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a b s t r a c t 

Variability in cell populations is frequently observed in both in vitro and in vivo settings. Intrinsic differ- 

ences within populations of cells, such as differences in cell sizes or differences in rates of cell motility, 

can be present even within a population of cells from the same cell line. We refer to this variability as cell 

heterogeneity . Mathematical models of cell migration, for example, in the context of tumour growth and 

metastatic invasion, often account for both undirected (random) migration and directed migration that is 

mediated by cell-to-cell contacts and cell-to-cell adhesion. A key feature of standard models is that they 

often assume that the population is composed of identical cells with constant properties. This leads to 

relatively simple single-species homogeneous models that neglect the role of heterogeneity. In this work, 

we use a continuum modelling approach to explore the role of heterogeneity in spatial spreading of cell 

populations. We employ a three-species heterogeneous model of cell motility that explicitly incorporates 

different types of experimentally-motivated heterogeneity in cell sizes: (i) monotonically decreasing; (ii) 

uniform; (iii) non-monotonic; and (iv) monotonically increasing distributions of cell size. Comparing the 

density profiles generated by the three-species heterogeneous model with density profiles predicted by a 

more standard single-species homogeneous model reveals that when we are dealing with monotonically 

decreasing and uniform distributions a simple and computationally efficient single-species homogeneous 

model can be remarkably accurate in describing the evolution of a heterogeneous cell population. In 

contrast, we find that the simpler single-species homogeneous model performs relatively poorly when 

applied to non-monotonic and monotonically increasing distributions of cell sizes. Additional results for 

heterogeneity in parameters describing both undirected and directed cell migration are also considered, 

and we find that similar results apply. 

© 2019 Elsevier Ltd. All rights reserved. 
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. Introduction 

In vitro cell migration experiments play an important role in

he discovery and testing of putative drug treatments, the study

f malignant tumour growth and metastasis, as well as tissue

egeneration and repair ( Sadeghi et al., 1998; Sengers et al., 2007;

remel et al., 2009; Sarapata and de Pillis, 2010; Gerlee, 2013;

dmondson et al., 2014; Shah et al., 2016 ). Mathematical models of

any biological processes involved in these experiments normally

equire certain assumptions to make the problem mathematically

nd computationally tractable. When modelling large populations

f cells, one of the most intuitive approaches is to assume that

ll cells have fixed properties, such as assuming all cells have
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onstant size and constant diffusivity ( Binder and Simpson 2016;

herratt and Murray, 1990; Galle et al., 2005; Simpson et al.,

013 ). In this framework a cell population is considered to be a

omogeneous population, and single-species homogeneous models 

re routinely invoked ( Baker and Simpson 2010; Maini et al.,

004b; Maini et al., 2004a; Sepulveda et al., 2016; Simpson et al.,

013; George et al., 2017; Vo et al., 2015 ). Single-species homoge-

eous models are much less computationally expensive than more

laborate multi-species heterogeneous models and, as a result, are

requently used relative to multi-species counterparts. In addition,

ulti-species frameworks usually involve a significantly larger

umber of free model parameters that we may have little prior

nowledge about and so the process of calibrating multi-species

eterogeneous models to match experimental observations is

ignificantly more challenging than calibrating single-species ho-

ogeneous models. This is an important consideration because

t is well-known that parameterising mathematical models of

https://doi.org/10.1016/j.jtbi.2019.109997
http://www.ScienceDirect.com
http://www.elsevier.com/locate/jtb
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biological processes can be challenging, often requiring

computationally-intensive methods ( Pozzobon and Perre, 2018;

Warne et al., 2019 ). 

Although heterogeneity in cell populations is frequently ob-

served in experiments, there is relatively little guidance or con-

sensus in the literature about how to incorporate such het-

erogeneity into the mathematical models used to replicate and

predict such experiments ( An et al., 2001; Altschuler and Wu,

2010; Menon et al., 2018 ). Fig. 1 (a)-(b) shows a typical experiment

where we can clearly visually observe cells of different sizes. The

measured cell size distribution in Fig. 1 (c) quantifies this hetero-

geneity in cell sizes and raises the question if the most straightfor-

ward approach of applying a single-species homogeneous model

can be reasonably used to predict the spatial spreading of this

clearly heterogeneous population. In addition to the clear visual

heterogeneity in cell sizes, it could be relevant to consider that

cells of different sizes can exhibit different behaviour such as dif-

ferent rates of motility, or different mechanical properties includ-

ing resistance to deformation and adhesion. Therefore, it could be

possible that there are multiple types of heterogeneity acting in

even this very simple experiment. Previously, heterogeneity in cell

populations has been introduced in both discrete and continuum

models of cell motility ( Simpson et al., 2014; Jin et al., 2016; Sund-

strom et al., 2016; Matsiaka et al., 2017 ). Previous work has also

attempted to estimate parameters in heterogeneous models that

describe glioblastoma progression ( Rutter et al., 2018 ). However,

these previous modelling studies do not address the basic question

of identifying whether it is absolutely necessary to apply a multi-

species heterogeneous models to obtain a faithful description of

the behaviour of the heterogeneous population and whether differ-

ent forms of heterogeneity affect the answer to this fundamental

question. 

In our work we use an experimentally-motivated approach to

investigate the role of heterogeneity in two-dimensional scratch

assays, and we compare the performance of a single-species ho-

mogeneous model relative to a heterogeneous multi-species model.

We use numerical solutions of the multi-species heterogeneous

model to produce synthetic test data that we use to investi-

gate the performance of a simpler single-species homogeneous

model. To mimic experimental data, such as depicted in Fig. 1 ,

we use the multi-species continuum approach introduced by

Matsiaka et al. (2017) . To keep our work tractable, we describe

the heterogeneity by dividing the total population into three sub-

populations with varying properties. The choice of working with

three subpopulations allows us to keep the model computationally

tractable while capturing important differences in the population

properties, as illustrated in Fig. 1 (d). Throughout this work we con-

sider four distinct distributions of cell sizes: (i) monotonically de-

creasing (Set Ia); (ii) uniform (Set Ib); (iii) non-monotonic (Set Ic);

and (iv) monotonically increasing (Set Id). The monotonically de-

creasing distribution, as shown in Fig. 3 (a), is a fairly accurate ap-

proximation of the experimentally observed cell size distribution in

Fig. 1 (d). The other three kinds of distributions are included in our

work for completeness. Our findings suggest that, for certain cell

size distributions, namely monotonically decreasing and uniform

distributions, the single-species homogeneous model performs re-

markably well with an excellent match between the density pro-

files generated by the three-species heterogeneous model and den-

sity profiles predicted by its single-species homogeneous analogue.

Therefore, our results imply that applying a single-species homoge-

neous model to describe experiments with monotonically decreas-

ing or uniform cell size distributions might be sufficient for accu-

rately predicting population-level behaviour. In contrast, the data

with non-monotonic and monotonically increasing cell size distri-

butions might require the application of multi-species models to

account for differences in population. 
This manuscript is organised in the following way. In

ection 2 we describe experimental data for a series of two-

imensional scratch assays that clearly involve a significant level

f heterogeneity among the population. In Section 3 we introduce

 mathematical model of the cell motility and adhesion. In partic-

lar, we focus on two analogues of the mathematical model: (i) a

hree-species heterogeneous model of cell motility where param-

ters including cell size, cell diffusivity and cell adhesion strength

an vary between the subpopulations; and (ii) a more traditional

ingle-species homogeneous model of cell motility where all cells

n the population are treated as having the same cell size, cell dif-

usivity and cell adhesion strength. Results in Section 4 compare

erformance of the single-species homogeneous model as applied

o data generated using the three-species heterogeneous model for

ifferent cell size distributions. Additional results presented in the

upplementary Material explore the role of: (i) heterogeneity in

ndirected (diffusive) migration, Set II; and (ii) heterogeneity in di-

ected (adhesion/cell-to-cell contacts) migration, Set III. Finally, in

ection 5 we summarise our result and propose potential exten-

ions. 

. Experimental data 

Monolayer scratch assays are performed using the IncuCyte

OOM 

TM system ( Essen, 2019 ). In all experiments we use the PC-3

rostate cancer cell line ( Kaighn et al., 1979 ) from the American

ype Culture Collection (ATCC 

TM , Manassas, USA). After growing,

ells are removed from the flask using TrypLE TM (ThermoFisher

cientific) in phosphate buffered saline, resuspended in growth

edium and seeded at a density of 20,0 0 0 cells per well in 96-

ell ImageLock plates ( Essen, 2019 ). The diameter of each individ-

al well is 90 0 0 μm. 

Mitomycin-C is added at a concentration of 10 g/mL for two

ours before a scratch is made in the monolayer of cells

 Sadeghi et al., 1998 ). Mitomycin-C is a chemotherapy drug that

locks DNA replication and, consequently, stops proliferation. As a

esult of treatment the number of cells in the assay remains ap-

roximately constant since cells neither proliferate or die on the

imescale of the experiment. Often scratch assays are performed

sing mitomycin-C treated cells so that the experiment focuses

nly upon the role of cell migration as opposed to the combined

ffects of cell migration and cell proliferation. A WoundMaker TM 

 EssenBioscience, 2019 ) is used to create identical scratches in

he uniformly distributed populations. Medium is aspirated af-

er scratching; each well is washed twice and refilled with fresh

edium (100 μL). Plates are incubated in the IncuCyte ZOOM 

TM 

nd photographed every two hours for 48 hours. In total, these ex-

eriments are performed in eight of the 96 wells on the 96-well

late. In our work we use one of the experimental replicates at

 = 0 h , shown in Fig. 1 , to quantify the heterogeneity in a cell pop-

lation. 

To quantify the heterogeneity in cell size we randomly select

84 cells from the experimental image in Fig. 1 (a) at t = 0 h. As-

uming each cell can be treated as a disc, we estimate the equiva-

ent diameter of each individual cell using the following approach.

irst, we use the histogram tool in Photoshop CS5 to count a num-

er of pixels in the area occupied by each individual cell. The pixel

ount is converted to an area, A . Second, we estimate the equiva-

ent diameter, δ = 

√ 

4 A/π and use this data to produce histograms

o illustrate and visualise the variability in cell size within the ex-

eriment. The resulting cell size distribution, presented as a his-

ogram constructed with bin width 2.3 μm, is shown in Fig. 1 (c).

he bin width 2.3 μm is chosen to demonstrate the fine struc-

ure within the cell population that is not normally incorporated

n mathematical models of cell migration. However, the compu-

ational simulation of a population with the cell size distribution
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Fig. 1. Heterogeneity in a population of PC-3 prostate cancer cells ( Kaighn et al., 1979 ). (a) Experimental image of an advancing cell population and corresponding cell size 

distribution. The red solid line denotes position of the leading edge. (b) Detailed image of the subregion denoted in the blue rectangle in Figure 1(a). (c) Cell size distribution 

with a bin size of 15 μm. The cell size distribution is obtained from the sample of 184 cells randomly selected from the population. (d) Cell size distribution with a bin size 

of 2.3 μm. The histogram in Figure 1(d) is constructed using the same sample of 184 cells. (For interpretation of the references to colour in this figure legend, the reader is 

referred to the web version of this article.) 
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hown in Fig. 1 (c) is impractical since it would require significant

omputational resources to simulate the dynamics of 17 distinct

ubpopulations. As a compromise, we increase the bin width to re-

uce the number of distinct subpopulations while still retaining a

ufficient number of bins to allow us to broadly characterise the

eterogeneity in the population. Fig. 1 (d) demonstrates the his-

ogram of cell sizes constructed using the same sample of cells

ith a larger bin size width of 15 μm. Here, we have three sub-

opulations that capture the key trends in the heterogeneity in

ig. 1 (c) without needing to deal with 17 distinct subpopulations. 

In this work we use experimental data to extract the cell size

istribution at t = 0 h and use this data to generate the initial con-

itions in the three-species heterogeneous model (Set Ia, Fig. 3 ).

n interesting side effect of Mitomycin-C pretreatment is that

ells increase in size abnormally fast compared to similar exper-

ments without pretreatment ( Matsiaka et al., 2018 ). As a result of

retreatment, the cell size distribution changes significantly with

ime, which, in turn, represents an additional degree of freedom

n the problem. To keep our work tractable, we consider the most

undamental problem where we treat the cell size distribution as

eing constant through time, and we leave an extension to the

ase where the cell size distribution varies with time for future

nalysis. 

. Mathematical model 

Discrete, stochastic models are often used to describe the spa-

ial spreading of a population of cells, especially when the popu-

ation of cells is not too large. Here, cells move and interact with

ach other via predefined force function, as illustrated schemati-
ally in Fig. 2 ( Newman and Grima, 2004; Callaghan et al., 2006;

asenauer et al., 2011; Frascoli et al., 2013; Osborne et al., 2017 ).

his approach is individual-based in the sense that knowledge

bout the movement of each individual is essential to infer the

volution of a density on the population-level scale. One of the

ost popular individual-based modelling approaches makes the

ssumption that the motion of each cell can be described by

 Langevin stochastic differential equation ( Newman and Grima,

004; Middleton et al., 2014 ). As such, the system of N cells is de-

cribed by a system of N stochastic differential equations of the

orm 

d 

�
 x i 

d t 
= 

∑ 

i � = j 
�
 F i j + 

�
 ξi , (3.1) 

here � x i is the position vector of the i th cell, � F i j is the interac-

ion force between cells i and j , and 

�
 ξi is the random stochas-

ic force acting upon cell i ( Middleton et al., 2014; George et al.,

017; Osborne et al., 2017 ). The interaction force, � F i j , can be used

o parametrise various features of cell populations, including het-

rogeneity. In fact, it is relatively straightforward to model hetero-

eneity in cell sizes in a discrete framework since the interaction

orce, � F i j , can be chosen to explicitly include the cell size as a pa-

ameter ( Matsiaka et al., 2018 ). Here we can easily differentiate the

opulation into an arbitrary number of subpopulations by assign-

ng the value of the cell size to each member of the population.

espite the many advantages of this kind of individual-based mod-

lling approach, such individual-based models are computationally

nefficient as the number of cells, N , increases. This is because the

omputation time required to simulate such models increases with

 . 
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Fig. 2. (a) An idealisation of the front-like distribution of cells in the experimental design shown in Fig. 1 (a). Here all cells are of constant size. F ij is the interaction force 

between cell i and cell j . The vertical dashed line represents the approximate leading edge of the population. (b) A typical cell-to-cell interaction force function in the form of 

the modified Morse potential, Z ( r ), ( Eq. (3.7) ) used to mimic adhesion and repulsion between individual cells. The vertical dashed line represents the diameter of individual 

agents, δ. The horizontal line at Z(r) = 0 shows the change from long-range attraction ( Z ( r ) < 0 for r > δ) to short-range repulsion ( Z ( r ) > 0 for r < δ). 
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In contrast, continuum models based on partial differential

equations (PDEs) are much more convenient to model large cell

populations because the time taken to solve continuum PDE mod-

els is independent of the size of the population ( Sherratt and Mur-

ray, 1990; Sheardown and Cheng, 1995; Cai et al., 2007; Wise et al.,

2008 ). Often, PDE models are derived using continuum-limit ap-

proximations of underlying discrete models and, as such, are able

to retain certain features of a discrete model ( Middleton et al.,

2014; O’Dea and King, 2012 ). In this work we focus on a contin-

uum model that is derived by taking the limit of a three-species

heterogeneous individual-based model ( Matsiaka et al., 2017 ). This

approach allows us to conceptually incorporate key features of the

heterogeneous cell populations into a discrete modelling frame-

work, and then using a computationally efficient approach to solve

the resulting continuum-limit PDE description of the underlying

heterogeneous model. 

We note that, due to the geometry of experiments presented

in Fig. 1 , we are interested in the net movement of cells in only

one direction, in this case the horizontal direction ( Jin et al., 2016 ).

This is due to the fact that the net flux of cells in the vertical di-

rection is, on average, zero because of the symmetry in the initial

conditions of a scratch assay. Consequently, we focus on a one-

dimensional continuum model and consider the evolution of the

total cell population in the horizontal direction only. The use of

a one-dimensional framework to describe two-dimensional scratch

assays has been previously demonstrated to be a convenient ap-

proach to reduce the computational complexity while still describ-

ing the key features of the experiment ( Matsiaka et al., 2018 ). 

Here we employ a mean field model describing the spatial

spreading of a population of cells composed of three distinct sub-

populations. In one-dimension, the model can be written as 

∂ p (1) (x, t) 

∂t 
= D 1 �p (1) (x, t) + ∇(p (1) (x, t) V 

(1 , 1) (x, t)) 

−
3 ∑ 

i =1 

n i ∇(p (1) (x, t) V 

(1 ,i ) (x, t)) , (3.2)

∂ p (2) (x, t) 

∂t 
= D 2 �p (2) (x, t) + ∇(p (2) (x, t) V 

(2 , 2) (x, t)) 

−
3 ∑ 

i =1 

n i ∇(p (2) (x, t) V 

(2 ,i ) (x, t)) , (3.3)
∂ p (3) (x, t) 

∂t 
= D 3 �p (3) (x, t) + ∇(p (3) (x, t) V 

(3 , 3) (x, t)) 

−
3 ∑ 

i =1 

n i ∇(p (3) (x, t) V 

(3 ,i ) (x, t)) , (3.4)

 

(l,i ) (x, t) = 

∫ 
�

F (l,i ) (x − y ) p (i ) (y, t) d y, (3.5)

here p (1) ( x , t ), p (2) ( x , t ), and p (3) ( x , t ) are the cell densities as-

ociated with each subpopulation and depend on position x and

ime t . In this heterogeneous model, D 1 , D 2 , and D 3 are diffusivi-

ies of subpopulations 1, 2, and 3, n 1 , n 2 , and n 3 are the numbers

f cells in each subpopulation, and V 

( l , i ) ( x , t ) is the velocity field of

ubpopulation l induced by subpopulation i ( Matsiaka et al., 2017 ).

he diffusivity constants parameterise the undirected migration of

ach subpopulation and the velocity fields describe the directed

igration of each subpopulation that is driven by a combination

f cell-to-cell adhesion and crowding effects. 

The interaction force between subpopulations l and i that de-

cribes directed migration is given by 

 

(l,i ) (x − y ) = f (i ) 
0 

Z i (r) sgn (x − y ) , (3.6)

here f (i ) 
0 

is the dimensional amplitude of the interaction force

cting on subpopulation i , Z i (r) is a dimensionless function that

arametrises different f eatures of the cell-to-cell interactions, and

gn is the signum function. We choose to include long-range at-

raction that models cell-to-cell adhesion, and a short-range re-

ulsion that reflects volume exclusion effects ( Frascoli et al., 2013;

ainter et al., 2010 ). A number of different phenomenological laws,

 i (r) , are used to model repulsive and adhesive intercellular forces

 Murray et al., 2009; Jeon et al., 2010; Middleton et al., 2014 ). In

ur work we adopt modified Morse potential in the form 

 i (r) = 

⎧ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎩ 

2 

(
exp [ −2 a (r − δi )] − exp [ −a (r − δi )] 

)
, r < 2 δi , 

2 

(
exp [ −2 a (r − δi )] − exp [ −a (r − δi )] 

)
g i (r) , 2 δi ≤ r ≤ 3 δi , 

0 , r > 3 δi , 

(3.7)

here a is the parameter that controls the shape of the force

unction, δ is the cell size in the subpopulation i , i = 1 , 2 , 3 ,
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nd r = | x − y | . We fix the value of the shape parameter at

 = 0 . 08 μm 

−1 ( Matsiaka et al., 2017 ). The function g i (r) = (1 −
in [(2 π r − πδi ) / 2 δi ]) / 2 is the Tersoff cut-off function introduced

o impose a finite range of intercellular interactions ( Tersoff, 1988 ).

 sketch of the potential function given by Eq. (3.7) for different

alues of the parameter a is shown in Fig. 2 (b) confirming that this

otential function describes short range repulsion, longer range

ttraction and no interactions at over much longer distances. In

ummary, the key parameters in the heterogeneous three-species

odel are: (i) the cell sizes, δ1 , δ2 and δ3 ; (ii) the cell diffusivi-

ies, D 1 , D 2 and D 3 ; and (iii) the amplitudes of interaction forces,

f (1) 
0 

, f (2) 
0 

and f (3) 
0 

. In this work we will systematically explore how

eterogeneity in each of these three key parameters influences

hether we need to consider a complex heterogeneous multi-

pecies model or whether we can describe the spatial spreading

f a cell population using relatively simple homogeneous, single-

pecies models. Since our experimental data in Fig. 1 allows us

o explicitly characterise the heterogeneity in cell size, all results

n the main document focus on cell size. Additional results in the

upplementary Material focus on heterogeneity in diffusivity and

mplitude of interaction forces to provide additional insight into

he role of heterogeneity in these kinds of experiments. 

We define the total density of the heterogeneous population as

(x, t) = 

3 ∑ 

i =1 

[ 
p (i ) (x, t) 

] 
, (3.8)

here p ( i ) ( x , t ) is the cell density of subpopulation i = 1 , 2 , 3 pre-

icted by Eqs. (3.2)–(3.4) , and P(x, t) is the total cell density. It

s important to interpret the solutions of Eqs. (3.2)–(3.4) in terms

f total cell density since standard experimental protocols do not

ormally facilitate the measurement of spatial and temporal distri-

utions of various subpopulations ( Cai et al., 2007 ; Treloar et al.,

014). 

We can reduce the three-species heterogeneous system of equa-

ions, Eqs. (3.2)–(3.4) , to obtain a single-species homogeneous

odel in the form, 

∂P (x, t) 

∂t 
= D̄ �P (x, t) − (N − 1) ∇ 

(
P (x, t) V (x, t) 

)
, (3.9)

here P ( x , t ) is the cell density of the total population, N = 

∑ 3 
i =1 n i 

s the total number of cells in the population. Here we assume

hat the cell size, diffusivity and strength of the interaction force

or each population is constant, giving δi = δ̄, D i = D̄ , and f (i ) 
i 

=
f̄ 0 for i = 1 , 2 , 3 . The key differences between the homogeneous

ingle-species model, Eq. (3.9) , and the three-species heteroge-

eous model, Eqs. (3.2)–(3.4) are: (i) the three-species hetero-

eneous model incorporates three advection-diffusion equations

hile the single-species homogeneous model is given by a single

dvection-diffusion equation; (ii) the three-species heterogeneous

odel contains up to nine free parameters as opposed to three pa-

ameters in the single-species homogeneous model. 

The initial conditions in all simulations are chosen to mimic

 cell front, such as that shown in our experimental data set,

ig. 1 (a). As such, we adopt an initial cell distribution in the form

f the one-dimensional step function, 

 (x, 0) = P(x, 0) 

= 

{
23 . 9 × 10 −3 cells / μm , 0 μm < x < 10 0 0 μm , 

0 cells / μm , 10 0 0 μm < x < 20 0 0 μm , 
(3.10) 

n 0 < x < 20 0 0 μm, which is consistent with a length-scale of a

ypical in vitro experiment ( Jin et al., 2016 ). The initial cell distri-

ution in the heterogeneous model is given by the sum of initial

ensities of three subpopulations, P(x, 0) = 

∑ 

i p 
(i ) (x, 0) , where

he density of each subpopulation, p ( i ) ( x , 0), varies between each
ell size distribution and can be inferred from the histograms in

ig. 3 (a). The value of the initial density of the total population is

hosen to represent fairly confluent population of cells. For exam-

le, the simulation of the three-species population with the mono-

onically decreasing cell size distribution, Set Ia, is initiated with

he confluence level of approximately 65% of maximum packing

ensity, which is fairly typical for scratch assay experiments ( Jin

t al., 2018; Matsiaka et al., 2017 ). We note that the boundary of

he experimental image in Fig. 1 (a) is not a physical boundary and

ells can freely move across this boundary because the image cap-

ures only a small fraction of a much larger experimental domain

 Simpson et al., 2018 ). During the experiment, cells freely migrate,

n each direction, across the boundary. However, since the density

f cells away from the scratch is spatially uniform, the net flux of

ells across the boundary of the image is zero. To capture this sit-

ation we impose zero net flux boundary conditions at x = 0 μm

nd x = 20 0 0 μm . 

All continuum results for single-species homogeneous and

hree-species heterogeneous models, given by Eq. (3.9) and Eqs.

3.2)–(3.4) , respectively, are solved numerically using the method

f lines with �x = 4 μm and �t = 0 . 005 h on 0 < x < 20 0 0 μm

 Matsiaka et al., 2017 ). We find that this choice of spatial and tem-

oral discretisations are sufficiently fine to produce grid indepen-

ent results. The detailed discretisation scheme used in this work

s presented in the Supplementary Material. 

. Results and discussion 

To investigate the ability of a single-species homogeneous

odel to capture the behaviour of the three-species heterogeneous

nalogue, we consider a series of case studies. In these case stud-

es we vary only one parameter at a time to simplify our analysis

nd to focus on the impact of each individual parameter. Another

pproach would be to use the mathematical models to explore het-

rogeneity multiple parameter at the same time. However, in this

rst instance, we prefer to take a more fundamental approach and

xamine the role of heterogeneity in each parameter separately. In

he first set of experiments, Set I, we vary the cell size, δ̄, while

eeping D̄ and f̄ 0 fixed at D̄ = 250 μm 

2 / h and f̄ 0 = 1 . 0 μm / h . The

alues of D i and f (i ) 
0 

in the heterogeneous three-species model are

xed at D i = 250 μm 

2 / h and f (i ) 
0 

= 1 . 0 μm / h for i = 1 , 2 , 3 . These

alues of diffusivity and amplitude of cell-to-cell interaction forces

re based on detailed experimental measurements reported previ-

usly ( Matsiaka et al., 2019 ). 

There are number of ways to quantify performance of the

ingle-species homogeneous model in our framework. The posi-

ion of the leading edge of the spreading population is routinely

sed by experimentalists to provide quantitative insights into the

ate of spatial spreading of a cell population ( Treloar and Simp-

on, 2013; Johnston et al., 2014; Kollimada et al., 2016; Nardini

t al., 2016; Bobadilla et al., 2019 ). Therefore, we quantify the dis-

repancy between the solution of the heterogeneous three-species

odel and the homogeneous single-species model using an error

easure, E( ̄δ) , associated with the position of the leading edge, 

( ̄δ) = 

1 

α

∑ 

j 

[ S(t j ) − S(t j )] 2 , (4.1)

here S(t j ) is the position of the leading edge according to the

hree-species heterogeneous model at time t j , S ( t j ) is the position

f the leading edge predicted by the single-species homogeneous

odel, and α = 49 is the number of discrete time points we use to

ompute E( ̄δ) . In both scenarios the position of the leading edge is

omputed as the coordinate on the one-dimensional domain where

he density is 1% of the initial density ( Treloar and Simpson, 2013 ).

n alternative approach is to use an error measure based on the
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Fig. 3. Set Ia. Heterogeneity in cell sizes: monotonically decreasing distribution. (a) Cell size distribution adopted in the three-species heterogeneous model, Eqs. (3.2)–

(3.4) . Here the proportions of cells of different sizes are set to: (i) n 1 /N = 0 . 472 ; (ii) n 2 /N = 0 . 472 ; (iii) n 3 /N = 0 . 056 . (b) Leading edge as predicted by the three-species 

heterogeneous model, S(t) (solid red), and the best-fit approximation given by the single-species homogeneous model, S ( t ) (blue dashed). (c) Error measure, E( ̄δ) , between 

the position of the leading edge given by the three-species heterogeneous model and the position predicted by the single-species homogeneous model as a function of cell 

size, δ̄. The black arrow denotes the best-fit value of cell size, δ̄ = 28 μm . (d)-(e) Cell density profiles predicted by the three-species heterogeneous model, P(x, t) (solid 

red), superimposed with density profiles given by the single-species homogeneous model calibrated with the best-fit value of δ, P ( x , t ) (solid blue). The continuum results 

for both models are presented at t = 0 , 12 , 24 , 36 , and 48 h. Black arrows denote the direction of increasing time. Results in (e) show a close-up comparison right near the 

leading edge, denoted by the gray shaded region in (d). (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this 

article.) 
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discrepancy between cell density profiles. At first, this approach of

using the entire cell density profile might be thought to be prefer-

able to working with leading edge data since density profiles incor-

porate much more detailed spatial information than just using the

position of the leading edge. However, extracting the density data

from experiments is much more tedious because it often involves

manual cell counting in regions where cell densities are high and

this is both difficult to reproduce and very time consuming (Treloar

et al., 2014). Therefore, to keep our work as practical as possible,

here we present only results with an error measure solely based on

the leading edge data. Additional result that measure the discrep-

ancy between the models using the entire density information are

presented in the Supplementary Material (Figure A.1 and (Figure

A.2), and we find that this more complicated approach gives very

similar results to the leading edge data. Therefore, in this work, we

focus on the using leasing edge data. 

The experimental distribution of cell sizes in Fig. 1 (d) pro-

vides insights into potential choices of the cell size distribution

in Eqs. (3.2)–(3.4) . Here we define three subpopulations based on

the equivalent cell size: small ( δ1 = 18 μm), medium ( δ2 = 34 μm),

and large cells ( δ3 = 50 μm). For simplicity, we set the fractions of

small and medium cells to be equal and refer to this distribution as

a monotonically decreasing distribution of cell sizes (Set Ia, Fig. 3 ).

After considering the experimentally-motivated monotonically de-

creasing distribution, we then systematically explore: (i) uniform
Set Ib, Fig. 4 ), (ii) non-monotonic (Set Ic, Fig. 5 ), and (iii) mono-

onically increasing distributions (Set Id, Fig. 6 ). 

Fig. 3 (b) compares the leading edge prediction, S(t) , given by

he three-species heterogeneous model with the associated best-fit

atch, S ( t ), predicted by the single-species homogeneous model.

ur systematic computation of the error measure, E( ̄δ) , demon-

trates a clear minimum which ensures the unique choice of a

est-fit cell size, δ̄. Results in Fig. 3 (d) superimposes the solution

f the three-species heterogeneous model with the solution of the

ingle-species homogeneous model parameterised with the best fit

ell size. Comparing the time evolution of the spreading density

rofiles in Fig. 3 (d) (with additional details at the leading edge

hown in the magnified region in Fig. 3 (e)) we see that the ap-

ropriately parameterised single-species homogeneous model cap-

ures the temporal evolution of the spreading profile given by the

eterogeneous model remarkably accurately. In particular, the den-

ity profiles predicted by the single-species homogeneous model

atch both the position and shape of the density profiles gener-

ted by the three-species heterogeneous model. These results im-

ly that in this case it would be reasonable to use a much sim-

ler single-species homogeneous model to describe and predict

his spatial spreading. 

Visual inspection of the results in Figs. 3–6 suggests that we

an always find a unique, well-defined value of the cell size in

he single-species homogeneous model to provide an accurate
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Fig. 4. Set Ib. Heterogeneity in cell sizes: uniform distribution. (a) Cell size distribution adopted in the three-species heterogeneous model, Eqs. (3.2)–(3.4) . Here the pro- 

portions of cells of different sizes are set to: (i) n 1 /N = 0 . 33(3) ; (ii) n 2 /N = 0 . 33(3) ; (iii) n 3 /N = 0 . 33(3) . (b) Leading edge as predicted by the three-species heterogeneous 

model, S(t) (solid red), and the best-fit approximation given by the single-species homogeneous model, S ( t ) (blue dashed). (c) Error measure, E( ̄δ) , between the position of 

the leading edge given by the three-species heterogeneous model and the position predicted by the single-species homogeneous model as a function of cell size, δ̄. The black 

arrow denotes the best-fit value of cell size, δ̄ = 36 μm . (d)-(e) Cell density profiles predicted by the three-species heterogeneous model, P(x, t) (solid red), superimposed 

with density profiles given by the single-species homogeneous model calibrated with the best-fit value of δ̄, P ( x , t ) (solid blue). The continuum results for both models are 

presented at t = 0 , 12 , 24 , 36 , and 48 h. Black arrows denote the direction of increasing time. Results in (e) show a close-up comparison right near the leading edge, denoted 

by the gray shaded region in (d). (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.) 
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rediction of the temporal evolution of the position of a leading

dge of the spreading heterogeneous cell populations regardless of

he underlying cell size distribution in the three-species hetero-

eneous model ( Figs. 3 (b)- 6 (b)). In contrast, the quality of match

etween the shape of the density profiles for the three-species

eterogeneous model and the single-species homogeneous model

aries significantly between different cell size distributions. For ex-

mple, the experimentally motivated distribution in Fig. 3 (a) (Set

a) leads to a remarkably good match between the three-species

eterogeneous model and the single-species homogeneous model.

imilarly, the uniform distribution shown in Fig. 4 (a) (Set Ib) also

eads to a reasonably good quality of match between two different

odels. In contrast, the density profiles associated with the non-

onotonic cell size distribution ( Fig. 5 , Set Ic) and monotonically

ncreasing cell size distribution ( Fig. 6 , Set Id) show a relatively

oor match. In these cases, it would seem prudent not to use a

impler single-species homogeneous model to simulate and predict

hese experiments. 

The values of the cell size, δ̄, that produce best match between

he single-species homogeneous and three-species heterogeneous

odels vary significantly between different cell size distributions.

or example, the best-fit value of the cell size for the uniform dis-

ribution ( Fig. 4 , Set Ib), δ̄ = 36 μm , is quite close to the weighted
verage value of 34 μm for the distribution in Fig. 4 (a). This in-

icates that the choice of a simple weighted average of the cell

izes might be a reasonable way to parameterise the single-species

omogeneous model if the experimentally observed distribution is

lose to uniform. We observe similar agreement for best-fit values

f the cell size in the case of monotonically decreasing (Set Ia) and

onotonically increasing (Set Id) cell size distributions, shown in

igs. 3 and 6 , respectively. In contrast, the best-fit value of the cell

ize for the non-monotonic distribution (Set Ic), δ̄ = 40 μm , differs

ignificantly from the weighted average of 34 μm. Therefore, these

esults suggest that great care ought to be exercised when taking a

istribution of parameter values and attempting to select the most

ppropriate single representative value of that parameter. 

In addition to the results in Figs. 3–6 exploring the role of het-

rogeneity in cell size, we present an additional suite of results

here we systematically explore the role of heterogeneity in dif-

usivity (Set II) and amplitude of interaction forces (Set III) while

eeping the cell size constant in all subpopulations. These addi-

ional results are presented in the Supplementary Material doc-

ment. Both Set II and Set III data sets demonstrate exceptional

uality of match between the three-species heterogeneous sim-

lation data and its best-fit single-species homogeneous equiva-

ent. Again, these additional results provide guidance about when
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Fig. 5. Set Ic. Heterogeneity in cell sizes: non-monotonic distribution. (a) Cell size distribution adopted in the three-species heterogeneous model, Eqs. (3.2)–(3.4) . Here the 

proportions of cells of different sizes are set to: (i) n 1 /N = 0 . 472 ; (ii) n 2 /N = 0 . 056 ; (iii) n 3 /N = 0 . 472 . (b) Leading edge as predicted by the three-species heterogeneous 

model, S(t) (solid red), and the best-fit approximation given by the single-species homogeneous model, S ( t ) (blue dashed). (c) Error measure, E( ̄δ) , between the position of 

the leading edge given by the three-species heterogeneous model and the position predicted by the single-species homogeneous model as a function of cell size, δ̄. The black 

arrow denotes the best-fit value of cell size, δ̄ = 40 μm . (d)-(e) Cell density profiles predicted by the three-species heterogeneous model, P(x, t) (solid red), superimposed 

with density profiles given by the single-species homogeneous model calibrated with the best-fit value of δ̄, P ( x , t ) (solid blue). The continuum results for both models are 

presented at t = 0 , 12 , 24 , 36 , and 48 h. Black arrows denote the direction of increasing time. Results in (e) show a close-up comparison right near the leading edge, denoted 

by the gray shaded region in (d). (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.) 
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it is reasonable to approximate a more complicated heterogeneous

mathematical model with a simpler single-species homogeneous

model. 

5. Conclusions 

In this work, we explore the role of heterogeneity in the con-

text of studying how an initially confined population of cells can

spread into surrounding initially unoccupied regions, as in the case

of a scratch assay. We use a three-species heterogeneous model of

cell motility, account for undirected cell motility, short range re-

pulsion (crowding) and longer range adhesion, to capture experi-

mentally observed heterogeneity in cell sizes from a new exper-

imental data set from a two-dimensional scratch assay as shown

in Fig. 1 . Our continuum models account for the undirected ran-

dom motility, cell-to-cell adhesion, and cell crowding. The single-

species homogeneous model is applied to each set of three-species

heterogeneous simulation data in an attempt to match cell density

profiles. 

To analyse the performance of the single-species homogeneous

model to capture data from our three-species heterogeneous model

we consider four different cell size distributions: (i) monotoni-

cally decreasing distribution, (ii) uniform distribution, (iii) non-

monotonic distribution, and (iv) monotonically increasing distri-
ution. Overall, for a set of experimentally-motivated parameter

ombinations, we find that the standard single-species homoge-

eous model is able to accurately predict the position of the lead-

ng edge for all case studies presented. However, the quality of

he match between the shape of the density profiles varies signif-

cantly depending on the details of the form of the heterogene-

ty present. For example, the monotonically decreasing distribution

Set Ia) demonstrates remarkable goodness of fit between the two

ets of density profiles, as shown in Fig. 3 (d). This result is im-

ortant because the monotonically decreasing cell size distribution

s chosen to mimic the distribution of the cell sizes observed in

ur new experimental data set, shown in Fig. 1 . Similarly, the ho-

ogeneous distribution, Fig. 4 , shows that single-species homoge-

eous model is able to accurately replicate the three-species het-

rogeneous model results. This is an expected result because in

his special case the cells of each subpopulation are the same size.

n contrast, the single-species homogeneous model does not per-

orm so well when applied to both non-monotonic and monotoni-

ally increasing distributions in Figs. 5 , 6 , respectively. Additionally

e explore potential heterogeneity in diffusivity and amplitude

f the cell-to-cell interactions (Supplementary Material). Overall,

ur results suggest that for certain cell size distributions, a simple

nd computationally efficient single-species homogeneous model is

referable over a thee-species heterogeneous model. 
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Fig. 6. Set Id. Heterogeneity in cell sizes: monotonically increasing distribution. (a) Cell size distribution adopted in the three-species heterogeneous model, Eqs. (3.2)–

(3.4) . Here the proportions of cells of different sizes are set to: (i) n 1 /N = 0 . 056 ; (ii) n 2 /N = 0 . 472 ; (iii) n 3 /N = 0 . 472 . (b) Leading edge as predicted by the three-species 

heterogeneous model, S(t) (solid red), and the best-fit approximation given by the single-species homogeneous model, S ( t ) (blue dashed). (c) Error measure, E( ̄δ) , between 

the position of the leading edge given by the three-species heterogeneous model and the position predicted by the single-species homogeneous model as a function of cell 

size, δ̄. The black arrow denotes the best-fit value of cell size, δ̄ = 41 μm . (d)-(e) Cell density profiles predicted by the three-species heterogeneous model, P(x, t) (solid 

red), superimposed with density profiles given by the single-species homogeneous model calibrated with the best-fit value of δ̄, P ( x , t ) (solid blue). The continuum results 

for both models are presented at t = 0 , 12 , 24 , 36 , and 48 h. Black arrows denote the direction of increasing time. Results in (e) show a close-up comparison right near the 

leading edge, denoted by the gray shaded region in (d). (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this 

article.) 
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There are number of ways this work can be extended which

e leave for future analysis. All our simulations and analysis focus

n treating the heterogeneity in the population of cells by consid-

ring the total population to be composed of three distinct sub-

opulations. For more extreme forms for heterogeneity, such as

ulti-modal distributions, the results presented in this work could

e extended by considering additional subpopulations. Another

implification that we invoke is to assume that the measured het-

rogeneity remains constant for the duration of the experiment.

uture studies could address the significantly more complicated

uestion of allowing the distributions to evolve in time on the

ame time scale as the experiment to see if it is still possible to

se a simpler homogeneous model in this more complicated sce-

ario. Another avenue for further exploration would be to consider

eterogeneity in more than one parameter at a time, whereas in

his work we have taken the most fundamental approach and ex-

mined heterogeneity in just one parameter in isolation from the

thers. For both of these extensions, the modelling framework pre-

ented in this study can be extended to explore these additional

eatures, and we leave such extensions for future consideration.

nother option for extending the work would be to consider fur-

her details in the mathematical models, such as the effects of

ombined cell migration and combined cell proliferation. Here we

ave not pursued this approach because our experimental data set
as been carefully prepared to exclude the effects of proliferation

o that we can focus just on cell migration and heterogeneity in

ell migration alone. 
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