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a b s t r a c t
Stochastic individual-based mathematical models are attractive for modelling biological phenomena
because they naturally capture the stochasticity and variability that is often evident in biological data.
Such models also allow us to track the motion of individuals within the population of interest.
Unfortunately, capturing this microscopic detail means that simulation and parameter inference can
become computationally expensive. One approach for overcoming this computational limitation is to
coarse-grain the stochastic model to provide an approximate continuum model that can be solved using
far less computational effort. However, coarse-grained continuum models can be biased or inaccurate,
particularly for certain parameter regimes. In this work, we combine stochastic and continuum mathematical models in the context of lattice-based models of two-dimensional cell biology experiments by
demonstrating how to simulate two commonly used experiments: cell proliferation assays and barrier
assays. Our approach involves building a simple statistical model of the discrepancy between the expensive stochastic model and the associated computationally inexpensive coarse-grained continuum model.
We form this statistical model based on a limited number of expensive stochastic model evaluations at
design points sampled from a user-chosen distribution, corresponding to a computer experiment design
problem. With straightforward design point selection schemes, we show that using the statistical model
of the discrepancy in tandem with the computationally inexpensive continuum model allows us to carry
out prediction and inference while correcting for biases and inaccuracies due to the continuum approximation. We demonstrate this approach by simulating a proliferation assay, where the continuum limit
model is the well-known logistic ordinary differential equation, as well as a barrier assay where the continuum limit model is closely related to the well-known Fisher-KPP partial differential equation. We construct an approximate likelihood function for parameter inference, both with and without discrepancy
correction terms. Using maximum likelihood estimation, we provide point estimates of the unknown
parameters, and use the profile likelihood to characterise the uncertainty in these estimates and form
approximate confidence intervals. For the range of inference problems considered, working with the continuum limit model alone leads to biased parameter estimation and confidence intervals with poor coverage. In contrast, incorporating correction terms arising from the statistical model of the model
discrepancy allows us to recover the parameters accurately with minimal computational overhead.
The main tradeoff is that the associated confidence intervals are typically broader, reflecting the additional uncertainty introduced by the approximation process. All algorithms required to replicate the
results in this work are written in the open source Julia language and are available at GitHub.
Ó 2022 Elsevier Ltd. All rights reserved.

1. Introduction
Discrete, stochastic models of cell biology phenomena are often
used to simulate a range of two-dimensional cell biology experiments, including cell proliferation assays (Bosco et al., 2015;
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Browning et al., 2017; Simpson et al., 2013) and cell migration
assays (Liang et al., 2007; Simpson et al., 2010b). A cell proliferation
assay is extremely simple, and involves uniformly seeding a population of cells, at low density, on a two-dimensional cell culture
plate (Bosco et al., 2015; Browning et al., 2017; Simpson et al.,
2013). Over a short time scale of a few hours, cells attach to the
plate and migrate, often randomly. Over a longer time scale of
24–48 h, cells proliferate, and the result of the combined cell
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discrete stochastic models is even more pressing if we are interested in spatiotemporal processes, such as modelling barrier assays
and scratch assays, rather than simpler models of well-mixed
stochastic processes, since here we wish to keep track of agent
position and this incurs additional computational cost that is
avoided in simulations of well-mixed phenomena.
A different approach to modelling cell biology experiments is to
use continuum mathematical models. One way to obtain such a
model is by coarse-graining the kinds of discrete stochastic models
discussed previously and illustrated in Fig. 1 (Simpson et al.,
2010b). A key advantage of working with a coarse-grained differential equation model is that the computational effort required
to solve the governing equation is typically less than the computational effort required to simulate a stochastic model. Furthermore,
the computational effort required to solve a coarse-grained differential equation model is independent of the population size.
Together, these two features mean that parameter inference is
computationally tractable. One limitation of working with a
coarse-grained differential equation model, however, is that these
models do not predict individual-level behaviour, nor do they capture variability in the way that stochastic models do. A more
important limitation, however, is the fact that coarse-grained differential equation models are generally only accurate in fairly
restricted regions of the parameter space (Baker and Simpson,
2010; Simpson et al., 2014). For example, in the simulation of barrier assays and proliferation assays, continuum-limit descriptions
of discrete exclusion process-based stochastic models are accurate
only in the limit where the rate of proliferation is very small compared to the rate of migration (Simpson et al., 2010b). While some
attention has been given to developing alternative continuumlimit descriptions that include describing pair-wise interactions
(Binny et al., 2015; Bolker and Pacala, 1997; Bruna and Chapman,
2012; Frasca and Sharkey, 2016; Law et al., 2003), these alternative
continuum-limit descriptions often involve relatively complicated
moment closure approximations, and it is often unclear which kind
of closure approximation should be used since different approximations can lead to different outcomes. In addition, introducing
a pair-wise framework and moment closure approximations can
improve accuracy (Baker and Simpson, 2010), this improvement
comes at the expense of incurring substantial increases in computational overhead (Baker and Simpson, 2010). Furthermore, and
most importantly, just like standard coarse-grained differential
equation descriptions, computationally expensive moment
closure-based approximations also fail to accurately predict data
from stochastic simulation algorithms in certain parameter
regimes (Simpson et al., 2014). While the focus of this work is to
examine lattice-based models of cell biology experiments, it is

migration and cell proliferation is the formation of a dense monolayer, as depicted in the simulation of a proliferation assay in Fig. 1
(a). By reporting the increase in monolayer density over time, data
from cell proliferation assays can be used to estimate the proliferation rate and doubling time of the cell population (Browning et al.,
2017; Simpson et al., 2013; Tremel et al., 2009). A cell migration
assay is slightly more complicated since cells are initially distributed non-uniformly on a two–dimensional cell culture plate,
and there are two main ways of achieving this. One approach,
called a scratch assay, involves seeding a population of cells on a
two-dimensional cell culture plate, allowing a certain duration of
time for the monolayer density to increase, and then scratching
the monolayer using a fine-tipped instrument (Liang et al., 2007;
Vittadello et al., 2018). Another approach, which avoids scratching
the monolayer, is called a barrier assay where cells are placed onto
the two-dimensional cell culture plate inside a physical barrier
(Decaestecker et al., 2006; Haridas et al., 2017). This procedure creates an initially-confined population of cells that tends to spread
outwards after the barrier is lifted. Both barrier and scratch assays
involve some area of the cell culture plate being occupied by a
monolayer of cells whereas adjacent areas are completely vacant.
Over time, combined cell migration and proliferation leads to the
initially-confined population spreading into the previouslyvacant parts of the cell culture plate, as depicted in the simulation
of a barrier assay in Fig. 1(b) (Decaestecker et al., 2006; Haridas
et al., 2017). Observations of collective cell spreading and cell invasion process are used to quantify rates of cell migration and cell
proliferation (Maini et al., 2004a; Maini et al., 2004b; Haridas
et al., 2017; Vittadello et al., 2018).
There are several advantages of modelling these kinds of experiments with a discrete, stochastic modelling framework (Mort
et al., 2016; Zhang et al., 2010). First, a discrete stochastic modelling approach allows us to model individual-level behaviour
and captures variability (Browning et al., 2017; Macfarlane et al.,
2019; Macnamara et al., 2019; Macklin et al., 2012). Second, a discrete stochastic modelling approach can produce snapshots of the
experiments that are consistent with the kinds of images that are
reported experimentally (Browning et al., 2017; Macfarlane et al.,
2019; Macnamara et al., 2019; Macklin et al., 2012). The key limitation of working with a stochastic modelling approach relates to
computational requirements since the computation time increases
with the number of individuals simulated and the complexity of
how the individuals interact. Using a discrete stochastic modelling
framework for parameter inference can be very challenging, especially in a Bayesian framework that might require millions of
expensive simulations to be performed (Vo et al., 2005; Treloar
et al., 2014). The computational bottleneck associated with

t=0

100

t = 400

t = 200

50

y

t=0

0
50

y

y

t = 200

0
50

0

t = 600

100

t = 800

y

t = 1000

t = 400

0
50

y

y

t = 600

0
50

0

(a)

y
0

x

100

0

x

100

0

x

100

0

(b)

t = 800
0

x

200

Fig. 1. (a) Discrete snapshots of the evolution of the stochastic model to simulate a cell proliferation assay on a lattice with I ¼ J ¼ 100 and C ð0Þ ¼ 0:1; Rm ¼ 1; Rp ¼ 0:01 and
Rd ¼ 0:005 at t ¼ 0; 200; 400; 600; 800 and 1000. (b) Discrete snapshots of the evolution of the stochastic model to simulate a barrier assay on a lattice with I ¼ 200 and J ¼ 50,
with C i ð0Þ ¼ 1 for i 2 ½91; 111 and C i ð0Þ ¼ 0 elsewhere. The evolution of the simulation corresponds to Rm ¼ 1; Rp ¼ 0:01 and Rd ¼ 0 at t ¼ 0; 200; 400; 600 and 800.
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ministic computer experiments where the randomness is strictly
due to sampling variability of the design points. We emphasise
the ability to choose flexible sampling plans for the design points,
thus representing the design of experiments point of view rather
than (necessarily) representing a prior distribution of belief. Furthermore, as we deal with a stochastic fine-scale model, many
interpretational difficulties associated with statistically approximating a deterministic model disappear naturally.
Our approach of using a surrogate model to facilitate prediction
and inference for a more accurate, but computationally expensive
model falls within a wide class of approaches used across various
disciplines such as mathematical models of: water resources and
fluid flow in porous media (Xu et al., 2017); biomechanics and
bone deformation (Ziaeipoor et al., 2019); electrophysiology (Lei
et al., 2020) and gene expression (Jiang et al., 2021). In some of
these applications the coarse and fine models are simply taken to
be different numerical discretizations of the same governing differential equations, which often involve multi-dimensional PDE models (Xu et al., 2017; Ziaeipoor et al., 2019). Another approach to
define coarse and fine models is to work with different mathematical models describing the same phenomena, but with different
levels of complexity inherent in the modelling assumptions
(Jiang et al., 2021; Lei et al., 2020). Our approach is different in
the sense that we use a standard coarse-graining approximation
to relate a computationally expensive discrete stochastic mathematical model to a relatively inexpensive continuum limit differential equation-based approximation.
To illustrate our methodology, we describe and implement a
standard on-lattice exclusion-based model of cell migration, cell
proliferation and cell death and show how this discrete model
can be used to mimic proliferation and barrier assays. We then
derive the classical continuum-limit differential equation descriptions of the discrete models and show how the continuum limit
descriptions accurately capture data from the discrete models for
certain parameter choices whereas the same continuum limit
descriptions lead to inaccurate predictions for other parameter
choices. Next, we lay out a simple algorithm to build a discrepancy
term that proves to be useful in making predictions (i.e. the forwards problem) and parameter inference (i.e. the backwards or
inverse problem). After first demonstrating these ideas in the simplest case of a proliferation assay, we repeat all calculations in the
more complicated setting of a barrier assay. All algorithms
required to replicate the results in this work are written in the
open-source Julia language and are available at GitHub.

well-known that coarse-grained descriptions of other types of
stochastic models of biological phenomena can also fail to capture
the underlying stochastic process for certain parameter choices
(Lipshtat et al., 2006; Vellela and Qian, 2007).
Here we demonstrate a different approach to deal with prediction and inference that combines the computational simplicity of a
continuum differential equation model with the accuracy of a
stochastic modelling framework for modelling cell biology experiments. This approach takes advantage of having a model family
that includes both an accurate (fine) discrete stochastic simulation
model and an associated approximate (coarse) continuum limit
model (Simpson et al., 2010b). In particular, we show how to use
the coarse continuum limit model for the primary, computationally expensive inference and prediction steps while incorporating
an additional statistical ‘meta-model’ (Forrester et al., 2008;
Myers et al., 2016; Gramacy, 2020) of the discrepancy between
the two primary models. This meta-model allows us to correct
for the bias and uncertainty that arises from the use of an approximate mechanistic process model. We build the discrepancy model
before carrying out the inference and prediction steps using a finite
number of paired fine and coarse model runs at ‘design points’ chosen from a user-specified distribution. This initial step enables
careful control over the computational budget. Our straightforward construction of the discrepancy meta-model amounts to carrying out multivariate multiple linear regression of the (potentially
spatiotemporal) discrepancy between the fine and coarse mechanistic models in terms of their shared parameters. Naturally, more
complex meta-models are possible, but this approach is straightforward, and we show that it works well in practice. Furthermore,
the availability of a coarse model with parameters in common with
the fine model enables a relatively simple statistical model to be
plausible – we only need to statistically model the discrepancy
between the approximate- and fine-scale models rather than the
fine model itself. In essence, our methodology corresponds to the
‘Bayesian approximation error’ (BAE) (Kaipio and Somersalo,
2006; Kaipio and Somersalo, 2007; Kaipio and Kolehmainen,
2013) approach to model errors, which we have used in other
applications (Maclaren et al., 2020), though here we present it in
a form compatible with both Bayesian and frequentist statistical
inference.
More broadly, our work falls under the umbrella of ‘design of
computer experiments’ and the associated topic of metamodelling of expensive simulation models; such models are also
known as ‘surrogates’ or ‘emulators’ (Forrester et al., 2008; Myers
et al., 2016; Gramacy, 2020). There is extensive literature on this
topic, with one of the first articles on computer experiments dating
back to 1979 (McKay, 1979). Early literature in this area focused
mainly on the approximation of expensive deterministic models
by statistical models, which leads to subtleties over interpretations
of the randomness in the meta-models (Owen, 1992; Koehler and
Owen, 1996). Arguably, this issue led to much of the literature taking a Bayesian approach in which probability can naturally reflect
ignorance rather than actual natural variation. Two popular
methodologies in this style are the Kennedy and O’Hagan (KOH)
(Kennedy and O’Hagan, 2000; Kennedy and O’Hagan, 2001) and
the BAE (Kaipio and Somersalo, 2006; Kaipio and Somersalo,
2007; Kaipio and Kolehmainen, 2013) approaches. The former uses
infinite-dimensional Gaussian processes with a restricted form of
the covariance function (potentially requiring hyperparameter
estimation); the latter uses a finite-dimensional multivariate Gaussian approximation but an empirical (unconstrained) covariance
matrix. As mentioned, our approach here is essentially the same
as this latter (BAE) work, though with minor differences that we
feel provide greater flexibility. In particular, our approach is also
consistent with a frequentist viewpoint, like that developed by
Owen (1992) and Koehler and Owen (1996) in the context of deter-

2. Results and discussion
2.1. Discrete model and continuum limit derivation
Simulations are performed on a two-dimensional square lattice
with lattice spacing D. Site are indexed in the usual way, i; j 2 Z, so
that each site has position ðx; yÞ ¼ ðiD; jDÞ. All simulations are performed on a lattice of size I  J, where i ¼ 0; 1; 2; . . . ; I and
j ¼ 0; 1; 2; . . . ; J, so that the total number of lattice sites is
ðI þ 1Þð J þ 1Þ. The lattice spacing can be thought of as being the
size of a cell diameter (Deroulers et al., 2009; Treloar et al.,
2014), and all analysis carries across directly to other regular lattices, such as a hexagonal lattice. In any single realisation of the
discrete model the occupancy of site ði; jÞ is denoted ci;j , with
ci;j ¼ 1 for an occupied site and ci;j ¼ 0 for a vacant site.
We evolve the discrete model through time using the Gillespie
algorithm (Gillespie, 1977). Agents migrate at rate Rm , proliferate
at rate Rp and die with rate Rd . To assess a potential motility event
for an agent at ðx; yÞ, a target site is chosen at random from one of
the four nearest neighbour lattice sites at locations ðx  D; y  DÞ.
3
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dent of position so that rC ¼ 0 and the PDE continuum limit
description for C ðx; y; tÞ simplifies to an ordinary differential equation (ODE) for C ðtÞ,

Potential movement events are successful if the target site is
vacant, otherwise the attempted movement event is aborted. To
assess a potential proliferation event for an agent at ðx; yÞ, a target
site for the placement of a daughter agent is chosen at random
from one of the four nearest neighbour lattice sites at locations
ðx  D; y  DÞ. If the target site is vacant a new agent is placed on
the lattice. Agent death, in contrast, does not involve any movement or placement of daughter agents on the lattice. This means
that agent death does not involve any assessment of the occupancy
of nearest neighbour lattice sites. We implement the discrete
model with reflecting boundary conditions along all boundaries,
and we always work with dimensionless simulations by setting
D ¼ 1. The results can be re-scaled to match any particular experimental measurements by appropriate re-scaling of D (Simpson
et al., 2010b).
To connect the discrete mechanism to a continuum model we
average the occupancy of site ði; jÞ over many identically prepared
 
realizations of the model to obtain ci;j 2 ½0; 1 (Simpson et al.,
2010b). After averaging we form a discrete conservation statement
 
describing the time rate of change of ci;j ,


i
X
X
dhci;j i Rm h
hci;j i  hci;j i 4 
hci;j i
¼
ð1  hci;j iÞ
dt
4


Rp X
þ
hci;j i 1  hci;j i  Rd hci;j i;
4

dC ðt Þ
¼ r1 C ðt Þ½1  C ðt Þ  r 2 C ðtÞ;
dt

ð3Þ

with solution

C ðt Þ ¼

C ð0ÞK
;
C ð0Þ þ ½K  C ð0Þ exp ðrt Þ

ð4Þ

where K ¼ ðr1  r 2 Þ=r 1 and r ¼ r1  r 2 . To compare discrete simulations with the continuum limit in this case we consider a simulation
where Nð0Þ ¼ bC ð0ÞðI þ 1Þð J þ 1Þc agents are distributed randomly
on the lattice, taking care to ensure that each lattice site can be
occupied by, at most, a single agent. As the simulation proceeds
we record the total number of agents on the lattice N ðtÞ, and we
convert this time series of agent number to a time series of agent
densities by C ðt Þ ¼ N ðt Þ=ðI þ 1Þð J þ 1Þ. In addition to simply visualising agent locations on the lattice (Fig. 1a) we quantitatively summarise the simulation by recording N ðtÞ at unit time intervals,
t ¼ 1; 2; 3; . . ., and we plot the density, which can be compared with
the solution of the continuum-limit model (4).
The second problem we consider is inspired by the geometry
and initial condition used in a barrier assay (Simpson et al.,
2010b). For this problem we consider a narrow rectangularshaped domain where the horizontal length of the lattice is much
larger that the vertical height of the lattice, I  J. Discrete simulations are initiated by populating lattice sites in the ith column with
a constant density C i ð0Þ 2 ½0; 1. This initial condition means that
the density of agents is independent of vertical position on the lattice, and the PDE continuum limit description for C ðx; y; t Þ simplifies to a PDE for C ðx; tÞ (Simpson et al., 2010b), given by

ð1Þ

 
 
 

P  
where
ci;j ¼ ciþ1;j þ ci1;j þ ci;jþ1 þ ci;j1 . The terms on the
right of Eq. (1) that are proportional to Rm describe the rate of
change of average occupancy of site ði; jÞ due to net migration,
whereas the remaining terms on the right of Eq. (1), that are proportional to Rp and Rd , respectively, describe the rate of change of average occupancy of site ði; jÞ due to proliferation and death. An
important point regarding this discrete conservation statement is
that we are explicitly assuming the occupancy status of lattice sites
are independent since we interpret products of lattice site occupancy status as net transition probabilities (Simpson et al.,
2010b), which is often referred to as the mean-field approximation.
Of course, in reality the occupancy status of lattice sites are not
independent and we will see some specific examples of this later
(Baker and Simpson, 2010).
 
To proceed to the continuum limit we identify the quantity ci;j
with a smooth function C ðx; y; t Þ, and then each term in Eq. (1) is
expanded in truncated Taylor series about the point
 
ðx; yÞ ¼ ðiD; jDÞ, and terms of O D3 are neglected. We consider

@C ðx; tÞ
@ 2 C ðx; tÞ
¼D
þ r 1 C ðx; tÞ½1  C ðx; tÞ  r2 C ðx; tÞ;
@t
@x2

ð5Þ

which we solve numerically using an explicit finite different
approximation with variable time stepping and automatic truncation error control, as outlined in Section S1 of the Supplementary
Material. As mentioned, discrete simulations are initiated by populating lattice sites in each column with a constant probability C i ð0Þ
for i ¼ 0; 1; 2; . . . ; I. The discrete model is allowed to evolve in time
and we quantify the outcome of the simulation by counting the
number of agents in each column Ni ðt Þ 2 ½0; J for i ¼ 0; 1; 2; . . . ; I.
These counts are converted into a measure of agent density per column C i ðt Þ ¼ N i ðtÞ=J 2 ½0; 1 for i ¼ 0; 1; 2; . . . ; I. In addition to simply
visualising agent locations on the lattice (Fig. 1b) we summarise the
simulation output by plotting C i ðt Þ as a function of position x, recalling that x ¼ iD.

the limit as D ! 0, giving

@C ðx; y; tÞ
¼ Dr2 C ðx; y; tÞ þ r 1 C ðx; y; t Þ½1  C ðx; y; tÞ  r 2 C ðx; y; t Þ;
@t
ð2Þ

2.2. Comparing averaged data from the discrete model and the
solution of the continuum limit models

where D ¼ limD!0 Rm D2 =4; r1 ¼ limD!0 Rp and r 2 ¼ limD!0 Rd . This
continuum-limit partial differential equation (PDE) model is a
two-dimensional analogue of the well-known Fisher-Kolmogorov
model (Fisher, 1937; Kolmogorov et al., 1937; Murray, 2002) with
an additional linear death term.
In this work we will focus on two different problems inspired by
important cell biology experiments. The first problem we consider
is inspired by the geometry and initial condition used in a cell proliferation assay (Simpson et al., 2013). For this problem we consider a square-shaped domain with I ¼ J. These simulations are
initiated by placing a fixed number of agents on the lattice so that
each lattice site is occupied with constant probability C ð0Þ 2 ½0; 1.
This initial condition means that the density of agents is indepen-

Results in Fig. 2(a)–(c) summarise a series of continuumdiscrete comparisons for a cell proliferation assay, each with
C ð0Þ ¼ 0:1; Rm ¼ 1 and Rd ¼ 0:0. The results in Fig. 2(a)–(c) compare data from the discrete model with Eq. (4) for three scenarios
with increasing Rp and we see that the solution of the continuum
model accurately approximates data from the discrete model only
when Rp is sufficiently small. As Rp increases, the continuum model
predicts that C ðtÞ increases faster than observed using the discrete
model. Results in Fig. 2(d)–(f) compare data from discrete simulations with Eq. (4) for C ð0Þ ¼ 0:1; Rm ¼ 1, and Rp =Rd ¼ 2. The main
difference between the results in Fig. 2 and those in Fig. 2(d)–(f)
is the long-time density of agents on the lattice since we have
limt!1 C ðtÞ ! 1 for Rd ¼ 0, whereas we have limt!1 C ðtÞ !
4
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C < 1 when Rd > 0. Again, when Rp and Rd are sufficiently small
we see that the solution of the continuum model is accurate,
whereas increasing Rp and Rd means that the solution of the continuum model fails to match the data from the discrete model. Comparing results in Fig. 2(a)–(c) with those in Fig. 2(d)–(f) shows that
the inclusion of agent death leads to a greater discrepancy between
the solution of the continuum model and data from the stochastic
model (Baker and Simpson, 2010).
Note that, in Fig. 2(a) we perform simulations over a relatively
long time scale, t 6 2000 so that we can clearly observe the impact
of agent proliferation, which takes place at a relatively small rate.
In Fig. 2(b)–(c) we perform simulations over smaller time scales,
t 6 200 and t 6 40, respectively. This difference in the choice of
time scale reflects the fact that higher rates of proliferation lead
to a more rapid increase in C ðt Þ.
Results in Fig. 3(a) compare C i ðt Þ from the discrete model with
the solution of Eq. (5). For this problem we have C i ð0Þ ¼ 1:0 for
i 2 ½90; 110 and C i ð0Þ ¼ 0 elsewhere, with Rm ¼ 1; Rp ¼ 0:01 and
Rd ¼ 0. The comparison between the discrete data and the solution
of the continuum model is excellent, showing that the population
expands outwards, leading to the formation of moving fronts that
eventually spread across the whole lattice. The continuum-discrete
comparison in Fig. 3(b) is for precisely the same problem except
that here Rp ¼ 1. Again, we see that the population spreads out

1.0

C

across the domain. However, the continuum model does not provide an accurate prediction of the stochastic data in this case.
Instead, the continuum model predicts that the population spreads
across the domain faster than the discrete model. Again we note
that the timescale of the simulations with smaller Rp is longer than
the timescale of the simulations with larger Rp so that we allow
sufficient time to see the effect of the proliferation mechanism.
Now that we have presented both the discrete and coarsegrained continuum models for the proliferation assay and barrier
assay in Figs. 2 and 3 respectively, it is insightful to explore the
computational expense of both approaches. Stochastic simulation
results in Fig. 2(a) require approximately 7 s of computation time,
whereas the coarse-grained model requires approximately 0.00003
s to compute, which is six orders of magnitude faster. Of course,
since the discrete model is stochastic the computation time varies
slightly each time we simulate the same identically-prepared initial condition. However, regardless of this variability, the coarsegrained model is leads to a computational speed up of six orders
of magnitude. The coarse-grained model for the proliferation assay
is an ODE that has an exact solution so it is not surprising that the
computation time is extremely fast. Stochastic simulation results
in Fig. 3(a) for the barrier assay requires approximately 240 s of
computation time whereas the coarse-grained model requires
approximately 0.06 s to compute, which is five orders of magni-
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Fig. 2. (a)-(c) Evolution of C ðt Þ for a movement-proliferation model without death. (d)–(f) Evolution of C ðtÞ for combined movement-proliferation-death. Each figure shows
stochastic data (solid blue), the solution of the mean-field continuum model (dashed orange). Stochastic simulations are performed on a lattice with I ¼ J ¼ 100, with
C ð0Þ ¼ 0:1.
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oped a method in which the only actual randomness enters via the
(known) design distribution with target criteria defined with
respect to this sampling distribution. However, in the present case,
the fine-scale model is stochastic. These conceptual issues are thus
less critical: randomness can enter both via the design distribution
and the variability of the stochastic fine-scale model. Our approach
here is to allow for flexibility in the choice of design distribution –
this can be chosen on intuitive grounds (e.g. similarly to a prior distribution), according to (parameter) space-filling criteria (Owen,
1992; Koehler and Owen, 1996; Forrester et al., 2008), or according
to some other formal experimental design criterion. For the main
results, we will adopt a simple uniform sampling design. However,
we also consider how these results are impacted by choosing truncated multivariate normal and Latin hypercube designs in S2-S3 of
the Supplementary Material document, respectively.
Regardless of design distribution chosen, this stage involves a
choice of which class of statistical meta-model to use for the
resulting model error. Numerous flexible models, such as Gaussian processes, neural networks, or support vector machines, are
often considered in surrogate modelling (Forrester et al., 2008;
Gramacy, 2020). Here, however, the availability of a reasonably
accurate approximate coarse model with a clear interpretation
means we only need to model the error between these two models, which in our case is the stochastic model and the continuumlimit model. We likely cannot expect this error term to be mean
zero, reflecting potential bias between the models. We may also
quite reasonably expect it to have some parameter dependence:
we know that the coarse model is a better approximation in some
parameter regimes than others as illustrated in Figs. 2,3. However, it is perhaps plausible that the mean error may only depend
(approximately) linearly on the parameters for a good coarse
model. Thus we adopt the simple approach of constructing a linear regression meta-model for the model error term. This linear relationship need not hold exactly. It is true that the expressions for
the conditional mean and covariance we will derive under this
approximation are exact when the joint distribution of ðe; hÞ is
multivariate normal (Cox and Wermuth, 1996). More importantly, however, the expressions can also be interpreted in terms
of ‘best linear approximations’ (or linear projections of the true
model) even when the true conditional expectation is not exactly
linear (though this approximation is of course more relevant the
more plausible it is) (Cox and Wermuth, 1996; Wooldridge,
2010).
We thus next construct a multivariate linear least squares
approximation. These are elementary results from multivariate
statistical modelling (Cox and Wermuth, 1996; Eaton, 2007), but
we find it useful to give the steps explicitly to facilitate understanding and implementation. Starting from the samples obtained


from the above procedure, ei ; hi for i ¼ 1; 2; 3; . . . ; Nd , we arrange

tude faster. Here, the coarse-grained model for the barrier assay is
a PDE that we solve numerically, but we still find that the numerical solution of this PDE model is significantly faster than performing stochastic simulations. All computations are performed on a
standard laptop using with an Intel i7-1185G7 CPU (3.00 GHz).
At this point it is useful to discuss notation. So far we use C ðtÞ to
denote to the density of agents in a proliferation assay at time t,
and we use this same notation regardless of whether we consider
a stochastic simulation or the solution of the continuum-limit
model, Eq. (4). Similarly we use C ðx; tÞ to denote to the density of
agents at position x and at time t in a barrier assay, as given by
the solution of Eq. (5), or we use C i ðtÞ to denote the density of
agents in the ith column at time t in a stochastic simulation of a
barrier assay. To address the question of parameter inference, we
will be more explicit by using C ðt j hÞ to denote the density of
agents in a proliferation assay at time t with parameters h. Similarly, we use C ðx; t j hÞ and C i ðt j hÞ to note the density of agents in
a barrier assay for the continuum-limit model and stochastic
model, respectively.
2.3. Reliable predictions incorporating model error: proliferation assay
We now describe an approach for incorporating model error
between the discrete and continuum models. Throughout this section we will refer to the fine (discrete, stochastic) model as F ðhÞ,
and the coarse continuum-limit model as g ðhÞ, where h is the vector of parameters of length Np . We have used a capital letter F for
the fine model to indicate that this is stochastic and we denote a
specific realisation of F for some h by f ðhÞ. Our approach has two
core components: (i) an evaluation of the model error at a finite
number of locations; and (ii) the construction of a statistical
meta-model of this error on the basis of these samples. We
describe each of these next.
2.3.1. Model error samples
The first core component of our approach to statistically characterising the model error begins by evaluating the model error at a
finite number of sample locations. A maximum computational
budget of fine-model evaluations usually bounds this number of
evaluations. Thus we:
1. Sample vector realisations hi for i ¼ 1; 2; 3; . . . ; Nd , from a particular design distribution that we will specify later.
2. For each hi ; i ¼ 1; 2; 3; . . . ; Nd , simulate the fine model to give
 
 
 
f hi  F hi , and solve the coarse model to give g hi .
 
 
3. Define ei ¼ f hi  g hi , which is a vector of length Nt , for
each i ¼ 1; 2; 3; . . . ; Nd . Here, f ðhÞ denotes the prediction of
the fine model and g ðhÞ denotes the prediction of the coarse
model. Each model prediction is a time series at time points
1; 2; 3; . . . ; Nt ,


4. Record ðe; hÞi ¼ ei ; hi for i ¼ 1; 2; 3; . . . ; Nd .

and store the data in the following block format:

"
y¼

2.3.2. Statistical meta-model of the model error
The next core component is to construct a statistical (meta-)
model of e from the Nd evaluations. As discussed earlier, in the traditional literature on the design of computer experiments, the simulation model to approximate (i.e. the fine-scale model here) is
usually considered deterministic, and this raises the question of
the most appropriate place to employ probability modelling
(Owen, 1992; Koehler and Owen, 1996; Santner et al., 2003). In a
Bayesian approach, this is no real conceptual difficulty as probability reflects personal uncertainty; a frequentist approach is perhaps
less obvious, but Owen (1992) and Koehler and Owen (1996) devel-

. . . ei . . .
. . . hi . . .

#

2

j
6 1
¼ 4y
j

j
y2
j

j

j

j

j

3

7
. . . yNd 5;

ð6Þ

h
i>
for
i ¼ 1; 2; 3; . . . ; Nd ,
where
ei ¼ ei1 ; ei2 ; . . . ; eiNt ; hi ¼
h
i>
h
i>
hi1 ; hi2 ; . . . ; hiNp , and yi ¼ ei> ; hi> , with dimensions as defined
previously. Note that, in keeping with statistical terminology, we
do not use boldface for vectors: for example, ei is the ith sample
of an Nt -dimensional vector with components eij ; j ¼ 1; . . . ; Nt .
With this data we calculate the (empirical) row mean of y over
the Nd samples,
6

Journal of Theoretical Biology 549 (2022) 111201

M.J. Simpson, R.E. Baker, P.R. Buenzli et al.

lNd ¼ ENd ½y ¼



le
;
lh

fine model

zﬄ}|ﬄ{
F ðhÞ ¼

ð7Þ



where le is a vector of length Nt and lh is a vector of length Np ,
and then calculate the block structured (empirical) covariance
matrix

RNd ¼



>  R
1
ee
¼
y  lNd y  lNd
Nd  1
Rhe

Reh
:
Rhh

ð8Þ

Re j h ¼ Ree  Reh R Rhe ;

ð10Þ

where the term Reh R1
hh corresponds to the multivariate linear
regression coefficients (Cox and Wermuth, 1996). As mentioned
above, Eqs. 9,10 can be considered as valid ‘linear least squares’
approximations regardless of the actual distributions of e and h,
and are the finite-sample analogues of the population (infinite data)
linear approximation model (Wooldridge, 2010). However, we can
further strengthen our working assumptions based on these two
moments and (for now) work with the simple, stronger statistical
model for the correction term:





eðhÞ  N le j h ; Re j h ¼ le j h þ N 0; Re j h :

g ðhÞ
|ﬄ{zﬄ}

total error term

z}|{
eðhÞ

þ

lðhÞ
|ﬄ{zﬄ}

þ

g

þ

mean correction

|{z}

ð12Þ

;

stochastic correction

where lðhÞ ¼ le j h is the parameter-dependent, deterministic (conditional on a design realisation) linear approximation to the conditional mean of the model error and g  N 0; Re j h is a parameterindependent (as the expression for the conditional covariance is
independent of h), mean-zero stochastic error representing the
remaining components of model error.
We now demonstrate how to make reliable predictions using
this framework. First, in Fig. 4, we work with the stochastic model
of a cell proliferation assay with C ð0 j hÞ ¼ 0:1 and Rm ¼ 1:0 both


held fixed. We sample Nd ¼ 500 pairs of Rp ; Rd uniformly, at random, in the region Rp 2 ½0:8; 1:2 and Rd 2 ½0:0; 0:4 and consider
simulations for t 2 ½0; 30. As we showed in Fig. 2, the solution of
the continuum model in this region of parameter space is a relatively poor approximation of the stochastic simulation data.
Results in Fig. 4(a) illustrate the 500 uniformly-sampled pairs of


Rp ; Rd , and results in Fig. 4(b)–(d) show C ðt j hÞ for three particular




choices of parameters: (i) Rp ; Rd ¼ ½0:8; 0:2; (ii) Rp ; Rd ¼


½0:9; 0:3; and, (iii) Rp ; Rd ¼ ½0:7; 0:1. In each case we see that
the dynamics of the relatively expensive fine (stochastic) model
(solid blue) are poorly predicted by the computationally efficient
coarse (continuum) model (dashed orange). Fortunately, simply
adding the mean correction term, lðhÞ, to the solution of the coarse
(continuum) model, g ðhÞ, we obtain a corrected coarse model (dotted red) that combines the best of both approaches – solutions are
extremely fast to compute and the model accurately captures data

ð9Þ

1
hh

zﬄ}|ﬄ{
g ðhÞ

coarse model

The Ree block is of size Nt  Nt , the Rhh block is of size
Np  Np , and the Reh ¼ R>
he block is of size Nt  Np .
With this data we compute the (linear approximation to the)
conditional mean and conditional covariance of e given h

le j h ¼ le þ Reh R1
hh h  lh ;

coarse model

ð11Þ

With this framework we now approximate the prediction of the
fine model in terms of the coarse model and the discrepancy as
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Fig. 4. (a) Nd ¼ 500 uniform samples of pairs of Rp ; Rd within a square-shaped region in the interval Rp 2 ½0:0; 1:0 and Rd 2 ½0:0; 0:4 are used to construct the error model.
(b)–(d) Comparison of C ðt j hÞ for the fine (stochastic) model (solid blue), the coarse (continuum) model (dashed orange) and the coarse model plus mean correction term


(dotted red) for Rp ; Rd ¼ ½0:8; 0:2; ½0:9; 0:3 and ½0:7; 0:1, respectively. Stochastic simulations are performed on a lattice with I ¼ J ¼ 100, with C ð0 j hÞ ¼ 0:1 and Rm ¼ 1.
Stochastic simulation data are recorded at t ¼ 1; 2; . . . ; 29; 30, giving Nt ¼ 30.
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where the observations, C o , are taken from a single realisation of the
stochastic model and /ðx; mðhÞ; RÞ denotes a multivariate normal
probability density function with mean mðhÞ and covariance R, as
above. For clarity, recall that mðhÞ is a vector of length Nt and R is
a covariance matrix of size Nt  Nt . We have written the likelihood
function in Eq. (13) in terms of a generic mean vector and covariance
matrix, however, as we will use particular forms as follows. When we
work with the mean correction we will use mðhÞ ¼ C ðt j hÞ þ lðhÞ and
R ¼ r2 I, where C ðt j hÞ is the solution of the coarse model. In contrast,
when we work with the mean and stochastic correction we take
mðhÞ ¼ C ðt j hÞ þ lðhÞ and R ¼ Re j h þ r2 I, where again C ðt j hÞ is the
solution of the coarse model. In summary, in this framework we compute ‘ h j C o in three ways, using: (i) the coarse model without any
correction; (ii) the coarse model with the mean correction; and,
(iii) the coarse model with both the mean and stochastic correction.
We will demonstrate the different ways to compute and interpret
‘ h j C o later in this section.
Applying maximum likelihood estimation (MLE) gives a best fit
set of parameters, b
h. The MLE is defined as

from the expensive fine (stochastic) model. Results in Fig. 4 compare the solutions of the fine (stochastic), coarse (continuum)
and corrected coarse models for three particular choices of


Rp ; Rd . Additional comparisons of the three models for other


choices of Rp ; Rd in the region sampled in Fig. 4(a) lead to similar
results (not shown).
Each evaluation of the corrected coarse model in Fig. 4 is deterministic, given a fixed set of design points from the first stage, in
the sense that we have taken the correction term to be deterministic by setting g ¼ 0 in Eq. (12) for convenience. Of course, it is
straightforward to include variability into the correction term simply by evaluating and incorporating g as given in Eq. (12). Results
in Fig. 5 show data from the stochastic model for the same three
choices of parameters from Fig. 4. For each parameter choice we
superimpose 50 realisations of the corrected coarse model that
includes the stochastic term, g, in Eq. (12). This simple visual comparison of data from the full stochastic model with several realisations of the corrected model, this time including the g term,
illustrates the versatility of this approach. In this work we will consider both approaches by setting g ¼ 0 or incorporating g where
convenient.
Now we have demonstrated how to incorporate both the mean
and stochastic correction terms to make reliable predictions using
a (potentially) inaccurate continuum limit, we will address to the
question of using the correction terms to improve the more challenging computational task of parameter inference.



b
h ¼ sup ‘ h j C o ;

which we compute numerically using NLopt in Julia Johnson (2021)
with the BOBYQA optimization algorithm and user-specified bound
constraints (Powell, 2009).
In this work we use a profile likelihood-based approach to
explore uncertainty quantification and practical identifiability
(Pawitan, 2013; Raue et al., 2009; Simpson et al., 2022;
Villaverde et al., 2022). In all cases we work with a normalised
log-likelihood function

2.4. Reliable inference incorporating model error: Proliferation assay
We will consider parameter inference using data generated by
the stochastic model, denoted by a vector C o with components corresponding to Nt discrete times, ti , for i ¼ 1; 2; 3; . . . ; Nt . Observed
data are denoted with a superscript ‘o’ to distinguish these noisy
observations from the various modelled prediction, C ðt j hÞ, which
we will obtain using several methods outlined below. For the proliferation assay we will evaluate C ðt j hÞ at t ¼ 1; 2; 3; . . . ; Nt . For
completeness we include additional additive and normally distributed measurement error with zero mean and constant variance, i.e. C o j h  N C ðt j hÞ; r2 I where I is the Nt  Nt identity.
While in principle the variance associated with the observation
error can be estimated along with the other components of h
(Simpson et al., 2022), for simplicity we will pre-specify r2
(Hines et al., 2014).
In this work we take a likelihood-based approach to parameter
inference and uncertainty quantification. For a time series of observations together with the standard noise assumptions outlined
above, the log-likelihood function is



‘ h j C o ¼ log / C o ; mðhÞ; R ;

ð14Þ

h



h j Co ;
‘ h j C o ¼ ‘ h j C o  ‘ b

ð15Þ

which we interpret as a function of h for fixed data C o . We choose to
work with the normalised log-likelihood function because it allows
us to visually and quantitatively compare different likelihood functions. Assuming the parameter vector h can be partitioned into an
interest parameter w and a nuisance parameter k, we write
h ¼ ðw; kÞ. Given a set of data, C o , the profile log-likelihood for the
interest parameter w can be written as

‘p w j C o ¼ sup‘ h j C o :

ð16Þ

k

In Eq. (16), k is optimised out for each value of w to implicitly define
a function k ðwÞ of optimal values of k for each value of w (Simpson
et al., 2022). In this work we estimate k ðwÞ by evaluating this function across a grid of values of w. For example, in the simulations of a
proliferation assay where we treat C ð0 j hÞ and Rm ¼ 1 as fixed, we
have h ¼ Rp ; Rd . If we wish to profile the proliferation rate then
we have w ¼ Rp and k ¼ Rd so that

ð13Þ

‘p Rp j C o ¼ sup ‘ Rp ; Rd j C o ;

ð17Þ
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Fig. 5. (a)–(c) Comparison of C ðt j hÞ from the stochastic model (solid blue) for Rm ; Rp ; Rd ¼ ½0:8; 0:2; ½0:9; 0:3, and ½0:7; 0:1, respectively. In each subfigure we superimpose
the solution of the continuum model plus the mean and 50 realisations of the stochastic correction terms (thin green opaque). Stochastic simulation data are recorded at
t ¼ 1; 2; . . . ; 29; 30, giving Nt ¼ 30.
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which again we compute numerically using NLopt in Julia (Johnson,
2021) with the BOBYQA optimization algorithm with user-specified
bound constraints (Powell, 2009). For each value of the interest
parameter, taken over a sufficiently fine grid, the nuisance parameter is optimised out and the previous optimal value can be used as
the starting estimate for the next optimisation problem as we move
along the fine grid. In this work we use uniformly spaced grids of
100 points defined on problem-specific intervals that are reported
in the plots of the various profile likelihoods.
To demonstrate these ideas we consider stochastic data in Fig. 4
(b) for Rp ¼ 0:8 and Rd ¼ 0:2, with data generated from the stochastic model, C o ¼ N ðt Þ=ðI þ 1Þð J þ 1Þ for t 2 ½0; 30, and C o is recorded
at t ¼ 1; 2; 3; . . . ; 30, giving Nt ¼ 30. With this data we compute
‘ h j C o over the region Rp 2 ½0:6; 1:0 and Rd 2 ½0:0; 0:40 using a
uniform mesh on the parameter space. At each point on the mesh
we compute ‘ h j C o in three ways, as described previously. Heat
maps of ‘ h j C o are shown in Fig. 6 with a red disc superimposed

lihoods, summarised in Fig. 7. Fig. 7(a) shows the univariate profiles for Rp and Rd , without either of the correction terms, where
we see that the MLE underestimates the true values of both Rp
and Rd . In this work, each univariate profile is superimposed with
a horizontal dashed line at ‘ h j C o ¼ 1:92 which defines an
approximate 95% confidence interval on the univariate profile likelihood function (Royston, 2007). We see that without incorporating
any correction, the apparent 95% confidence intervals do not contain the true values. Results in Fig. 7(b)–(c) show the univariate
profiles with the mean correction and with the mean plus stochastic correction, respectively. Comparing the profiles in Fig. 7(a) and
(b) we see that incorporating the mean correction leads to profiles
that contain the true value, and the MLE is quite close to the true
values. Comparing the profiles in Fig. 7(b) and (c) shows that incorporating the stochastic correction widens the profiles, and again
the MLE is quite close to the true value. The widening of the profiles in Fig. 7(c) indicates that we have increased uncertainty associated with the additional correction term.

at the parameter values used to generate the stochastic data, which
we will informally refer to as the true value. Each heat map in Fig. 6
is superimposed with contours showing ‘ h j C o ¼ 3:00, which
defines an approximate 95% confidence region (Royston, 2007;
Simpson et al., 2022). Without incorporating any correction term
we have poor coverage since the true value is (consistently)
excluded from the 95% confidence region, whereas incorporating
either the mean correction term only or the mean plus stochastic
correction terms leads to the true value being contained within
the 95% confidence region.
To further explore inference and uncertainty quantification for
the likelihood functions in Fig. 6 we construct several profile like-

Without
correction

2.5. Reliable predictions and inference incorporating model error:
Barrier assay
All results in 2.3–2.4 are generating using simulations of proliferation assays as reported in Fig. 7(c) and Fig. 2 where the initial
distribution of agents is independent of position. Here, we show
that the same concepts extend to the simulations of barrier assays
reported in Fig. 2 and Fig. 3 where the density of agents depends
upon both position and time. We apply the same ideas except that
the data we work with is slightly different. We work with a similar

With mean plus
stochastic correction

With mean
correction only
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Fig. 6. (a)–(c) show the normalised log likelihood as a function of Rp ; Rd without any correction, with the mean correction only, and with the mean plus stochastic
correction, respectively. Each heat map is constructed by evaluating the likelihood across a 40  40 uniform discretisation of the parameter space. The outline of the region


where ‘ ¼ 3:00 defines the approximate 95% confidence region and the location of the values used to generate the data, Rp ; Rd ¼ ½0:8; 0:2, is superimposed on each plot. All
calculations were carried out with r2 ¼ 0:05.
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Results in Fig. 8(a) show the Nd ¼ 300 pairs of Rm ; Rp sampled
uniformly in the region Rm 2 ½0:3; 0:7 and Rp 2 ½1:8; 2:2.
Fig. 8(b)–(d) compares the evolution of C ðt j hÞ for three particular




choices of parameters: (i) Rm ; Rp ¼ ½0:5; 2:0; (ii) Rm ; Rp ¼


½0:4; 2:1; and, (iii) Rm ; Rp ¼ ½0:6; 1:9. In each case we see that the
relatively expensive fine (stochastic) model (solid blue) is poorly
predicted by the solution of the computationally efficient coarse
(continuum) model (dashed orange). As with the results in Section 2.3, simply adding the mean correction term to the solution of
the coarse (continuum) model, we obtain a corrected coarse model
(dotted red) that combines the best of both approaches, producing

problem to that reported in Fig. 3(b) with parameters close to
Rm ¼ 0:5; Rp ¼ 2:0 and Rd ¼ 0:0, where the solution of the continuum model, Eq. (5), is relatively inaccurate as an approximation
to the dynamics of the fine stochastic model. We apply the same
approach to correcting the predictions of the coarse (continuum)
model as we did in 2.3–2.4 except that we take the simplest
approach and record C 130 ðt j hÞ at t ¼ 1; 2; 3; . . . ; 60, giving
Nt ¼ 60. Note that collecting the density in column 130 corresponds to collecting the time series of density at x ¼ xo ¼ 130,
and for consistency with the results in 2.3–2.4 we will refer to
C 130 ðt j hÞ as C ðt j hÞ.
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Fig. 7. (a)–(c) univariate profile likelihoods, ‘p , for Rp and Rm , as indicated, for the model without any correction, with the mean correction, and with the mean plus stochastic
correction, respectively. The horizontal dashed lines indicates the threshold ‘p ¼ 1:92 that defines approximate 95% confidence intervals, and the vertical solid red line
cp ¼ 0:547; ½0:500; 0:634 and R
cd ¼ 0:148; ½0:115; 0:189. In (b), with the mean correction
shows the values used to generate the data. In (a), without the correction, we have R
cp ¼ 0:736; ½0:616; 0:908 and R
cd ¼ 0:175; ½0:124; 0:244. In (c), with the mean plus stochastic correction, we have R
cp ¼ 0:743; ½0:515; 1:000 and
only, we have R
cd ¼ 0:176; ½0:100; 0:318. All calculations were carried out with r2 ¼ 0:05.
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Fig. 8. (a) Nd ¼ 300 uniform samples of pairs of Rm ; Rp within a square-shaped region in the interval Rm 2 ½0:3; 0:7 and Rp 2 ½1:8; 2:2 used to construct the error model. (b)–
(d) Comparison of C ðtj; j hÞ for the fine (stochastic) model (solid blue), the coarse (continuum) model (dashed orange) and the coarse model plus mean correction term (dotted


red) for Rp ; Rd ¼ ½0:5; 2:0; ½0:4; 2:1 and ½0:6; 1:9, respectively. Stochastic simulations are performed on a lattice with I ¼ 200 and J ¼ 400 with C i ð0 j hÞ ¼ 1:0 for i 2 ½90; 110
and C i ð0 j hÞ ¼ 0 elsewhere. Stochastic simulation data, C 130 ðt j hÞ ¼ 0, are recorded at t ¼ 1; 2; . . . ; 59; 60, giving Nt ¼ 60.
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correction terms. In comparison with Fig. 5, the results in Fig. 9
are far noisier for the proliferation assay. This difference is due to
the fact that the stochastic simulation data we work with for the
proliferation assay involves relatively small fluctuations since we
work with a relatively large lattice and averages are constructed
across the whole lattice. In contrast, stochastic simulation data
for the barrier assay involves larger fluctuations since averages
are constructed along each column of the lattice only. Indeed, additional results that involve re-computing Fig. 5 for a proliferation
assay on a smaller lattices leads to larger fluctuations like we see
in Fig. 9 (not shown).
Turning our attention to inference for the barrier assay simulations we compute ‘ h j C o over the region Rm 2 ½0:2; 0:8 and

a computationally inexpensive means of accurately predicting data
from the fine (stochastic) model. As shown in Fig. 8(b)–(c) the correction term leads to some overshoot for some choices of parameters, but this is not always the case for other parameter choices, as
illustrated in Fig. 8(d). Additional results (not shown) indicate that
the overshoot can be minimised by increasing Nd , but of course this
comes with additional computational cost. Instead, here we have
deliberately chosen to work with a modest value of Nd and illustrate
that even a modest choice of Nd leads to significant improvements
in both model prediction and parameter inference.
While the comparison of models of the barrier assay in Fig. 8
deals with the mean correction term only by setting g ¼ 0, the
comparison in Fig. 9 incorporates both the mean and stochastic
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Fig. 9. (a)–(c) Comparison of C ðtj; j hÞ from the stochastic model (solid blue) for Rm ; Rp ¼ ½0:5; 2:0; ½0:4; 2:1, and ½0:6; 1:9, respectively. In each subfigure we superimpose the
solution of the continuum model plus the mean and 50 realisations of the stochastic correction terms (thin green opaque). Stochastic simulation data, C 130 ðt j hÞ ¼ 0, are
recorded at t ¼ 1; 2; . . . ; 59; 60, giving Nt ¼ 60.
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Fig. 10. (a)–(c) show the normalised log likelihood as a function of Rm ; Rp without any correction, with mean correction only, and with mean plus stochastic correction,
respectively. Each heat map is constructed by evaluating the likelihood across a 40  100 uniform discretisation of the parameter space. The outline of the region where


‘ ¼ 3:00 defines the approximate 95% confidence region and location of the values used to generate the data, Rm ; Rp ¼ ½0:5; 2:0, is superimposed on each plot. All
calculations were carried out with r2 ¼ 0:05.
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Fig. 11. (a)–(c) univariate profile likelihoods, ‘p , for Rm and Rp , as indicated, for the likelihood function without the correction, with the mean correction, and with the mean
plus stochastic correction, respectively. The horizontal dashed lines indicates the threshold ‘p ¼ 1:92 that defines approximate 95% confidence intervals, and the vertical
c
solid red line shows the values used to generate the data. In (a), without the correction, we have Rc
m ¼ 2:880; ½1:754; 3:000 and Rp ¼ 0:934; ½0:722; 1:266. In (b), with the
c
c
mean correction only, we have Rc
m ¼ 0:434; ½0:283; 0:654 and Rp ¼ 1:794; ½1:443; 2:110. In (c), with the mean plus stochastic correction, we have Rm ¼ 0:434; ½0:281; 0:661
cp ¼ 1:748; ½1:438; 2:120. All calculations are carried out using r2 ¼ 0:05.
and R

Rp 2 ½1:0; 3:0 using a uniform meshing of the parameter space. At
each point on the mesh we compute ‘ h j C o in three ways, using:
(i) the coarse model without the correction term; (ii) the coarse
model with the mean correction; and, (iii) the coarse model with
both the mean and stochastic correction. Heat maps of ‘ h j C o
are given in Fig. 10 with a red disc superimposed at the true
parameter values. Each heat map in Fig. 10 is superimposed with
contours showing ‘ h j C o ¼ 3:00, which defines an approximate
95% confidence region. As for the proliferation assay, without the
correction term we have poor coverage since the true value is (consistently) excluded from the 95% confidence region, whereas incorporating the mean correction term only or the mean plus
stochastic correction terms leads to the true value being contained
within the 95% confidence region. Comparing results in Fig. 10(b)–
(c) shows that incorporating the stochastic correction term broadens the confidence region, which reflects the additional uncertainty included in the likelihood function.
The univariate profile likelihoods for the barrier assay problem
are given in Fig. 11. Fig. 11(a) shows the univariate profiles for Rm
and Rp for the approximate model without any correction term,
showing that the MLE overestimates the true value Rm and underestimates the true value of Rp . As with the simulations of the proliferation assay, without incorporating any correction the apparent 95%
confidence intervals do not contain the values used to generate the
data, which we refer to informally as the true value. Fig. 10(b)–(c)
show the univariate profile likelihoods with the mean correction
and with the mean plus stochastic correction, respectively. Similar
to the proliferation assay, incorporating the mean correction only
leads to MLEs that are close to the true values. Incorporating the
mean and stochastic correction leads also leads a good match
between the MLE and the true value, but the profiles widen relative
to the profiles for the mean correction only, as previously discussed.

tional limitation is to coarse-grain the stochastic models to arrive
at an approximate continuum model, often an ODE or PDE model,
which is much faster to solve. The limitation of this approach is
that the solution of the coarse-grained continuum model does
not always accurately predict appropriately averaged data from
the discrete model (Baker and Simpson, 2010; Simpson et al.,
2014). Here, we illustrate how to combine the advantages of both
approaches by using the coarse-grained continuum model together
with a model of the discrepancy between the stochastic and continuum models for reliable and efficient parameter inference. We
achieve this by using simulation data to sample the discrepancy
between the fine stochastic model and the corresponding coarse
continuum model and build a statistical model that approximately
describes the model error introduced by using the coarse model.
Using a series of computational experiments, we demonstrate
how to incorporate two levels of correction: the mean correction,
or the mean correction together with a stochastic correction. Our
numerical experiments show that incorporating the mean correction typically corrects the bias in the likelihood function while
broadening the confidence intervals. This broadening of the confidence intervals reflects additional uncertainty introduced through
the statistical model of the discrepancy. Incorporating both the
mean and stochastic correction leads to a further broadening of
the confidence intervals that reflects the additional uncertainty
introduced by the approximations.
Within the framework presented here there are other options
that could be explored. For example, in both types of computational experiments (i.e. the proliferation assay and the barrier
assay), we focus on holding certain properties constant, such as
the initial condition, and then treating the parameter estimation
and uncertainty quantification problem for two unknown parameters only. This choice was made for pedagogical reasons, but all the
analysis and methodology carries across to higher dimensional
problems such as modelling a cell proliferation assay where we
treat Rp ; Rd and C ð0Þ as unknown quantities to be estimated from
the data. Similarly, here we characterise the uncertainty in our
estimates by taking a profile likelihood approach and using numerical optimization to construct various profile likelihood functions
and then to characterise the uncertainty in our estimates by using
threshold values to define appropriate confidence intervals. We
chose to characterise uncertainty using profile likelihood-based
methods for computational efficiency, but other approaches such
as MCMC sampling of the various likelihood functions are a possible alternative (Hines et al., 2014; Villaverde et al., 2022).
Our methodology for characterising the model error could also
have been performed differently. For example, all results in the
main document focus on the simplest possible way to sample h
by using various uniform distributions. Additional results Section S2
of the Supplementary Material implement the same analysis of the

3. Conclusions and future work
The primary aim of this work was to explore techniques for efficient and reliable parameter inference using stochastic models relevant to cell biology experiments, namely cell proliferation assays
and barrier assays. The former experiment is widely adopted to
measure cell proliferation rates, and hence the cell doubling time
(Bosco et al., 2015; Browning et al., 2017; Tremel et al., 2009),
whereas the latter experiment is widely adopted to measure cell
migration rates and cell diffusivity in vitro (Decaestecker et al.,
2006; Treloar et al., 2014). While lattice-based stochastic models
are routinely used to simulate such experiments, these simulation
models become computationally expensive, particular for inference problems where large numbers of stochastic realisations are
required (Vo et al., 2005). One way of addressing this computa12
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proliferation assay problem except that we sample h using a truncated normal distribution, and analogous results in Section S3 of
the Supplementary Material repeat the same computational experiments by sampling h using a Latin hypercube sampling method.
Interestingly, regardless of which sampling method we implement,
we find that each design leads to virtually indistinguishable results.
This is of interest since we anticipate that the choice of sampling
method could be important for other applications, especially
higher-dimensional problems. Additional results in Section S4 of
the Supplementary Material quantitatively examine the assumption that the distribution of e is approximately normal for each sampling method. These results indicate that this assumption is
reasonable during the early time where the population is growing,
but our data suggests that e is not normally distributed at later time
as the population approaches an equilibrium density. Alternative
meta-models of the model error, such as Gaussian processes, neural
networks, or support vector machines could also be considered
(Forrester et al., 2008; Gramacy, 2020).
Future work might also extend the approach taken here by
working with different stochastic models that incorporate additional biological detail. For example, here we work with the simplest possible approach with a stochastic model where all
individuals are treated as identical, but many biological experiments involve co-culture techniques where different cell types
are grown together to explore how various cell types interact
(Haridas et al., 2017; Zhang et al., 2010). Modelling this kind of
experiment is straightforward in a stochastic framework but leads
to a more computationally demanding simulation algorithm with
more parameters to be estimated (Zhang et al., 2010). Another
extension would be to consider modelling how agents interact
with each other, for example through modelling cell-to-cell adhesion (Deroulers et al., 2009) or different types of cell-to-cell attraction/repulsion mechanisms (Simpson et al., 2010a). This approach
is relevant for modelling various types of experiments involving
adhesive cancer cells, and incorporating adhesion into the mathematical model is of interest because describing such mechanisms
introduces additional parameters to be estimated. Furthermore,
coarse-grained PDE models of discrete stochastic models that
incorporate adhesion often fail to accurately describe the underlying stochastic model (Deroulers et al., 2009). Therefore, in this
instance, the methodology outlined in this work could be used to
significantly extend the usefulness of coarse-grained models that
might ordinarily be overlooked due to accuracy considerations.
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