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abstract
Directed cell migration often occurs when individual cells move in response to an external chemical stimulus. Cells can respond by moving in either the direction of increasing
(chemoattraction) or decreasing (chemorepulsion) concentration. Many previous models
of directed cell migration use a lattice-based framework where agents undergo a latticebased random walk and the direction of nearest-neighbour motility events is biased in
a preferred direction. Such lattice-based models can lead to unrealistic configurations of
agents, since the agents always move on an artificial lattice structure which is never observed experimentally. We present a lattice-free model of directed cell migration that
incorporates two key features. First, agents move on a continuous domain, with the possibility that there is some preferred direction of motion. Second, to be consistent with experimental observations, we enforce a crowding mechanism so that motility events that would
lead to agent overlap are not permitted. We compare simulation data from the new latticefree model with a more traditional lattice-based model. To provide additional insight into
the lattice-free model, we construct an approximate conservation statement which corresponds to a nonlinear advection–diffusion equation in the continuum limit. The solution of
this mean-field model compares well with averaged data from the individual-based model.
© 2015 Elsevier B.V. All rights reserved.

1. Introduction
Directed cell movement is essential for a variety of physiological processes including wound healing, angiogenesis, axon
guidance and bacterial migration [1–5]. Typically, cells move in a particular direction in response to an external factor, such
as a chemical stimulus. For example, white blood cells can move towards a site of infection in response to chemicals released
by the bacteria causing the infection [5,6]. The directed movement of cells along a chemical gradient is called chemotaxis.
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A chemical which acts as an attractant is called a chemoattractant, whereas a chemical which acts as a repellent is called a
chemorepellent [5].
Cell motility is often studied using in vitro techniques, such as a scratch assay, where cells are grown in a two-dimensional
monolayer before part of the population is scratched, leaving a region of unoccupied substrate that the remaining cells
subsequently recolonise [7]. Other experiments are used to investigate chemotaxis specifically by, for example, investigating
the relationship between the concentration of chemoattractant and the amount of directional bias cells exhibit [5].
Discrete random walk models are often used to study collective cell motion, including chemotaxis [1,2,8]. These models
produce snapshots of the spreading population and movie-based data that are easy to compare with experimental images
and time-lapse data [9]. There are two key classes of random walk model that have been used to represent collective cell
migration processes.
Lattice-based random walk models represent the spatial domain as a regular lattice. Individual cell motility events are
usually modelled using a nearest-neighbour random walk process. Many relevant applications of collective cell spreading
involve situations where interactions between neighbouring cells are important since experiments are often initiated at a
relatively high cell density [10–12]. Experimental observations of the effects of cell-to-cell interactions [12] have motivated
the development of random walk models which incorporate crowding effects, For example, in an exclusion process [13],
each lattice site can be occupied by, at most, a single agent. In this type of model, individual movement events depend on
the state of the system. For example, a motility event that would place an agent on an occupied site would be aborted and
these aborted events are interpreted as a crowding effect [14–16]. Directional bias can be incorporated into these models
by allowing the probabilities of choosing a target site for the nearest-neighbour random walk to be unequal [1,17], although
other models of directed motion are also possible [18,19]. Lattice-based exclusion process models have been used to
represent many processes in cell biology, including cancer cell migration [7,14], wound healing [20,21] and development [9].
In a lattice-based model, the direction of movement is chosen from a discrete set of directions corresponding to nearestneighbour lattice sites, for example: left, right, up or down on a two-dimensional square lattice.
Images from experimental investigations clearly show that individual cells are not arranged on a regular lattice
[7,12,22]. Lattice-free random walk models permit agents to reside within a continuous spatial domain and allow direction of movement to be a continuous variable [23]. Continuum limit approximations have been derived for a population of
cells undergoing a biased position-jump process [24,25] or biased velocity-jump process [26], and can be either a chemotaxis equation or an anisotropic diffusion equation, depending on the strength of the bias [27]. However, these earlier
results do not include cell-to-cell interactions and crowding effects, which are thought to have a major impact on collective behaviour [2]. More recently, cell-to-cell interactions have been incorporated into lattice-free models using various
individual-level mechanisms. For example, Refs. [28,29] used a simple, unbiased random walk with an attempt-and-abort
volume exclusion mechanism; this has been extended to the biased case [30]. Refs. [31,32] used Brownian motion plus
drift to model agent motility with a hard disk collision mechanism for volume exclusion. Refs. [33,34] modelled crowding
using a neighbour-dependent interaction force, rather than a strict volume exclusion mechanism. These models could include a global bias, as well as local neighbour-dependent bias, but the results presented applied to the case without global
bias. The different individual-level mechanisms of Refs. [28,30,31,33,34] give rise to different nonlinear advection–diffusion
equations or integro-differential equations for the average agent density.
There has been an increasing interest in deriving approximate mean-field (continuum-limit) descriptions of individualbased random walk models with cell-to-cell interactions. These often take the form of a partial differential equation (PDE)
for agent density. Such descriptions can provide greater insight than is possible from simulations of an individual-based
model alone. For example, the averaged behaviour of an unbiased lattice-based exclusion process can be described by the
linear diffusion equation [13], whereas combining proliferation with unbiased motility in a lattice-based model leads to
a reaction–diffusion PDE which is a generalisation of the Fisher–Kolmogorov equation [35–37]. Incorporating directional
bias in a lattice-based exclusion process leads to a nonlinear advection–diffusion PDE [17]. Contact effects, such as cell-tocell adhesion, can lead to a nonlinear diffusion equation [14,38,39], a nonlinear advection equation [40] or an equation of
Cahn–Hilliard type [41,42]. However, the form of the nonlinearity can depend on the geometry of the lattice (e.g. square or
triangular) [43], highlighting the fact that the choice of lattice is non-unique and can affect model predictions.
One of the key differences between lattice-based and lattice-free models is in the maximum density√
of agents. The highest
density arrangement of circles in a plane is a hexagonal tessellation, giving an area occupancy of π/ 12, which is greater
than the area occupancy associated with a square lattice arrangement, π/4. However, random variations in agent locations
mean that the lattice-free model is extremely unlikely to get close to its theoretical maximum density, whereas in a latticebased model the agents are always arranged in a regular pattern, making it much easier to achieve the maximum density [28].
Because of this difference, cell proliferation in a lattice-free model leads to a source term in the PDE that is smaller than the
corresponding source term in a lattice-based PDE description [44]. Another consequence of this difference is that a greater
proportion of attempted motility events are aborted in a lattice-free model than a corresponding lattice-based model. These
differences manifest in the mean-field PDE description since an unbiased lattice-based model leads to a linear diffusion
PDE whereas an unbiased lattice-free model leads to a nonlinear diffusion PDE [45]. However, the appropriate mean-field
PDE description of a lattice-free model incorporating crowding effects of directional bias have not yet been considered or
compared with the equivalent results from a lattice-based model.
In this work we present and analyse a lattice-free model of biased cell motility that is an extension of previous models of
unbiased cell motility [28,45]. We model directional bias at the individual agent level using a continuous circular distribution
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of movement directions that is peaked in a particular direction. This is different to the mechanism of Refs. [31,32],
which was based on background convective drift, and Ref. [30], which was effectively a piecewise constant distribution of
movement directions. Circular distributions have been used previously to model directed movement in both position-jump
processes [24,25,46] and velocity-jump processes [24,26,27,47], but these studies do not include cell-to-cell interactions.
We do not include cell proliferation or cell death since we wish to focus on the impact of directional bias in the motility
mechanism. Neglecting cell proliferation is reasonable since the timescale of cell motility is approximately 20–30 min,
whereas cell proliferation occurs over much larger time scales, approximately 24–48 h [22]. The neglect of cell proliferation
and death means that our model is relevant for in vitro experiments which are typically conducted over short intervals of
time, typically less than 24 h, where an excess of nutrients is supplied so that cell death does not occur [22]. We derive an
approximate mean-field nonlinear advection–diffusion PDE for the lattice-free model and show that this description differs
from the corresponding PDE description of a lattice-based model. We compare solutions of the lattice-free PDE to averaged
density profiles from simulations of the individual-based model, as well as comparing lattice-free results with an analogous
model based on a square lattice [17]. Although other lattice geometries are possible, such as a triangular lattice [14,48] or an
irregular lattice [49,50], we choose to use a square lattice for comparison as this is the most commonly used lattice geometry
in models of collective cell behaviour [1,7,16,21,51–55]. Consistent with previous findings [28,44], we show that the latticebased and lattice-free models behave similarly when the agent density is sufficiently low, but behave differently when the
agent density is high.
2. Individual-based model
We consider a population of N agents moving in a rectangular region, −a ≤ x ≤ a, −b ≤ y ≤ b. Since we do not consider
proliferation or death, the total population size N is fixed. All agents are disks of diameter ∆.
2.1. Lattice-free model
We consider a discrete time process where, during each time step of duration τ , each agent attempts to move with
probability Pm . The direction of each potential movement event is a random variable Θ , with probability density function
f (θ ). The agent attempts to move in a straight line from the current location, (x, y), to a target location

(x + 1 cos(Θ ), y + 1 sin(Θ )).

(1)

If this straight-line path would cause the agent attempting to move to overlap with another agent, at any point between
the initial location and the target location, the potential movement event is aborted and the agent remains at (x, y). This is a
simple volume exclusion model that treats the cells as disks of fixed diameter [28]. Other types of crowding mechanism have
also been considered, for example a hard sphere collision model [31,56], or a repulsion force between neighbouring cells that
is a function of the distance between them, representing the ability of cells to deform as a result of cell–cell contacts [33].
We choose a fixed step length ∆, which coincides with the agent diameter, and this choice is consistent with the latticebased model (Section 2.2); however, it is straightforward to generalise this and allow the step length to be drawn from a
distribution [19]. The distribution of movement directions is determined by f (θ). If f (θ) is a uniform distribution on [0, 2π],
the movement is unbiased (Fig. 1(a)–(b)) and the model is equivalent to that of Ref. [28]. If f (θ) is peaked around some angle
θ0 then the movement is biased in the direction of θ0 (Fig. 1(c)–(d)). The fact that we treat θ as a continuous variable, rather
than being chosen from a discrete set of directions, makes the lattice-free model fundamentally different from a latticebased model. For example, even we were to initialise the agents regularly, this regularity would be lost as the lattice-free
model evolves because of the continuous range of possible movement directions.
2.2. Lattice-based model
We consider a lattice-based model that has been studied previously [17] and we only describe it briefly here. The latticebased model is an exclusion process on a square lattice, with lattice spacing ∆. During each time step, of duration τ , each
agent is given the opportunity to move with probability Pm . A motile agent at site (x, y) attempts to move to (x ± ∆, y) or
(x, y ± ∆), with probability (1 ± ρx )/4 or (1 ± ρy )/4, respectively. The parameters ρx ∈ [−1, 1] and ρy ∈ [−1, 1] control
the direction and strength of the bias: if ρx = ρy = 0, the movement in unbiased; if ρx = 1, the horizontal component of
all successful motility events will be directed in the positive x direction whereas if ρx = −1 the horizontal component of all
successful motility events will be directed in the negative x direction. Since the model is an exclusion process any potential
motility event that would place an agent on an occupied site is aborted.
2.3. Simulation method
Each realisation of the individual-based model is initialised with N agents placed uniformly, at random, within the region

−x0 < x < x0 and −b < y < b. In the lattice-based model, no more than one agent is permitted to occupy any lattice site. In
the lattice-free model, no two agents are permitted to overlap. A potential location (xi , yi ) is generated for the ith agent and

C. Irons et al. / Physica A 442 (2016) 110–121

a

b

c

d

113

e

Fig. 1. Schematic illustration of the lattice-free model. (a) Shows f (θ) in the case where there is no preferred direction and all directions are equally likely,
as illustrated in (b). (c) Shows f (θ) in the case where the probability density function is peaked at a preferred angle θ0 = π , meaning that movement is
more likely to occur in that direction, as illustrated in (d). The schematic in (e) shows how the spatial domain can be discretised into strips of width ∆
to facilitate the construction of an approximate conservation statement that allows us to derive an approximate PDE description of the lattice-free model
with directional bias.

the distance between (xi , yi ) and (xj , yj ) is calculated for j = 1, . . . , i − 1. If this distance is less than ∆ for any j, the potential
location (xi , yi ) is discarded and a new location is generated. This process is repeated until an allowable location for the ith
agent is found, and further repeated until N agents have been placed within the region −x0 < x < x0 and −b < y < b.
The algorithm for initialising agent locations is a random sequential adsorption process. Agents placed later on in
such a process tend to be more jammed in than agents placer earlier [57] and there is a maximum achievable density of
agents, which is approximately that of a lattice that is 70% occupied [58]. To avoid problems associated with approaching
the maximum density, we set the initial number of agents to correspond to a lattice that is 60% occupied in the region
−x0 < x < x0 and −b < y < b in both models. This means that each simulation is initialised with N = 0.6(4x0 b) agents.
Other methods for initialising agent locations in the lattice-free model are possible, for example initialising agents on a
regular lattice and then adding noise.
For both the lattice-based and lattice-free models, each agent is given the opportunity to move, one at a time, with
probability Pm per time step. Any potential motility event that would place an agent outside the domain, −a ≤ x ≤ a,
−b ≤ y ≤ b, is aborted. The horizontal length of the domain, 2a, is chosen to be sufficiently large that agents do not
typically reach the boundaries at x = ±a during the time scale of the simulation.
In the lattice-free model, we use a wrapped normal distribution for the direction of movement, which is a circular
distribution defined on [0, 2π] [59]. In practice, we generate random deviates from a normal distribution on R, with
probability density function
f (θ ) =

1

−

√ e
σd 2π

(θ −θ0 )2
2σ 2
d

,

θ ∈ R.

(2)

These random deviates are subsequently inserted into trigonometric functions in Eq. (1), so this is equivalent to generating random deviates from a wrapped normal distribution. The parameter σd controls the strength of the bias: when σd is
large, the wrapped normal distribution approximates a uniform distribution on [0, 2π ] (see Fig. 1(a)–(b)); as σd becomes
smaller, the distribution becomes increasingly peaked at θ = θ0 , corresponding to stronger bias (see Fig. 1(c)–(d)). To simplify our comparison of the lattice-based and lattice-free frameworks we set ρy = 0 in the lattice-based model and θ0 = π
in the lattice-free model so the direction of bias is always in the negative x direction. This is for convenience only and other
choices of bias direction are equally possible.
Our choices of geometry and initial condition mean that the distribution of agents is uniform in the vertical direction.
Although both individual-based models are genuinely two-dimensional process, by averaging in the vertical direction, we
can study the dynamics of the models in a one-dimensional framework [9,28]. To obtain average agent density profiles, we
perform m identically prepared realisations of the individual-based model. In the kth realisation, we count the number of
agents nk (x, t ) whose horizontal coordinate lies in the interval [x − ∆/2, x + ∆/2) at time t (see Fig. 1(e)). The average agent
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density C (x, t ) is calculated by averaging over the m realisations to give
C (x, t ) =

m
∆ 

2bm i=1

ni (x, t ).

This is a double average over the vertical coordinate y and over the m realisations. Increasing either m or b increases the
number of agents used to estimate C (x, t ). The factor ∆/(2b) normalises the agent density so that C (x, t ) is dimensionless
and C (x, t ) = 1 corresponds to the density of a fully occupied square lattice of lattice spacing ∆. The initial condition
described above is equivalent to C (x, 0) = 0.6 for −x0 ≤ x ≤ x0 . Note that C is equal to 4φ/π where φ is the fraction of area
occupied. It is therefore possible for C (x, t ) to exceed
model (the theoretical upper bound corresponding
√ 1 in the lattice-free
√
to a hexagonal arrangement of agents is φ = π / 12, i.e. C = 2/ 3). However, it is extremely unlikely for agents to become
arranged in such a regular way and previous results [28] show that, even in models where proliferation is included, C (x, t )
does not exceed 1 on physiologically relevant timescales.
3. Mean-field description
To obtain an approximate mean-field description of the lattice-free model, we divide the domain into vertical strips of
width ∆ and we let C (x, t ) represent the density of agents in a strip whose centre has horizontal coordinate x (see Fig. 1(e)).
To incorporate crowding effects, we assume that an attempted motility event that would place an agent onto a vertical strip
occupied at density C is successful with probability given by the function P (C ) [45]. Thus P (C ) is the conditional probability
of a movement being successful given that the movement is attempted. It is reasonable to assume that this function is
independent of the bias strength because bias affects the choice of direction but, once that direction is chosen, the likelihood
of successful movement only depends the density of agents in that direction. The choice of this function can include various
model scenarios. If there are no crowding effects, all potential movement attempts are successful, and P (C ) ≡ 1. In a latticebased model, if we neglect correlations between the occupancies of agents on the lattice, we have P (C ) = 1 − C [14,17,43].
In a lattice-free model, invoking similar assumptions that amount to the neglect of spatial correlations, we have previously
shown that P (C ) ≈ 1 − 2C + C 2 [45]. In all cases, we have P (0) = 1 so that, in the low-density limit, all attempted
movement events are successful. Since 1 − 2C + C 2 = (1 − C )2 < 1 − C for 0 < C < 1, we expect that crowding effects
will be stronger in the lattice-free model than in the lattice-based model, which is consistent with previous observations for
unbiased motion [28,44].
We now develop an approximate conservation statement for a vertical strip as illustrated in Fig. 1(e), during some time
interval of duration τ . We let r and l be the probabilities that an attempted movement event will take an agent initially
located in a strip centred at x to a strip centred at x ± ∆ respectively. The expected change in the density of a strip centred
at x during a single time step of duration τ is



δ C (x, t ) = Pm τ rC (x − ∆, t )P (C (x, t )) + lC (x + ∆, t )P (C (x, t )) − rC (x, t )P (C (x + ∆, t ))− lC (x, t )P (C (x − ∆, t )) .
Each term in this discrete conservation statement can be interpreted as the probability of an agent in a particular strip
attempting to move to a neighbouring strip, multiplied by the probability that such a movement attempt will be successful.
In doing this, we are making the standard assumption that the occupancies of adjacent strips are independent [17]. This
assumption may not always be valid as short-range correlations in agent can develop under certain situations [60,61].
However, this assumption has proved reasonable for unbiased motion, provided agent proliferation is rare relative to agent
motility [28]. To obtain a continuous description, we expand C (x ± ∆) in a Taylor series about x:

∂ C (x, t ) ∆2 ∂ 2 C (x, t )
+
+ O(∆3 ).
∂x
2
∂ x2
We now take the continuum limit ∆, τ → 0, with ∆2 /τ held constant, giving the following PDE for C (x, t ):


∂C
∂
∂
∂C
= − (v(C )C ) +
D(C )
,
∂t
∂x
∂x
∂x
C (x ± ∆, t ) = C (x, t ) ± ∆

(3)

where

v(C ) =

Pm (r − l)∆

τ

P (C ),

D(C ) =

Pm (r + l)∆2
2τ



P (C ) − C

dP
dC



.

(4)

In the unbiased case (r = l), we have v(C ) ≡ 0, leaving a nonlinear diffusion PDE, which is consistent with previous
results [45]. In the low-density limit (C → 0, P (C ) → 1), the mean-field PDE reduces to the usual linear advection–diffusion
equation [19] since v(C ) and D(C ) are constants. Eqs. (3) and (4) can be applied in the lattice-based and lattice-free
frameworks. The differences between these models lie in the expression for the probability of successful movement P (C )
and the probabilities of moving to a strip to the right (r) or left (l) of the current strip.
In the lattice-based framework, r and l are obtained directly from the individual-based model as r = (1 + ρx )/4 and
l = (1 − ρx )/4, giving a straightforward correspondence between ρx and the advection and diffusion coefficients in Eq. (4).
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As usual with biased random walks, to obtain a well defined PDE description, Pm (r − l)∆/τ must remain finite and non-zero
in the continuum limit, which implies that ρx must scale with ∆ as ∆, τ → 0 [19,24,62]. For this reason, the mean-field
PDE may be inappropriate when the bias is sufficiently strong [25].
In the lattice-free model, r and l depend on the direction distribution f (θ) more subtly than in the lattice-based model.
We calculate the advection and diffusion coefficients in the low-density limit by considering the behaviour of a single,
isolated agent that is not subject to any crowding effects. The low-density advection coefficient, v(0), corresponds to the
mean horizontal displacement of such an agent per unit time [19]. The horizontal displacement of an isolated, motile agent
in a single time step is 1 cos(Θ ), so we have

v(0) =

Pm E [1 cos(Θ )]

τ

=

Pm c1 ∆

τ

,

where ck is the kth moment of the distribution of cos(Θ ):
ck = E cosk (Θ ) =







∞

cosk (θ )f (θ )dθ .

k = 1, 2, . . . .

(5)

−∞

Similarly, the low-density diffusion coefficient, D(0), is equal to half of the mean squared horizontal displacement per
unit time [19]:
Pm E (1 cos(Θ ))2



D(0) =



2τ

=

Pm c2 ∆2
2τ

.

Combining these low-density limits with Eq. (4) gives expressions for v(C ) and D(C ) in the lattice-free model in terms
of P (C ) and f (θ ):

v(C ) =
D(C ) =

Pm c1 ∆

τ

P (C ),

Pm c2 ∆2
2τ



(6)

P (C ) − C

dP
dC



.

(7)

For the wrapped normal distribution in Eq. (2) with preferred direction θ0 = π , Eq. (5) gives
e−2σd + 1
2

c1 = −e−σd /2 ,
2

c2 =

2

.

To satisfy the requirement that c1 is proportional to ∆ in the continuum limit, the direction distribution f (θ) needs to
approach a uniform distribution (i.e. become increasingly weakly biased) as ∆, τ → 0. As for the lattice-based model, we
anticipate that the mean-field PDE will be less accurate for strongly biased motion (i.e. when |c1 | is sufficiently large).
To match the individual-based model, the initial condition for Eq. (3) is
C (x, 0) =



0.6,
0,

−x0 < x < x0 ,
otherwise.

R
No-flux boundary conditions are applied at x = ±a. Numerical solutions of Eq. (3) are obtained using MATLAB’s⃝
pdepe
routine, which uses the method of lines [63] and the ode15s ODE routine [64], on a uniformly discretised mesh with spacing
δ x = 0.1. For the lattice-based model we set P (C ) = 1 − C [17] and for the lattice-free model we set P (C ) = 1 − 2C + C 2 [45].

4. Results
Snapshots from both the lattice-based and lattice-free models are shown in Fig. 2. The effect of the directional bias is
clear in both models, causing a drift of agents in the negative x direction.
Averaged agent density profiles are shown in Fig. 3, together with the numerical solution of the corresponding meanfield PDE. In the unbiased case (Fig. 3(a)–(b)), agents move without directional bias and the mean-field PDE is a nonlinear
diffusion equation (v(C ) ≡ 0). The average agent density spreads symmetrically outwards from the initial condition. When
directional bias is introduced (Fig. 3(c)–(f)), the agent density profiles drift in the negative x direction. As expected, the drift
is higher when the bias is strong (Fig. 3(e)–(f)) than when the bias is weak (Fig. 3(c)–(d)).
The agent density profiles for biased movement become skewed to the left over time. This is in contrast to a linear
advection–diffusion equation (which describes biased motility without crowding effects), for which the density profiles
remain symmetric for all time [19]. The asymmetry develops because agents at the leading edge of the population, where
C (x, t ) ≈ 0, are free to move in the direction of the bias without being crowded. These uncrowded agents can traverse large
distances relatively quickly. Conversely, agents further back from the leading edge, where C (x, t ) ≫ 0, are more likely to
experience aborted motility events due to crowding. This means that the trailing edge of the population moves more slowly
than the leading edge. In general, this effect occurs in both the lattice-based and lattice-free models and is more pronounced
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Fig. 2. Snapshots of the lattice-based and lattice-free individual-based models. Parameter values: Pm = 1, ρx = −0.3, σd = 1.63, ∆ = τ = 1. Initial
condition: N = 120 agents randomly located in −10 < x < 10, −5 < y < 5.

when the bias is strong. The mean-field PDE predicts the asymmetry quite accurately when bias is weak to moderate, but,
as expected, loses accuracy when the bias is strong.
Results in Fig. 4 show the mean horizontal location of all agents, starting from the same initial condition as in Fig. 3, at
time t = 500, as a function of the bias strength. The mean location in the individual-based model is averaged across all
agents in the population and across many identically prepared realisations of the same stochastic process. The solution of
the PDE also provides a prediction of mean location [19]

a
−a

mean location =  a

−a

xC (x, t ) dx
C (x, t ) dx

,

(8)

which is evaluated numerically using the trapezoid rule. The mean-field models predict the mean location of the agents
reasonably accurately for a range of bias strengths. Fig. 4 also shows the mean location for a population of agents moving
without crowding effects (i.e. with no aborted movements), which is simply v(0)t [19]. This shows that crowding effects
reduce the average distance moved in both the lattice-based and lattice-free models. We also note that agents in the latticebased model move further than agents in the lattice-free model. This difference is because crowding effects are felt more
strongly in the lattice-free model, and confirms that our approximation of the probability of a successful movement, P (C ),
accurately captures these differences.
Since the lattice-based and lattice-free models involve different parameters to control the bias strength, the mean
location results in Fig. 4 are given as a function of v(0), which is a measure of bias strength applicable to both models;
v(0) is related to the bias parameters ρx and σd using Eqs. (4) and (6) respectively. In the lattice-based model, the restriction
that |ρx | ≤ 1 means that |v(0)| ≤ Pm ∆/(2τ ), whereas in the lattice-free model |c1 | ≤ 1 so |v(0)| ≤ Pm ∆/τ . Hence, for the
same values of ∆ and τ , the lattice-free model can support stronger bias than the lattice-based model. This is a consequence
of the standard assumption that the probabilities of moving vertically in the lattice-based model are fixed at (1 ± ρy )/4 in
each vertical direction, so the maximum probability of moving the preferred direction is 1/2. In the lattice-free model, in
the limit σd → 0, the probability of moving in the preferred direction tends to 1.
Fig. 5 shows the standard deviation of the horizontal location of all agents, starting from the same initial condition as in
Fig. 3, at time t = 500, as a function of the bias strength. For the PDE model, the mean value of x2 is calculated analogously to
Eq. (8) and the standard deviation is then calculated in the usual way. The results in Fig. 5 measure the amount of horizontal
spreading of the population. The standard deviation of the horizontal location of a population of agents starting from the

1/2

same initial condition and moving with neither bias nor crowding effects is s0 (t ) = 2D(0)t + x20 /3
[19]. Crowding
effects have little effect on the spreading in the unbiased case: all curves in Fig. 5 converge approximately on s0 (t ) at
v(0) = 0. As bias increases, crowding effects cause the population to become increasingly spread out (higher standard
deviation). This is a reflection of the results seen in Fig. 3, where the leading edge of the biased population moves more
rapidly than the trailing edge, leading to increased spreading. The mean-field PDE captures these effects in the lattice-based
model reasonably accurately for weak bias, but loses accuracy as the bias becomes stronger. Interestingly, the mean-field
PDE for the lattice-free model provides a reasonable match even at very strong bias (stronger than is even possible in the
lattice-based model).



5. Discussion and conclusion
We have developed a lattice-free individual-based model for directed cell motion. This model is applicable in a variety of
biological settings where cells are moving in the presence of a chemoattractant or chemorepellent. To provide mathematical
insight into the discrete model, we derived an approximate mean-field description, which takes the form of a nonlinear
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Fig. 3. Average agent density profiles from m = 100 realisations of the individual-based model (blue) together with solutions of the corresponding meanfield PDE (green) at time t = 0, t = 250 and t = 500. In the unbiased lattice-free model shown in (b), the direction of movement is chosen from a uniform
distribution, i.e. f (θ ) = 1/(2π). Parameter values: Pm = 1, ∆ = τ = 1. Initial condition: N = 120 agents randomly located in −10 < x < 10, −5 < y < 5.
(For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

advection–diffusion equation. Crowding effects in the mean-field description are represented by a function P (C ), which
approximates the probability that an attempt to place an agent on a strip, at density C , is successful. Our model is different
from classical random walk models, which ignore crowding effects, implicitly assuming P (C ) = 1, which leads to a

118

C. Irons et al. / Physica A 442 (2016) 110–121

0

mean displacement

–40

–80

–120

–160

–0.5

–0.4

–0.3

–0.2

–0.1

0

v(0)
Fig. 4. Mean horizontal location at time t = 500 averaged over m = 100 realisations of the individual-based model (solid blue) and for the mean-field PDE
(dashed green) against the low-density advection coefficient v(0) for the lattice-based (thin) and lattice-free (thick) models. The dotted black line shows
the mean horizontal location of a population moving without crowding effects, v(0)t. Parameter values: Pm = 1, ∆ = τ = 1. Initial condition: N = 120
agents randomly located in −10 < x < 10, −5 < y < 5. (For interpretation of the references to colour in this figure legend, the reader is referred to the
web version of this article.)
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Fig. 5. Standard deviation of horizontal location at time t = 500 in m = 100 realisations of the individual-based model (solid blue) and for the mean-field
PDE (dashed green) against the low-density advection coefficient v(0) for the lattice-based (thin) and lattice-free (thick) models. The standard deviation
of the horizontal location of a population moving without bias and without crowding effects is s0 (t ) = 16.8 at time t = 500. Parameter values: Pm = 1,
∆ = τ = 1. Initial condition: N = 120 agents randomly located in −10 < x < 10, −5 < y < 5. (For interpretation of the references to colour in this
figure legend, the reader is referred to the web version of this article.)

linear advection–diffusion equation [19]. In lattice-based models with crowding effects, P (C ) is simply the probability of
a randomly chosen lattice site being vacant, so that P (C ) = 1 − C . This leads to an equation where the diffusion term
is linear and the advection term is nonlinear [17]. Our recent results [45] gave an approximate expression for P (C ) in an
unbiased lattice-free model, which led to a nonlinear diffusion term. Here, we have extended this framework to deal with
biased motion, which leads to an advection–diffusion equation where both the advection and diffusion terms are nonlinear.
Comparing averaged agent density profiles to the solution of our PDE description confirms that the mean-field PDE provides
an accurate description of the average behaviour, thereby confirming that P (C ) captures the key crowding effects in the
individual-based model.
Directional bias is modelled differently in the lattice-based and lattice-free models. In the lattice-based model, the
probability that an isolated motile agent moves parallel to any given direction is constant. In other words, movement in
the horizontal direction is independent of movement in the vertical direction. In contrast, the direction of movement in
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the lattice-free model is drawn from a continuous, circular distribution. As the bias becomes stronger, the probability of
moving in the preferred direction increases at the expense of the probability of moving in a wider and wider range of
other directions. This difference means that the lattice-free model can support stronger bias than the lattice-based model. It
would be possible to modify the lattice-based model so that probabilities of choosing to move in the vertical direction could
decrease as horizontal bias becomes stronger. One of the advantages of the lattice-free framework is that the preferred
direction can be any angle θ ∈ [0, 2π] and the bias strength is controlled by a single parameter. We have investigated
collective cell motion with a fixed direction of bias. This is relevant in some experimental scenarios, for example where cells
are migrating towards a distant or a spatially extended source of chemoattractant. It would also be possible to introduce
a spatial or temporal dependence into the direction of bias, for example to model the chemotactic response to a variable
concentration gradient.
Dyson and Baker [30] considered a biased lattice-free model with volume exclusion. Bias was modelled by assigning
a higher probability to movement directions within π /2 of the preferred direction. Our model offers more flexibility in
describing the effects of directional bias as the movement direction is drawn from a continuous circular distribution, which is
the natural class of distribution for movement directions in a two-dimensional space [59]. Although we have used a wrapped
normal distribution in the numerical results, this could readily be substituted by any other circular distribution, such as a von
Mises distribution, a wrapped Cauchy distribution or even non-unimodal distributions. For example, if movement along a
given axis were more likely than movement perpendicular to it, this could be modelled using a bimodal distribution peaked
at directions parallel to the preferred axis (e.g. at θ = 0 and θ = π for a horizontal axis).
Our mean-field PDE model for the lattice-free model can be generalised to include descriptions of populations where
multiple types, or species, of agents are present. The motion of each species can be governed by its own set of motility and
bias parameters. In this more general case, the PDE for the average agent density of the ith species, Ci (x, t ), is





  ∂ Ci
∂
∂
∂    
∂  
∂ Ci
+ Di
= −vi
P C̄ Ci − Di
Ci P C̄
P C̄
,
∂t
∂x
∂x
∂x
∂x
∂x

where C̄ =
j Cj is the total density of all species combined and vi and Di are the advection and diffusion coefficients
respectively for species i in the low-density limit. This generalises the lattice-based result of Ref. [17], where P (C ) = 1 − C ,
to the lattice-free setting.
The continuum limit approximation we have derived gives a good prediction of average agent density when the bias
is relatively weak, but breaks down if the bias is too strong. This is a common feature of biased random walk models
where the bias affects the probability of moving in a given direction. Many continuum limit equations apply in a weak-bias
limit [19,24,62] and either break down or change form if the bias is sufficiently strong [25,27,46]. In contrast, models with
background drift do not have this limitation as the drift induces a corresponding linear advection term in the continuum limit
equation [31,32]. However, a background drift mechanism is more applicable as a model of convection, i.e. a deterministic
component of agent movement, than of a directional bias in individual agents’ movement probabilities. The continuum limit
approximations derived by Refs. [33,34] apply in the case without global bias and it is currently unknown whether these
approaches will provide good approximations in the biased case.
The models considered in this study do not explicitly incorporate proliferation or death processes. We intentionally
neglected these processes so that we could focus on directional bias in cell motility and we note that the neglect of
proliferation is reasonable for typical experiments, which are conducted for time periods shorter than the cell doubling
time [22]. Nevertheless, it would be straightforward to incorporate cell proliferation and death into the individual-based
model. For the lattice-based case, this leads to a logistic growth term in the PDE [17] whereas, for the lattice-free model with
unbiased motility, this leads to a different source term that is smaller than the logistic model [28]. It remains to be tested
whether the lattice-free source term accurately captures proliferation in a lattice-free model that includes directional bias.
Previous work has shown that the choice of using a lattice-free or lattice-based model can affect estimates of cell
proliferation rates from experimental density data in, for example, a growth-to-confluence experiment [12]. Constraining
the cells to reside on an artificial lattice allows the population to reach confluence more rapidly and hence leads to reduced
estimates of the intrinsic cell proliferation rate [28,44]. The results in the present study indicate that similar issues could
arise when estimating motility parameters in the presence of a directional bias. For example, if experimental data describing
the mean cell location were used to estimate the strength of bias, the results in Fig. 4 show that using a lattice-based model
would lead to an underestimate of bias strength (smaller |v(0)|) compared to the lattice-free model.
As a final remark, we do not claim that the lattice-free model presented in this work is the correct description of directed
cell motility, nor that the more standard approach based on a square lattice is incorrect. Instead, we aim to show that,
when cells in the individual-based model are not restricted to reside and move on a predefined lattice, different outcomes
are observed. Although we have shown results from a square lattice, other lattice geometries are possible and may give
different results. Therefore, parameter estimates obtained by fitting standard, lattice-based models to experimental data
should be treated with caution.
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