriate linear combinations of the
integral expression for MkðxÞ, Eq. (28), and its derivative with
respect to x. Substituting x ¼ 0 and x ¼ L into these expressions,
respectively, and noting the form of the boundary conditions satis-
fied by hðx; tÞ, Eq. (33), and the corresponding boundary conditions
satisfied by h1ðxÞ, produces the stated results, Eq. (34).

2.7. Computational cost

Calculating the response time, Eq. (24), for k ¼ m, requires the
solution of mþ 1 boundary value problems. These boundary value
problems include solving Eqs. (5) and (6) for h1ðxÞ, and solving Eqs.
(31) and (32) m times for the moments MkðxÞ; k ¼ 1; . . . ;m. In this
work we solve both boundary value problems using a vertex-
centered finite volume method on a uniform grid utilizing a
second-order central difference approximation to the first-order
spatial derivatives (Eymard et al., 2000). For each boundary value
problem, the spatial discretization yields a system of linear equa-
tions, of size n	 n, where n is the number of unknown values as
defined in Eq. (11). These mþ 1 linear systems are then solved to
obtain the discrete numerical approximations to h1ðxÞ and MkðxÞ
for k ¼ 1; . . . ;m. In summary, the computational cost of computing
the response time using Eq. (24) for k ¼ m is the solution of mþ 1
linear systems of size n	 n.

In comparison, calculating the response time via Eq. (7) by com-
puting the transient solution of Eqs. (3) and (4) is always signifi-
cantly more computationally expensive. Using the same finite
volume discretization and a standard backward/implicit Euler tem-
poral scheme, as is often employed in MODFLOW (Modflow, 2005),
to solve Eqs. (3) and (4) requires the solution of a linear system of
size n	 n at each time step. If a time dependent solution of Eqs. (3)
and (4) is used to study the response time, then the numerical
solution for hðx; tÞmust be obtained for sufficiently large t to exam-
ine the response time. Furthermore, to control truncation error, the
value of the time step must be sufficiently small. These two
requirements mean that a very large number of time steps are
required to estimate the response time by solving Eqs. (3) and (4).

As we demonstrate in Section 3, very accurate estimates of the
response time, trðxÞ, can be computed via Eq. (24) with k ¼ m, for
m ¼ 3; 4 or 5, giving mþ 1 ¼ 4; 5 or 6. This means that the new
method can be used by solving just four to six linear systems,
and this number dwarfs the number of time steps (and hence lin-
ear systems) required in a typical transient simulation by at least
an order of magnitude, and possibly several orders of magnitude
(Simpson, 2018). Therefore, the new response time formula
RTðx; k; dÞ offers significant computational savings. Although our
approach does not supply the transient solution, hðx; tÞ, it provides
an efficient and accurate alternative to solving the groundwater
flow model, Eqs. (3) and (4), for calculating the response time.

2.8. A rigorous connection to scaling results for flow in homogeneous
porous media

As stated in the Introduction, one common approach to esti-
mate the response time for flow in homogeneous porous media
is to claim that the response time is proportional to L2=D, where
L is a relevant length scale and D is the aquifer diffusivity. While
this kind of calculation is widespread in the literature
(Bredehoeft and Durbin, 2009; Gelhar and Wilson, 1974;
Haitjema, 2006; Manga, 1999), it is difficult to use this approach
in practice because this kind of argument provides no information
about the appropriate constant of proportionality. In this section
we will apply our new theory to the simplified problem of flow
in a homogeneous porous medium where we consider Eqs. (3)
and (4) with constant values for the initial condition, saturated
hydraulic conductivity and recharge rate: h0ðxÞ ¼ h1;KðxÞ � K and

RðxÞ � R– 0. Together, these simplifications give DðxÞ � D ¼ hK=S
and WðxÞ � W ¼ R=S, leading to

@h
@t

¼ D
@2h
@x2

þW; 0 < x < L; t > 0; ð35Þ

hðx;0Þ ¼ h1; hð0; tÞ ¼ h1;
dh
dx

ðL; tÞ ¼ 0: ð36Þ

For this simplified problem, we aim to derive a very simple formula
for the global response time, namely RTðx; k; dÞ, evaluated at x ¼ L
where the maximum response time occurs. The key aim of this sec-
tion is to examine how this estimate relates to the traditional
approach of claiming that the response time is proportional to L2=D.

The steady state solution of Eqs. (35) and (36) is given by

h1ðxÞ ¼ Wx
2D

ð2L� xÞ þ h1; ð37Þ

and hence

M0ðxÞ ¼ gðxÞ ¼ Wx
2D

ð2L� xÞ: ð38Þ

With this expression for M0ðxÞ, each of the functions MkðxÞ;
k ¼ 1;2; . . . ;m, can be obtained recursively, using the strategy dis-
cussed at the end of Section 2.5 and by solving the homogeneous
analogue of Eq. (31) by direct integration. Carrying out this process,
the first few solutions evaluated at x ¼ L, are given by:

M0ðLÞ ¼ 1
2
WL2

D
; M1ðLÞ ¼ 5

24
WL4

D2 ;

M2ðLÞ ¼ 61
360

WL6

D3 ; M3ðLÞ ¼ 1385
6720

WL8

D4 ; ð39Þ

suggesting that there is some kind of pattern. Using the Online
Encyclopedia of Integer Sequences (OEIS Foundation Inc., 2017),
the numbers 1, 5, 61, 1385 appearing in the numerators in
Eq. (39) are the second to fifth Euler numbers (http://oeis.org/
A000364) while the numbers 2, 24, 360, 6720 are the first four
numbers in the integer sequence, ð2kþ 2Þ!=k!, for k ¼ 0;1;2;3
(http://oeis.org/A126804). Therefore, we propose that

MkðLÞ ¼ k!
ð2kþ 2Þ! Ekþ2

WL2kþ2

Dkþ1 ; k ¼ 0;1;2; . . . ;m; ð40Þ

where Ei is the ith positive Euler number. We have strong reason to
believe this proposition as it is easily verified symbolically (Maple,
2016) for arbitrarily large k.

Dividing Eq. (40) by gðLÞ ¼ WL2=2D gives the kth moment at
x ¼ L:

MkðLÞ ¼ k!
2ð2kþ 2Þ! Ekþ2

L2k

Dk
: ð41Þ

Note that W cancels from the numerator and denominator when
arriving at Eq. (41). This means that the moments, and hence the
response time given by Eq. (24), are independent ofW and therefore
also independent of the recharge rate R. Using the asymptotic result
(Borwein et al., 1989):

Ekþ2 � 4kþ2ð2kþ 2Þ!
p2kþ3 ; for large k;

and noting the form of Eq. (41) yields

MkðLÞ � k!
2

4kþ2

p2kþ3

L2k

Dk
; for large k: ð42Þ

Finally, substituting Eq. (42) and the equivalent form for Mk�1ðLÞ,
into the expression for RTðL; k; dÞ, obtained by evaluating Eq. (24)

http://oeis.org/A000364
http://oeis.org/A000364
http://oeis.org/A126804
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at x ¼ L, produces the remarkably simple result, RTðL; k; dÞ � RTðdÞ
for large k, where

RTðdÞ ¼ 4
p2

L2

D
loge

32
p3d

� �
; ð43Þ

and D ¼ hK=S. Note that RTðdÞ provides the global response time,
the amount of time required for the entire transient response to
effectively reach steady state. However, Eq. (43) is only applicable
to the homogeneous problem for this particular set of boundary
conditions and initial conditions.

We note that the expression for RTðdÞ takes the form of a con-
stant, depending on the specified tolerance d, multiplied by the
time scale L2=D. Therefore, in summary, we find that our approach
provides a rigorous mathematical connection with the often stated
claim that the response time is proportional to L2=D (Bredehoeft
and Durbin, 2009; Gelhar and Wilson, 1974; Haitjema, 2006;
Manga, 1999). Some very simple formulae for specific values of
the tolerance d are listed in Table 1. These results show that our
approach allows us to define the constant of proportionality and
we find that it varies with our choice of d, in a way that makes intu-
itive sense. Namely, that the constant of proportionality increases
as d is decreased.
Table 1
Simple formulae for calculating the global response time for the homogeneous
problem, Eqs. (35) and (36), with the constants of proportionality rounded to four
decimal places.

d RTðdÞ

10�1 0:9460 L2=D

10�2 1:8792 L2=D

10�3 2:8124 L2=D

10�4 3:7456 L2=D

10�5 4:6788 L2=D

10�6 5:6120 L2=D
Finally, it is important to recognise that the global response
time estimate, Eq. (43), can also be derived using the classical ana-
lytical solution (Carslaw and Jaegar, 1959) of the homogeneous
problem, Eqs. (35) and (36). Replacing hðx; trÞ in Eq. (7) with the
first term of the Fourier series solution, which is asymptotically
equivalent to the complete Fourier series solution as t ! 1, and
solving for the response time, tr , yields precisely Eq. (43). This con-
firms that in the limit as k ! 1, our response time estimate (24)
converges precisely to the asymptotic value obtained using the
analytical solution. Although one can use the analytical solution
for the homogeneous problem, for almost all heterogeneous prob-
lems it is not possible to compute the response time in this way as
an analytical solution is not available. As a result, one of the main
selling points of our new approach for computing the response
time is that it works for both homogeneous and heterogeneous
problems without the need for the transient (numerical or analyt-
ical) solution. which is otherwise unknown. Here, we find that the
constant of proportionality varies with our choice of d, in a way
that makes intuitive sense. Namely, that the constant of propor-
tionality increases as d is decreased.

3. Results and discussion

3.1. Case study for flow in homogeneous porous media

To illustrate our theoretical developments, we compare the per-
formance of our newmethod to an experimental data set described
previously (Simpson et al., 2013). In summary, the experiments
involve a laboratory-scale aquifer model of width 50 cm and height
28 cm. The laboratory-sale aquifer model is packed with
uniformly-sized glass beads which we consider to be a homoge-
neous, isotropic porous medium. A constant head boundary
condition is applied at x ¼ 0 cm, to maintain an initial saturated
depth of approximately 18:7 cm. A no-flow boundary is imposed
at the right–hand vertical boundary, where x ¼ 50 cm. Flow in
the laboratory apparatus is initiated through a set of evenly spaced
constant flow drippers, installed along the upper boundary of the
tank. We consider two different experiments. First, we consider
the initial condition in the system to be at a spatially uniform sat-
urated depth h0ðxÞ ¼ 18:7 cm. At t ¼ 0, recharge is applied and the
increase in saturated thickness at the right hand boundary, where
x ¼ 50 cm, is recorded for R ¼ 1:23 cm/min. Second, after the
recharge has been applied to the laboratory-scale aquifer for a suf-
ficiently long period of time, which we take to be approximately
five minutes, the recharge gallery is removed so that the approxi-
mately parabolic phreatic surface undergoes a transient discharge
response that eventually leads to a horizontal phreatic surface. We
refer to these two transitions as the recharge and discharge transi-
tions, respectively.

To illustrate the transition of interest we show, in Fig. 2(a) the
transient solution, hðx; tÞ, for the homogeneous recharge experi-
ment that has h0ðxÞ ¼ 18:7 cm and RðxÞ ¼ 1:23 cm=min. The
numerical estimates of hðx; tÞ are shown for all 0 < x < 50 cm,
showing that hðx; tÞ eventually asymptotes to the associated para-
bolic steady state solution h1ðxÞ, described in Eq. (37), after a suf-
ficiently long period of time. Similarly, in Fig. 2(b), we show the
transient solution, hðx; tÞ, for the homogeneous discharge experi-
ment, where the initial parabolic saturated thickness eventually
relaxes to h1ðxÞ ¼ 18:7 cm as t ! 1 since RðxÞ ¼ 0 cm=min in this
case. Fig. 2(c)–(d) also shows experimental data measuring hð50; tÞ
for both transitions. In both cases we see the asymptotic behaviour
as the transient solutions approach the steady state condition.

Results in Fig. 2(c) compare the previous low accuracy esti-
mates of the response time with our new asymptotic results. In
particular, the mean action time is approximately 10 s, whereas
the mean plus one standard deviation is just under 20 s for this
transition. Our visual comparison of the rate at which the experi-
mental data for hðL; tÞ approaches h1ðLÞ as t increases implies that
there is still a reasonable amount of temporal variation in hðL; tÞ
beyond the amount of time given by ðMATþ

ffiffiffiffiffiffiffiffiffiffi
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p
ÞðLÞ. In compar-

ison, calculating our new estimate of the response time RTðL; k; dÞ,
by setting k ¼ 5 and d ¼ 0:01, gives a value of approximately 44 s
which, when plotted at the scale in Fig. 2(c), accurately captures
the smallest value of t at which hðL; tÞ and h1ðLÞ are visually indis-
tinguishable. Therefore, the new estimate of the response time pro-
vides a far more accurate estimate than previous estimates based
on the theory of mean action time (Simpson et al., 2013; Jazaei
et al., 2014). Furthermore, our interpretation of the accuracy of
MATðLÞ, ðMATþ

ffiffiffiffiffiffiffiffiffiffi
VAT

p
ÞðLÞ and RTðL;5;0:01Þ for the recharge

experiment in Fig. 2(c), also applies to the estimates in Fig. 2(d)
for the discharge experiments. As before, the mean action time
is approximately 10 s, and the mean plus one standard devia-
tion is just under 20 s, and our visual interpretation of the data
suggests that significant temporal variations occur beyond these
durations of time. In contrast, the new estimate is approximately
44 s which accurately captures the smallest value of t at which
hðL; tÞ and h1ðLÞ are visually indistinguishable, again confirm-
ing that the new estimate is far more accurate than previous
estimates.



Fig. 2. Homogeneous flow results. (a)–(b) Transient solution of Eqs. (3) and (4) showing the spatial and temporal variation of the saturated thickness. Solutions are shown at
t ¼ 0 (light blue), t ¼ MATðLÞ (green), t ¼ ðMATþ

ffiffiffiffiffiffiffiffiffiffi
VAT

p
ÞðLÞ (yellow), t ¼ RTðL; k; dÞ (red dashed) and steady state, as t ! 1, (dark blue) for (a) the recharge, and (b) the

discharge experiments. Arrows indicate the direction of increasing t. Profiles in (c)–(d) show the time evolution of the experimental measurements and model predictions of
the saturated thickness at x ¼ L (black) for (c) the recharge and (d) the discharge experiments. The vertical lines are located at t ¼ MATðLÞ (green dashed),
t ¼ ðMATþ

ffiffiffiffiffiffiffiffiffiffi
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p
ÞðLÞ (yellow dashed), t ¼ RTðL; k; dÞ (red dashed) while the horizontal line denotes h1ðLÞ (dark blue). In all figures, RTðL; k; dÞ is evaluated using k ¼ 5 and

d ¼ 0:01. In these experiments we have h ¼ 19 cm; S ¼ 0:2;h1 ¼ 18:7 cm and L ¼ 50 cm;KðxÞ ¼ 68 cm=min (Simpson et al., 2013). The recharge experiment corresponds to
h0ðxÞ ¼ 18:7 cm;RðxÞ ¼ 1:23 cm=min, and the discharge experiment corresponds to h0ðxÞ ¼ Wxð2L� xÞ=ð2DÞ þ h1[cm], RðxÞ ¼ 0:0 cm=min. In all cases, the spatial
discretization of Eqs. (3) and (4), Eqs. (5) and (6), and Eqs. (31) and (32) to compute hðx; tÞ; h1ðxÞ and MkðxÞ is carried out using a uniform grid spacing of
50=200 ¼ 0:25 cm giving n ¼ 200 unknown values. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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We now examine the question of how many moments do we
need to calculate for our asymptotic results to be practically useful.
To explore this question we present, in Table 2, a comparison of
RTðL; k; dÞ for k ¼ 1;2;3; . . . ;10 and d ¼ 0:01 for both the recharge
and discharge problems. There are several interesting results. First,
all estimates of the response time are equivalent for the recharge
and discharge problem, which makes intuitive sense since the dis-
charge problem is just the recharge problem in reverse. Second, our
estimates of the response time RTðL; k; dÞ converge to a highly
accurate asymptotic approximation of the response time trðLÞ, as
defined in Eq. (7), as the value of dr ¼ ðhðL; trÞ � h1ðLÞÞ=
ðh0ðLÞ � h1ðLÞÞ evaluated at tr ¼ RTðL; k; dÞ is approaching
d ¼ 0:01 as k increases. Third, the larger values of dr at
tr ¼ MATðLÞ and tr ¼ ðMATþ
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ÞðLÞ confirm the lower accuracy

of these estimates. Fourth, our estimates of the response time con-
verge, at the fourth decimal place, by k ¼ 6 (red-shaded cells in
Table 2). Finally, if we are satisfied with estimating the response
time to the nearest second for this problem then k ¼ 2 is sufficient
(blue-shaded cells in Table 2), which means we need only compute
the first two moments, M1ðxÞ and M2ðxÞ. These results are extre-
mely encouraging. Not only does our approach for calculating the
response time avoid solving the underlying transient flow model,
implementing these results for a practical problem shows that
dealing with just k ¼ 2 moments is sufficient for practical
purposes.

3.2. Case study for flow in heterogeneous porous media

We now demonstrate how the new method for computing
response times applies to the more practical case where flow takes
place in a heterogeneous porous medium. To examine this we
maintain the same geometry, initial conditions, boundary condi-
tions and some of the material properties from the first case study,
namely we consider a recharge problem with a uniform initial con-
dition, h0ðxÞ ¼ 18:7 cm, recharge rate of RðxÞ ¼ 1:23 cm=min, an

average saturated thickness of h ¼ 19 cm, and a storage coefficient
of S ¼ 0:2. The key difference is that now we consider three differ-
ent kinds of spatial variations in the saturated hydraulic
conductivity,


 Case A: KðxÞ ¼ 83:4879� 64exp �0:1ðx� 25Þ2
	 



 Case B: KðxÞ ¼ 63:3598þ 64exp �0:1ðx� 25Þ2
	 



 Case C: KðxÞ ¼ 81:0707þ64exp �0:1ðx�50=3Þ2
	 


�64exp �0:1ðx�100=3Þ2
	 


.



Table 2
Homogeneous flow results. Response time estimates for the homogeneous recharge
and discharge experiments with a prescribed tolerance of d ¼ 0:01, where tr denotes
the chosen response time estimate and dr ¼ 1� Fðtr ; LÞ ¼ ðhðL; trÞ � h1ðLÞÞ=
ðh0ðLÞ � h1ðLÞÞ. Note that dr ¼ d when tr is exact. Included in the table are the
following quantities all evaluated at x ¼ L where the maximum response time occurs:
the mean action time MATðxÞ, given by Eq. (25); the mean plus one standard deviation

of action time ðMATþ
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ÞðxÞ, given by Eq. (26); and the new estimate of the

response time RTðx; k; dÞ, given by Eq. (24) for k ¼ 1;2; . . . ;10. In all cases, the spatial
discretization of Eqs. (3) and (4), Eqs. (5) and (6), and Eqs. (31) and (32) to compute
hðx; tÞ, h1ðxÞ and MkðxÞ is carried out using a uniform grid spacing of
50=200 ¼ 0:25 cm giving n ¼ 200 unknown values. The blue-shaded cells indicate
when the response time is correct to the nearest second, while the red-shaded cells
indicate when the response time has converged at the fourth decimal place.
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Case A corresponds to a constant background saturated hydrau-
lic conductivity with a localised region of increased conductivity
centred at x ¼ 25 cm, whereas case B considers a constant back-
ground saturated hydraulic conductivity with a localised region
of decreased conductivity at x ¼ 25 cm. Case C is a more compli-
cated case that contains both a localised region of increased con-
ductivity and decreased conductivity, at location x ¼ 50=3 cm
and x ¼ 100=3 cm, respectively. Plots of KðxÞ for these cases are
given in Fig. 3(a)–(c). The particular constants appearing in these
KðxÞ functions are rounded to four decimal places and chosen so
that the harmonic average of the saturated hydraulic conductivity
functions are equivalent, K ¼ L=

�R L
0 1=KðxÞ dx

� ¼ 68 cm=min.
Therefore, the hydraulic conductivity functions lead to the same
average conductivity as we examined previously in the homoge-
neous case. Since we do not have laboratory data for these three
cases of flow in heterogeneous porous media, we solve Eqs. (3)
and (4) numerically to obtain hðx; tÞ for each recharge experiment
with the three different KðxÞ functions. Results are summarised in
Fig. 3.

Results in Fig. 3(d)–(f) show the temporal evolution of hðx; tÞ for
the recharge transition for these three different forms of spatial
heterogeneity in KðxÞ. Comparing the three different sets of results
confirms that the shape of the hðx; tÞ profiles depends on the form
of KðxÞ, and the impact of spatial variations in KðxÞ become pro-
nounced at later times as hðx; tÞ tends to approach the correspond-
ing steady state profile, h1ðxÞ. Results in Fig. 3(g)–(i) compare three
estimates of the transition time with the numerical solution
showing how hðL; tÞ asymptotes to h1ðLÞ. For all three forms of
spatial heterogeneity we see that the mean action time is approx-
imately 10 s for cases A and B, and 9 s for case C, yet a visual
comparison of the numerical solutions showing hðL; tÞ indicates
that there is still a relatively large transient response after this
time. Similarly, the quantity ðMATþ
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we also see a modest transient response after this time. In contrast,
our estimate of the response time, RTðL;5; dÞ, accurately captures
the smallest value of t at which hðL; tÞ and h1ðLÞ are visually indis-
tinguishable at the scale shown in Figs. 3(g)–(i). Therefore, our new
method provides very accurate estimates of the response time for
flows in heterogeneous porous media.

In Table 3, computed values of RTðL; k; dÞ are listed for
k ¼ 1;2;3; . . . ;10 and d ¼ 0:01 for cases A–C. Several interesting
observations are evident. The estimate of the response time is
44 s for cases A and B and 39 s for case C when rounded to the
nearest second. These results demonstrate that it is not always suf-
ficient to calculate the response time based on the average value of
the saturated hydraulic conductivity. In fact, substituting
K ¼ K ¼ 68 cm=min into Eq. (43) yields a response time of 44 s
when rounded to the nearest second, which overestimates the
response time for case C by approximately 5 s. As observed for
the homogeneous test cases, our estimates of the response time
RTðL; k; dÞ converge to a highly accurate asymptotic approximation
of the response time trðLÞ, as defined in Eq. (7), since the value of
dr ¼ ðhðL; trÞ � h1ðLÞÞ=ðh0ðLÞ � h1ðLÞÞ evaluated at tr ¼ RTðL; k; dÞ is
approaching d ¼ 0:01 as k increases. Again, the larger values of dr
at tr ¼ MATðLÞ and tr ¼ ðMATþ
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racy of these estimates compared to our new estimate. To achieve
four decimal places of accuracy, k ¼ 5 (cases A and B) and k ¼ 6
(case C) is sufficient (red-shaded cells in Table 3) while an estimate
of the response time, accurate to the nearest second, is obtained
using our new estimate with only the first two moments (k ¼ 2,
blue-shaded cells in Table 3), as was observed for the homoge-
neous recharge and discharge problems.
4. Summary and conclusions

In this work, we present a new method for calculating highly
accurate estimates of response times for groundwater flow pro-
cesses. The analysis is carried out using the linearised one-
dimensional Dupuit-Forchheimer model of saturated flow through
a heterogeneous porous medium. Our strategy is to calculate the
time required to effectively reach steady state, defined as the time
at which the proportion of the transient process remaining is equal
to a small specified tolerance d. Our approach extends the concept
of mean action time by computing higher-order raw moments of
the probability density function associated with the transition
from the initial condition to the steady state condition. By studying
the long time behaviour of the corresponding cumulative distribu-
tion function, we derive a simple formula for the response time
depending on the specified tolerance d and two consecutive raw
moments, k� 1 and k, for a suitable choice of k. Attractively, the
new approach does not require the solution of the transient
groundwater flow problem.

Our new estimate of the response time is significantly more
accurate than existing estimates that are based on the first two
central moments only. This is demonstrated by presenting two
case studies, the first involving flow in homogeneous media and
a comparison to a suite of laboratory-scale experiments, and the
second involving flow in heterogeneous media. Our new estimate
of the response time converges to a highly accurate asymptotic
approximation of the response time as k increases and is able to
accurately capture the response time evident in the experimental



Fig. 3. Heterogeneous flow results. (a)–(c) Spatially-dependent saturated hydraulic conductivity functions for Cases A–C, respectively (d)–(f) Transient solution of the
groundwater flow model, Eqs. (3) and (4), depicting the spatial variation of the saturated thickness at t ¼ 0 (light blue), t ¼ MATðLÞ (green), t ¼ ðMATþ

ffiffiffiffiffiffiffiffiffiffi
VAT

p
ÞðLÞ (yellow),

t ¼ RTðL; k; dÞ (red dashed) and steady state ðt ! 1Þ (dark blue) for Cases A–C, respectively, with arrows indicating the direction of increasing time. (g)-(i) Evolution of the
saturated thickness at the left boundary ðx ¼ LÞ over time (black) for Cases A–C, respectively. The vertical lines are located t ¼ MATðLÞ (green dashed), t ¼ ðMATþ
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ÞðLÞ

(yellow dashed), t ¼ RTðL; k; dÞ (red dashed) while the horizontal line denotes the steady state value of the saturated thickness at the left boundary ðx ¼ LÞ (dark blue). In each
figure (d)–(i), RTðL; k; dÞ is evaluated using k ¼ 5 and d ¼ 0:01. In all cases, the spatial discretization of Eqs. (3) and (4), Eqs. (5) and (6), and Eqs. (31) and (32) to compute
hðx; tÞ; h1ðxÞ and MkðxÞ is carried out using a uniform grid spacing of 50=200 ¼ 0:25 cm giving n ¼ 200 unknown values. (For interpretation of the references to colour in this
figure legend, the reader is referred to the web version of this article.)
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data for the homogeneous problem. Across both case studies, set-
ting k ¼ 2 produces an estimate of the response time (measured
in seconds) correct to the nearest second while setting k ¼ 6 pro-
duces an estimate accurate to four decimal places. In comparison,
existing estimates based on the first two central moments are
shown to significantly underestimate the response time as evident
by the amount of temporal variation that takes place beyond these
points in time.

Our new approach requires significantly less computational
effort than the existing approach of studying the response time
using the transient solution of the groundwater flow model. Using
standard spatial and temporal discretization methods, the compu-
tational cost of both approaches is dominated by the solution of
linear systems of size n	 n, where n denotes the number of dis-
crete unknown values utilised in the spatial discretization. Our
new approach requires the solution of mþ 1 linear systems of size
n	 n for k ¼ m while using the transient solution to study the
response time, requires the solution of a linear system of size
n	 n at each time step. As mentioned above, very accurate esti-
mates are obtained using the new approach for m ¼ 3;4or5, which
means that our new approach requires the solution of between
four and six linear systems. Comparatively, the number of time
steps required in a typical transient simulation is at least an order
of magnitude greater this number, and possibly several orders of
magnitude greater. Hence, using the transient solution to study
the response time is significantly more computationally expensive
as one requires the solution of many more linear systems of size
n	 n.

For a specific problem of flow in homogeneous porous media,
we utilise our new method to derive a very simple result that
demonstrates that the response time takes the form of a constant,
depending on the specified tolerance d, multiplied by the time
scale L2=D, where L is the length of the aquifer and D is the aquifer
diffusivity. This analysis provides a rigorous mathematical connec-
tion with the often used scaling argument that states that the
response time is proportional to L2=D. Moreover, we explicitly give



Table 3
Heterogeneous flow results. Response time estimates for the heterogeneous test
cases with a prescribed tolerance of d ¼ 0:01, where tr denotes the chosen response
time estimate and dr ¼ 1� Fðtr ; LÞ ¼ ðhðL; trÞ � h1ðLÞÞ=ðh0ðLÞ � h1ðLÞÞ. Note that dr ¼ d
when tr is exact. Included in the table are the following quantities all evaluated at
x ¼ L where the maximum response time occurs: the mean action time MATðxÞ, given
by Eq. (25); the mean plus one standard deviation of action time ðMATþ

ffiffiffiffiffiffiffiffiffiffi
VAT

p
ÞðxÞ,

given by Eq. (26); and the new estimate of the response time RTðx; k; dÞ, given by Eq.
(24) for k ¼ 1;2; . . . ;10. In all cases, the spatial discretization of Eqs. (3) and (4), Eqs.
(5) and (6), and Eqs. (31) and (32) to compute hðx; tÞ;h1ðxÞ and MkðxÞ is carried out
using a uniform grid spacing of 50=200 ¼ 0:25 cm giving n ¼ 200 unknown values.
The blue-shaded cells indicate when the response time is correct to the nearest
second, while the red-shaded cells indicate when the response time has converged at
the fourth decimal place.
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the constant of proportionality for several common choices of the
specified tolerance d.

For some problems, employing an absolute measure to deter-
mine how close the transient solution is to steady state is preferred
over the relative measure, Eq. (7), used in the analysis presented in
this paper. To specify an absolute tolerance, the response time,
t ¼ tr , is instead defined to satisfy hðx; trÞ � h1ðxÞ ¼ d rather than
Eq. (7)1. Importantly, reformulating our approach for calculating
the response time in terms of an absolute tolerance does not intro-
duce any complications. Simply replacing d in the response time for-
mula, Eq. (24), by d=ðh0ðxÞ � h1ðxÞÞ yields the modified response
time formula for a specified absolute tolerance d:

RTðx; k; dÞ ¼ MkðxÞ
kMk�1ðxÞ loge

MkðxÞðh0ðxÞ � h1ðxÞÞ
k!d

kMk�1ðxÞ
MkðxÞ

� �k
" #

:

This paper focusses on groundwater flow processes through a
one-dimensional heterogeneous porous medium. While the analy-
sis and results are presented for one-dimensional flow only, the
techniques presented carry over to two and three dimensional
problems with the raw moments satisfying two and three dimen-
sional boundary value problems, respectively. Furthermore, due to
the increased size of the linear systems arising from spatial dis-
cretization in higher dimensions, we expect that the computational
savings will be even more pronounced than those reported here for
the one-dimensional problem. Another simplification in this study
is that we consider transient flow conditions that are established
by instantaneous forcing conditions by, for example, the sudden
application or removal of recharge. In practice, such transitions
1 Note that according to this new definition, one must specify a negative value for
the absolute tolerance, d, if the transient solution, hðx; tÞ, increases from h0ðxÞ to
h1ðxÞ.
might be driven by a more subtle time-dependent forcing condi-
tion and we note that our analysis can be extended to time-
dependent forcing conditions by adopting the approach of Jazaei
et al. (2014).

A final comment is that the focus of this study is on the devel-
opment of mathematical expressions to calculate the response
time. In this work, we calculate the response time without solving
the underlying transient groundwater flow equation for hðx; tÞ.
However, it is also worthwhile pointing out that our method can
be used directly with field data if measurements of the saturated
thickness, hðx; tÞ, are available as a time series. In this case, quadra-
ture can be used to calculate the raw moments from the field data
according to Eqs. (10) and (19). Given these computed moments,
one can then apply the response time formula, Eq. (24), to estimate
the response time.
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