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We examine three different methods for modelling spreading cell fronts.
We compare these methods to results from averaged discrete simulations.
The transient and the asymptotic behaviour are both taken into account.
We deduce which methods are best suited to speciﬁc parameter regimes.
We discuss examples of which methods may be suitable for some biological phenomena.
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Spreading cell fronts play an essential role in many physiological processes. Classically, models of this
process are based on the Fisher–Kolmogorov equation; however, such continuum representations are
not always suitable as they do not explicitly represent behaviour at the level of individual cells.
Additionally, many models examine only the large time asymptotic behaviour, where a travelling wave
front with a constant speed has been established. Many experiments, such as a scratch assay, never
display this asymptotic behaviour, and in these cases the transient behaviour must be taken into
account. We examine the transient and the asymptotic behaviour of moving cell fronts using techniques
that go beyond the continuum approximation via a volume-excluding birth-migration process on a
regular one-dimensional lattice. We approximate the averaged discrete results using three methods:
(i) mean-ﬁeld, (ii) pair-wise, and (iii) one-hole approximations. We discuss the performance of these
methods, in comparison to the averaged discrete results, for a range of parameter space, examining
both the transient and asymptotic behaviours. The one-hole approximation, based on techniques from
statistical physics, is not capable of predicting transient behaviour but provides excellent agreement
with the asymptotic behaviour of the averaged discrete results, provided that cells are proliferating
fast enough relative to their rate of migration. The mean-ﬁeld and pair-wise approximations give
indistinguishable asymptotic results, which agree with the averaged discrete results when cells are
migrating much more rapidly than they are proliferating. The pair-wise approximation performs better
in the transient region than does the mean-ﬁeld, despite having the same asymptotic behaviour.
Our results show that each approximation only works in speciﬁc situations, thus we must be careful to
use a suitable approximation for a given system, otherwise inaccurate predictions could be made.
& 2014 Elsevier Ltd. All rights reserved.
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1. Introduction
Advancing fronts of cells are frequently observed experimentally (Simpson et al., 2007b, 2013b; Maini et al., 2004a,b).
For example, in Fig. 1, we see an advancing front of murine
ﬁbroblast 3T3 cells from an in vitro experiment (Todaro and
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Green, 1963; Simpson et al., 2013b). This phenomenon is essential
in many physiological processes: embryonic development hinges
on the spatial advancement of cells (Simpson et al., 2007b),
and wounds could not heal without it (Maini et al., 2004a,b).
Additionally, it is important in tissue engineering (Sengers et al.,
2007, 2009), which relies on the ability of fronts of cells to move
into empty space. Less desirably, moving fronts of cells are a major
factor in disease progression, most notably in cancer (Allred, 2010;
Swanson et al., 2003; Gatenby and Gawlinski, 1996). An important
clinical feature is the sharpness of the front, which is determined
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Fig. 1. Experimentally observed moving front of murine ﬁbroblast cells. In (a) we see a snapshot of the cells invading the space to the right, whilst in (b), we see the
highlighted region from (a) where the cell nuclei have been stained. In (c), we have the calculated density proﬁle showing the shape of the front. The experimental details for
producing images such as these can be found in Simpson et al. (2013b).

by the relative rates of migration and proliferation; a shallow front
can lead to difﬁculties when surgically removing a tumour
(Swanson et al., 2003). Given their importance biologically, it is
hardly surprising that moving cell fronts have been the focus of
many mathematical modelling studies.
Classically, advancing fronts of cells have been modelled using
the Fisher–Kolmogorov equation (Fisher, 1937; Kolmogorov et al.,
1937), which has a travelling wave solution with constant shape
and speed. The asymptotic wave speed
(as t-1), vf, for initial
pﬃﬃﬃﬃﬃﬃ
conditions with compact support is 2 Dλ where D is the diffusivity of the cells, and λ their effective proliferation rate (Murray,
2002). Measuring the wavespeed experimentally does not allow us
to determine unique values for D and λ, making additional
experimental observations necessary (Simpson et al., 2013b;
Sengers et al., 2007). Moreover, even once the travelling wave
has been established, the Fisher–Kolmogorov equation, which
represents the mean-ﬁeld behaviour, is not always an accurate
representation of the behaviour of a moving front of cells, due to
the stochastic nature of these processes (Lewis, 2000; Khain et al.,
2011). Thus, whilst it may be possible to ﬁt experimental data to
solutions of the Fisher–Kolmogorov model, this does not necessarily lead to accurate parameter estimation; something that is
frequently overlooked in models of moving cell fronts (Sengers
et al., 2007; Tremel et al., 2009). This has led to the development
of alternative methods for modelling moving cell fronts, some of
which we shall now discuss.
Using agent-based models, each cell is modelled explicitly thus
retaining a description of the individual behaviour whilst still
enabling observation of the population as a whole (Codling et al.,
2008). Discrete models have been used to examine moving cell
fronts in many areas of cell biology (Cheng et al., 2006; Dormann
and Deutsch, 2002; Mani et al., 2002). They are also often used
in conjunction with continuum models to provide a multiscale
modelling framework (Simpson et al., 2007a). Discrete models are
not conﬁned to any particular region of parameter space, but are
limited by their computational cost, and lack of analytical tractability. Thus, ideally, we would like to have simpler, more tractable
methods approximating the behaviour of moving cell fronts.
When cells proliferate signiﬁcantly more rapidly than they
migrate, we expect a sharp front (Swanson et al., 2003) with the
region behind the front almost completely ﬁlled with cells. Under
these conditions, we are able to predict the asymptotic front speed
using the one-hole approximation (OHA) (Callaghan et al., 2006).
This method uses series expansions to provide a correction term to
the front speed for the case without migration, which can be
calculated exactly. The OHA agrees well with discrete simulations
when cells proliferate signiﬁcantly faster than they migrate, and
can be extended to deal with more than one hole behind the front.

However, the method of Callaghan et al. (2006) is only given for
constrained systems where a cell either attempts to move or
proliferate at every time step, without ever resting. Additionally,
experimental results do not always produce the asymptotic
travelling front behaviour. The following three assays highlight
some of the different experiments which can be used to obtain
data for travelling fronts:
1. A single moving front is allowed to develop over a long period
of time ( 4 100 h) (Maini et al., 2004a,b). These experiments are
likely to allow for travelling front behaviour to be produced.
However, they are not as straightforward to carry out as the
same experiment over shorter timescales due to difﬁculties
with keeping the cells alive for long periods of time, and
maintaining a constant environment.
2. A single moving front is allowed to develop over a short period
of time ( o 24 h). The results of these experiments are not
on long enough timescales to produce asymptotic travelling
front behaviour (Sengers et al., 2009), but are more feasible
experimentally.
3. Two opposingly directed fronts come together. For instance,
when a thin strip (Liang et al., 2007; Valster et al., 2005;
Rodriguez et al., 2005; Young et al., 2012) or small hole (Young
et al., 2012) of cells is removed from a monolayer. In this set-up,
the artiﬁcially created gap is closed, thus the system may never
reach the asymptotic travelling front speed. For example, the
protocol in Liang et al. (2007) allows between 8 and 18 h for the
scratch to close. Given that typical cell doubling times are of a
similar order, we do not expect the asymptotic speed to have
been reached before the fronts from either side of the scratch
become interwoven. We see an example of this in Fig. 2, where
a scratch assay is performed with 3T3 cells. Within 30 h, we see
the two fronts meeting.
As many experiments follow the second and third methods, it is
often important to be able to predict the transient behaviour as
well as the asymptotic speed.
Moment dynamics models incorporate increasingly greater
degrees of information into the mean-ﬁeld model by taking into
account the dynamics of cell pairs, triplets, and so forth. Pairwise
models are generally the most common, requiring the use of
an appropriate closure approximation for any triplet terms in the
model (Dieckmann and Law, 2000). The use of moment dynamics
models has been well documented in various biological scenarios
(Baker and Simpson, 2010; Simpson and Baker, 2011; Ascolani
et al., 2013; Law et al., 2003; Murrell et al., 2004; Sharkey, 2011).
Speciﬁcally, Simpson and Baker (2011) develop a pairwise approximation (PWA), using the Kirkwood Superposition Approximation
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Fig. 2. Experimental results of a scratch assay with 3T3 cells. We see that no travelling front is established, as the two fronts quickly collide as they approach from either side
of the gap. The white bar corresponds to 250 μm. The arrows give an approximate indication of the width of the scratch at each time point. In Figure (d) there is no arrow as
the two fronts have begun to meet in places. (a) t=0h, (b) t=10h, (c) t=20h and (d) t=30h.

(KSA) (Kirkwood, 1935; Kirkwood and Boggs, 1942) as their
closure, to describe the behaviour of a moving front. Their work
allows the transient behaviour to be examined, shows improvement on the mean-ﬁeld approximation (MFA), and demonstrates
the importance of including spatial correlations in a traditional
mean-ﬁeld model.
In this paper, we examine different methods in detail for a
range of proliferation and migration parameters in comparison
with averaged discrete results, and discuss which methods are
best suited to a given parameter regime and experimental timescale. We begin with a description of the Gillespie algorithm used
to produce the averaged discrete results. We then discuss the three
methods used to approximate the averaged discrete results: the
MFA, the PWA, and the OHA. Next, we present results focussing on
the transient behaviour, evaluating the relative performance of
each method. Following this, we turn to the asymptotic results and
examine the methods in a range of parameter space. We conclude
by discussing the strengths and weaknesses of the methods in
question, and which methods might best suit some speciﬁc
experimental examples.

2. The methods
In this section we discuss the methods used to model our
system. We consider a one-dimensional (1D), volume-excluding
process on a regular lattice with a lattice spacing of Δ ¼ 1.
Cells move to neighbouring sites at a rate Pm per unit time and
proliferate at a rate Pp per unit time.
2.1. The discrete case
For our discrete simulations we have a 1D lattice with N¼2000
sites, and we conduct 10,000 individual realisations to estimate
the averaged behaviour. Initially, the lth lattice site is occupied

with probability
8
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ð2:1Þ
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where we can alter the steepness of our initial ramp by varying x.
We use a Gillespie algorithm to update our system (Baker and
Simpson, 2010), the algorithm for this being as follows:
1. Set t ¼0.
2. Initialize the lattice by generating a uniform random number, rl,
in the interval [0,1], for each lattice site. If rl r C l , an agent is
placed at that lattice site.
3. With Q(t) being the total number of agents on the lattice,
calculate the total propensity function, a0 ¼ ðP m þ P p ÞQ ðtÞ.
4. Calculate the time, τ, to the next event using τ ¼ ð1=a0 Þ log ð1=r 1 Þ,
where r1 is a uniform random number in the interval [0,1].
5. Decide which event occurs by calculating R ¼ a0 r 2 , where r2 is
another uniform random number in the interval [0,1]. R is used
to deduce which event occurs according to the following:
 If R A ½0; P m Q ðtÞÞ, a movement event will occur. An agent is
chosen at random, and one of its neighbours is also chosen
at random as the target site for a movement event. If the
target site is empty, the chosen agent moves to that site,
otherwise the event is aborted.
 If R A ½P m Q ðtÞ; ðP m þ P p ÞQ ðtÞ, a proliferation event will occur.
An agent is chosen at random, and one of its neighbours is
also chosen at random as the target site for a proliferation
event. If the target site is empty, a daughter cell is placed in
it, otherwise the event is aborted.
6. Update Q(t) depending on which event, if any, occurred.
7. Update time by setting t-t þ τ.
8. Repeat from step 3 until the stipulated ﬁnal time is reached.
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We apply reﬂecting boundary conditions at l ¼1 and l¼ N.
To determine the front speed, v, we track the location where the
averaged cell density is 0.5, and calculate the average velocity from
this information. Once v is no longer changing with time, we have
reached the asymptotic travelling front speed, vf.
2.2. The mean-ﬁeld approximation
To derive the MFA we consider the occupancy of each site of the
lattice. The average occupancy of the lth lattice site is given by
C l A ½0; 1. We use k-point distribution functions, ρðkÞ , to derive the
MFA and the PWA. The k-point distribution functions describe the
probability that k-tuplets of sites have given occupancies. The onepoint distribution function, ρð1Þ , gives the averaged occupancy of
the site in question. Thus we have

ρð1Þ ðAl Þ ¼ C l ;

ð2:2Þ

ρð1Þ ð0l Þ ¼ 1  C l ;

ð2:3Þ

where Al and 0l indicate that site l is occupied by A or unoccupied,
respectively. To provide a measure of the occupancy dependence
of two given sites we use correlation functions, (Mai et al., 1993,
Mai, 1994, Baker and Simpson, 2010):
F sl ;sm ðl; mÞ≔

ρð2Þ ðsl ; sm Þ
;
ρð1Þ ðsl Þρð1Þ ðsm Þ

ð2:6Þ

and thus we can express one correlation function in terms of
another:
F A;0 ðl; mÞ ¼

1 C m F A;A ðl; mÞ
:
1  Cm

For the PWA, we no longer make the usual assumption that the
occupancies of pairs of sites are independent, thus we do not set
Fðl; mÞ  1 in Eq. (2.9). To determine the evolution of our correlation functions, we turn to the 2-point distribution functions. First
we consider where the two sites in question are nearest neighbours:
dρð2Þ ðAl ; Al þ 1 Þ P m ð3Þ
½ρ ðAl  1 ; 0l ; Al þ 1 Þ þ ρð3Þ ðAl ; 0l þ 1 ; Al þ 2 Þ
¼
2
dt
|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
movement into sites l and l þ 1

P m ð3Þ
½ρ ð0l  1 ; Al ; Al þ 1 Þ þ ρð3Þ ðAl ; Al þ 1 ; 0l þ 2 Þ

2
|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
þ

ð2:7Þ

We now turn to the evolution of the 1-point distribution functions:
dρ ðAl Þ P m ð2Þ
¼
½ρ ðAl  1 ; 0l Þ þ ρð2Þ ð0l ; Al þ 1 Þ  ρð2Þ ðAl ; 0l þ 1 Þ  ρð2Þ ð0l  1 ; Al Þ
dt
2
|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
ð1Þ

þ

ð2:8Þ

proliferation into site l

P p ð2Þ
½ρ ð0l ; Al þ 1 Þ þ ρð2Þ ðAl ; 0l þ 1 Þ :
2
|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}

Next, we consider the evolution of the 2-point distribution
function where the two sites in question are not nearest neighbours, thus jl  mj 4 1:
dρð2Þ ðAl ; Am Þ P m ð3Þ
½ρ ðAl  1 ; 0l ; Am Þ þ ρð3Þ ð0l ; Al þ 1 ; Am Þ
¼
2
dt
|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ
ﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
movement into site l

P m ð3Þ
½ρ ð0l  1 ; Al ; Am Þ þ ρð3Þ ðAl ; 0l þ 1 ; Am Þ

2
|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ
ﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
movement out of site l

P m ð3Þ
½ρ ðAl ; Am  1 ; 0m Þ þ ρð3Þ ðAl ; 0m ; Am þ 1 Þ
þ
2
|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ
ﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
movement into site m

P m ð3Þ
½ρ ðAl ; 0m  1 ; Am Þ þ ρð3Þ ðAl ; Am ; 0m þ 1 Þ

2
|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ
ﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
movement out of site m

We rewrite Eq. (2.8) using the correlation functions and conservation equations to obtain

Pp
þ ½ρð3Þ ðAl  1 ; 0l ; Am Þ þ ρð3Þ ð0l ; Al þ 1 ; Am Þ
2
|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}

dC l P m
¼ ½C l  1  2C l þ C l þ 1 
dt
2

Pp 
þ
C
½1  C l Fðl; l 1Þ þ C l þ 1 ½1  C l Fðl; l þ 1Þ ;
2 l1

Pp
þ ½ρð3Þ ðAl ; Am  1 ; 0m Þ þ ρð3Þ ðAl ; 0m ; Am þ 1 Þ :
2
|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}

proliferation into site l

ð2:9Þ

where we have set F A;A ¼ F for notational simplicity. We note that
the movement term does not depend on correlations, as all
correlation-containing terms cancel (Simpson and Baker, 2011).
For the standard MFA, we assume that lattice site occupancies are
independent, thus Fðl; mÞ  1 for all l; m. Therefore, we have the
following equation for the evolution of the density of a given
lattice site:
Pp
dC l P m
¼ ½C l  1  2C l þ C l þ 1  þ ½C l  1 þC l þ 1 ½1  C l :
dt
2
2

ð2:11Þ

proliferation from each other

movement in and out of site l

Pp
þ ½ρð2Þ ðAl  1 ; 0l Þ þ ρð2Þ ð0l ; Al þ 1 Þ :
2
|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}

P p ð3Þ
½ρ ðAl  1 ; 0l ; Al þ 1 Þ þ ρð3Þ ðAl ; 0l þ 1 ; Al þ 2 Þ
2
|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ
ﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
proliferation from neighbours

ð2:5Þ

Using the deﬁnition of a correlation function, we have
C l C m F A;A ðl; mÞ þ C l ð1  C m ÞF A;0 ðl; mÞ ¼ C l ;

2.3. Pair-wise approximation

movement out of sites l and l þ 1

ð2:4Þ

where the state of the site is given by sl, which is either 0 or A.
If lattice site occupancies are independent, we have F sl ;sm ðl; mÞ  1.
Correlation functions can be related by using conservation expressions. For example, we can write the conservation equation as

ρð2Þ ðAl ; Am Þ þ ρð2Þ ðAl ; 0m Þ ¼ ρð1Þ ðAl Þ:

To make predictions using the MFA, we solve the system given
by Eq. (2.10) numerically using a fourth order Runge–Kutta
method (RK4) (Press et al., 2007) with a constant time-step of
δt ¼ 0:1. Smaller timesteps were tested to conﬁrm this was an
appropriate choice. We calculate v and vf in the same manner as
in our discrete model, whereby we track the location of Cl ¼0.5.
We have reﬂecting boundary conditions and initial conditions of
the form of Eq. (2.1).

ð2:10Þ

ð2:12Þ

proliferation into site m

In Eqs. (2.11) and (2.12), we use conservation expressions for
the 3-point distribution functions, (Baker and Simpson, 2010,
Simpson and Baker, 2011, Markham et al., 2013), to eliminate
some of the terms. Where this is not possible, we close using the
KSA, which is given by the following equation:

ρð3Þ ðsl ; sm ; sn Þ ¼

ρð2Þ ðsl ; sm Þρð2Þ ðsl ; sn Þρð2Þ ðsm ; sn Þ
:
ρð1Þ ðsl Þρð1Þ ðsm Þρð1Þ ðsn Þ

ð2:13Þ

We relate the 2-point distribution functions to the correlation
functions using Eq. (2.4) to obtain equations for the evolution of
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the correlation functions. The evolution of Fðl; l þ 1Þ is given by
 0

C
C0
F 0 ðl; l þ 1Þ ¼  Fðl; l þ1Þ l þ 1 þ l
Cl þ 1 Cl


Pm C l  1
C
þ
Fðl  1; l þ 1Þ þ l þ 2 Fðl; l þ 2Þ 2Fðl; l þ1Þ
2 Cl
Cl þ 1

Pp 1
1
þ
 2Fðl; l þ 1Þ
þ
2 Cl Cl þ 1
Cl  1
½1  C l Fðl; l þ 1Þ½1  C l Fðl; l  1ÞFðl  1; l þ1Þ
þ
C l ð1  C l Þ

Cl þ 2
þ
½1 C l þ 1 Fðl; l þ 1Þ½1  C l þ 1 Fðl þ 1; l þ2ÞFðl; l þ 2Þ ;
C l þ 1 ð1  C l þ 1 Þ
ð2:14Þ

W 00 ¼

where prime denotes differentiation with respect to time. For any
general distance, where jl mj 4 1, we obtain
 0


C C0
Pm C l  1
C
Fðl  1; mÞ þ l þ 1 Fðl þ 1; mÞ
F 0 ðl; mÞ ¼ Fðl; mÞ l þ m þ
Cl Cm
2 Cl
Cl

Cm  1
Cm þ 1
Fðl; m  1Þ þ
Fðl; m þ 1Þ  4Fðl; mÞ
þ
Cm
Cm

Pp
Cl  1
½1  C l Fðl; l  1Þ½1  C l Fðl; mÞFðm; l  1Þ
þ
2 C l ð1 C l Þ
Cl þ 1
½1  C l Fðl; l þ 1Þ½1  C l Fðl; mÞFðm; l þ1Þ
þ
C l ð1  C l Þ
Cm þ 1
½1  C m Fðl; mÞ½1  C m Fðm; m þ 1ÞFðl; m þ 1Þ
þ
C m ð1  C m Þ

Cm  1
½1  C m Fðl; mÞ½1  C m Fðm; m  1ÞFðl; m  1Þ : ð2:15Þ
þ
C m ð1  C m Þ

W n;n þ 1 ¼

99

P p =2;
|ﬄﬄ{zﬄﬄ}
proliferation forwards

W 01 ¼

P m =2;
|ﬄﬄ{zﬄﬄ}
migration forwards

W 10 ¼

þ

Pp
|{z}
proliferation of cells either side of hole

W 12 ¼

P p =2
|ﬄ{zﬄ}

þ

proliferation of end cell forwards

W n0 ¼

P m =2;
|ﬄﬄ{zﬄﬄ}
migration of end cell backwards

P m =2;
|ﬄﬄ{zﬄﬄ}
migration of second to end cell forwards

Pp ;
|{z}
proliferation of cells either side of hole

W n;n  1 ¼

P m =2;
|ﬄﬄ{zﬄﬄ}

n 4 1,

migration from ahead of hole

We solve these equations numerically using an RK4 algorithm
with a constant time step, δt. For each set of parameters, we test
smaller timesteps to conﬁrm the results are visually indistinguishable. We calculate v and vf in the same way as for the MFA, and we
again have reﬂecting boundary conditions and initial conditions of
the form of Eq. (2.1). As discussed by Simpson and Baker (2011),
initial conditions such as these lead to difﬁculties as the correlation functions are unbounded when Cl ¼ 1 or Cl ¼0. This issue can
be resolved by using a hybrid approach whereby we use the PWA
in regions where ϵ o C o ð1  ϵÞ and the MFA elsewhere. In this
case, we set ϵ ¼ 1  10  10 . We also need to choose a truncation
value for Fðl; mÞ with m ¼ l þ 1; l þ 2; l þ 3; …; l þ M. We truncate at
M ¼10, and test higher values of M to conﬁrm the suitability of our
truncation choice (results not shown).
2.4. One-hole approximation
The OHA estimates the asymptotic front speed in situations
where we assume that there is only one hole (unoccupied lattice
site) behind the front. In this section we show how to calculate vf
using the OHA, relaxing the assumption made by Callaghan et al.
(2006) that P p þ P m ¼ 1. We know that if Pm ¼0, vf ¼ P p =2 and
there will be no holes behind the moving front. For Pm small,
there will be a correction factor to vf. In this approximation, we
assume that there will never be more than one hole behind the
leading edge of the front. We deﬁne the one-hole states, whereby
the hole is in the nth position behind the leading cell, in the
following way:






j0〉 ¼ ð…11111000…Þ;
j1〉 ¼ ð…11101000…Þ;
j2〉 ¼ ð…11011000…Þ;
j3〉 ¼ ð…10111000…Þ, etc.

Note that we always deﬁne states in a frame moving with respect
to the front. We only allow transitions between these states. The
transitions and their associated probabilities W ij  Wðji〉-jj〉Þ are

P p =2
|ﬄ{zﬄ}
proliferation of end cell

þ

P m =2;
|ﬄﬄ{zﬄﬄ}

n 4 1.

migration from behind hole

Next, we consider the probability of being in a given state, pn.
As we are only considering the asymptotic behaviour, we know
that transitions in and out of a state must be equal, leading to the
following equations:
1

p0 W 01 ¼ ∑ pn W n0 ;

ð2:16Þ

p1 ðW 10 þ W 12 Þ ¼ p0 W 01 þ p2 W 21 ;

ð2:17Þ

n¼1

pn ðW n0 þ W n;n  1 þ W n;n þ 1 Þ ¼ pn  1 W n  1;n þ pn þ 1 W n þ 1;n ;

n 41:
ð2:18Þ

Using the transition probabilities, we can rewrite these as

1
Pm
Pm
p0 ¼ P p þ
p1 þ P p ∑ pn ;
ð2:19Þ
2
2
n¼2

3P p
Pm
Pm
þ P m p1 ¼ p0 þ p2 ;
2
2
2

3P p
Pp þ Pm
Pm
þ P m pn ¼
pn  1 þ pn þ 1 ;
2
2
2

ð2:20Þ

n 4 1:

ð2:21Þ

For n 4 1, we follow the approach of Callaghan et al. (2006)
and assume the ansatz pn ¼ an  1 p1 . We insert this ansatz into
Eq. (2.21) to obtain

3P p
Pp þ Pm
Pm 2
a 
þ Pm a þ
¼ 0:
ð2:22Þ
2
2
2
Solving this quadratic in a gives
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3P p =2 þ P m 7 9P 2p =4 þ2P p P m
a¼
:
Pm

ð2:23Þ

We know that as n increases pn decreases, therefore we take only
the negative square root. Assuming that Pm is small relative to Pp,
we can use a series expansion to obtain




1 4 Pm
16 P m 2
80 P m 3
Pm 4

þ
þO
:
ð2:24Þ
a¼ þ
Pp
3 27 P p
243 P p
2187 P p
Note that even if we enforce P p þ P m ¼ 1, this is different from the
expression given by Callaghan et al. (2006). Having relaxed this
assumption earlier, the expansion was performed on a different
expression, thus leading to a different overall approximation.
We substitute p2 ¼ ap1 into Eq. (2.20) and use ∑1
n ¼ 2 pn ¼ 1 
p0  p1 in Eq. (2.19) resulting in a pair of equations for p0 and p1.
We solve these simultaneous equations to obtain
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3P p P m þ 4P 2p  P m P p ð9P p þ 8P m Þ
;
ð2:25Þ
p0 ¼
2ðP p P m  P 2m þ 2P 2p Þ

100

p1 ¼
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6P 2p þ 7P p P m  P m

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
P p ð9P p þ 8P m Þ þ 2P p P p ð9P p þ 8P m Þ
:
2ðP p P m P 2m þ 2P 2p Þ
ð2:26Þ

Knowing p0, it is possible for us to approximate vf. We know
that if holes are opening up behind the front, vf will be smaller.
When Pm ¼0, vf ¼ P p =2. For non-zero Pm, there will sometimes be
movement forward at a rate P m =2, thus, if there are no holes,
vf ¼ ðP p þ P m Þ=2. There will also be movement back into holes thus
we reduce the front speed by taking into account those agents
moving back into holes:
vf ¼

P p þ P m P m p1 ðP p ; P m Þ

:
2
2

ð2:27Þ

Performing a series expansion on p1, we thus obtain the
following approximate expression for the front speed:
vf ¼

P p þ P m 1 P 2m 5 P 3m 340 162P p P 4m

þ

þOðP 5m Þ:
2
3888
6 P p 54 P 2p
P 3p

ð2:28Þ

Therefore, we estimate vf to be 0.498 when Pp ¼0.9 and Pm ¼ 0.1,
agreeing with the results of Callaghan et al. (2006).

asymptotic speed is reached; a larger value of ϵ leads to the
asymptotic speed being reached more quickly (results not shown).
Additionally, we examine the effects of altering the steepness of
the initial conditions by varying x in Eq. (2.1). Altering the initial
conditions, as long as compact support is maintained, does not
affect the asymptotic results. However, different initial conditions
have an impact on the transient behaviour. We see, in Fig. 4, that a
steeper ramp (which corresponds to a higher value of x in
Eq. (2.1)) leads to a lower initial speed. The MFA and the PWA
also lie slightly closer to the averaged discrete behaviour at early
times when the initial conditions are steeper.
We compare the transient density proﬁles at various times in
Fig. 5. From this we see that the PWA better predicts the averaged
discrete behaviour than does the MFA. Thus, whilst the asymptotic
behaviour might be the same, the PWA is more accurate in
predicting the average transient behaviour of the system when
Pp is sufﬁciently low relative to Pm. We also note, by comparing the
top and bottom rows of Fig. 5, that a steeper initial slope leads to
the MFA and the PWA better approximating the averaged discrete
behaviour in the transient region.
3.2. Asymptotic behaviour

3. Results
3.1. Transient behaviour
In practice, we must wait a sufﬁcient duration of time to observe
the asymptotic speed, which in theory is only fully established as
t-1. In Fig. 3, we see this for the three cases in which we can
examine the transient behaviour: the discrete, MFA and PWA. The
OHA is only capable of predicting the asymptotic front speed, which
is not ideal as this may not always be reached in reality, depending
on the experimental conditions (Liang et al., 2007; Valster et al.,
2005; Rodriguez et al., 2005; Young et al., 2012). We see, in Fig. 3,
that the time taken to reach the asymptotic travelling front speed
varies depending on the model chosen, and the parameter values.
For sufﬁciently low P p =P m , the MFA and the PWA are both in
suitable agreement with the averaged discrete results. For larger
P p =P m , the discrete model reaches the asymptotic speed noticeably
faster than the MFA. The PWA takes signiﬁcantly longer and
changes very slowly for a long period before more rapidly adjusting
to the asymptotic speed. The asymptotic speed, vf, is identical for
the MFA and the PWA in all cases, with this value being higher than
the averaged discrete result for large P p =P m . The asymptotic speed is
identical for the MFA and the PWA due to the fact that we have used
a hybrid PWA whereby we use the MFA in regions where C o ϵ and
C 4 1  ϵ. Changing ϵ will slightly shift the time at which the
0.10

As t-1, all cases predict a travelling front with a constant
speed. We relax the assumption of Callaghan et al. (2006), no
longer requiring that P p þ P m ¼ 1. This allows us to look at a more
relative measure, the ratio of proliferation to migration rates,
P p =P m . We keep Pm ¼1 and allow Pp to vary, examining the
resulting behaviour in Fig. 6(a). We see that the OHA provides a
good estimate of vf for high enough P p =P m , but diverges when
P p =P m is reduced beyond a certain level. We also look at the
average number of holes behind the front in the discrete case
(Fig. 6(b)) for the same parameter range, noting that this corresponds well with the predictive power of the OHA: as we move
beyond one hole on average, the OHA breaks down. The breakdown of the OHA can also be attributed to the assumption that Pm
is small relative to Pp which ceases to hold as we increase Pm and
decrease Pp. The MFA prediction for vf (which is identical to the
PWA predictions) agrees well with the averaged discrete case for
low Pp but is not a good predictor when Pp is large. For a region in
the middle, neither the MFA nor the OHA provides a suitable
approximation to the averaged discrete behaviour.

4. Discussion
Mathematical models are often used in conjunction with experimental data to examine moving cell fronts, in the hope of

0.6
discrete
MFA
PWA

0.5

2.0

0.4

v

v

v

1.5
0.05

1.0

0.3

0.00

0.2
0

500

1000

t

1500

0.5
0

500

1000

t

1500

0

50

100

150

200

250

t

Fig. 3. The transient front speed, v, varies over time, eventually reaching its asymptotic travelling speed, vf. We see this behaviour in the three different cases for which we
can examine the transient behaviour: the discrete, MFA and PWA. The behaviour depends on the parameters chosen, and we compare three P p =P m ratios (for all cases Pm ¼ 1
and Pp is varying), with the initial steepness given by x ¼ 50 in all cases. For low P p =P m , we notice that all three methods are in relatively good agreement. For larger P p =P m
the MFA and the PWA begin to deviate from the averaged discrete results, generally tending to a higher asymptotic speed. In all cases, the MFA and the PWA eventually reach
the same travelling speed, although the PWA takes signiﬁcantly longer. The time taken for the PWA to reach the same speed as the MFA decreases as P p =P m increases, as we
see by comparing (b) and (c). (a) P p =P m ¼ 5  10  3 . (b) P p =P m ¼ 10  1 . (c) P p =P m ¼ 1.
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Table 1
A description of which methods work under speciﬁc circumstances, where long and short refer to the asymptotic
and transient behaviour, respectively. The best method for given conditions is highlighted.

✓

✓

✗

✗

✗

✗

✓

✓

✗

✗

✗

✗

✗

✗

✗

✗

✗

✓

✓

✓

✓

✓

✓

✓

determining information such as the mechanisms driving the
movement of the front. We have compared different methods for
modelling the transient and asymptotic moving cell front behaviour in a range of parameter space. These results are summarized
in Table 1. Many models in the past have focussed on predicting
the asymptotic behaviour, whereby a front travelling at constant
speed has been established. Whilst this is appropriate in some
cases, there are many experimental situations in which the
transient behaviour is key. Not only does the ﬁnal behaviour take
some time in practice to achieve, but some experiments are also
performed in such a manner that we may never observe the ﬁnal
behaviour. For instance, in a scratch or punch-hole assay, the cells
will be encroaching from multiple directions, resulting in the
fronts interacting and the unoccupied region closing before
asymptotic behaviour can be reached (Liang et al., 2007; Valster
et al., 2005; Rodriguez et al., 2005). A major drawback of the OHA
is its inability to predict the transient behaviour; it is only able to
predict the asymptotic speed. The MFA and the PWA can both be
used for transient data, with the PWA giving improved results thus
making it preferable for transient behaviour.
For asymptotic behaviour, the method best suited to a given
situation depends on the relative rates of movement and
proliferation. In regions where P p =P m is small (P p =P m o 0:01),
we have a shallow front (Swanson et al., 2003) with many holes
behind the leading cell, thus the OHA diverges substantially
from the averaged discrete results and cannot be successfully
used. The MFA and the PWA are better suited to modelling cells
in this region of parameter space. As these two methods give the
same result asymptotically, it is most sensible to use the MFA for
asymptotic predictions as this is a far simpler model to implement. In the experimental results in Fig. 1, we notice a large
number of holes behind the front, thus we expect this cell line
(Todaro and Green, 1963; Simpson et al., 2007b) to be best
approximated by the MFA asymptotically, and by the PWA in the
transient region.
For cell lines where P p =P m is relatively large (P p =P m 40:8),
there will be fewer holes behind the sharp front (Swanson et al.,
2003), thus the OHA is the method best suited to asymptotic
predictions in this region, as indicated by its excellent agreement
with the averaged discrete results. The MFA and the PWA do
not perform as well in this region. We expect cell lines with low
rates of migration relative to proliferation to lie in this region
of parameter space. For example, a pair-wise model developed for
uniform initial conditions (Baker and Simpson, 2010) was used to
determine Pp and Pm for a breast cancer cell line, MDA MB 231
(Simpson et al., 2013a). With Pp ¼0.069 and Pm ¼ 0.04, we have a
ratio, P p =P m ¼ 1:7, which lies within the range for which the OHA
is best suited for asymptotic predictions. Thus for MDA MB 231
(Simpson et al., 2013a) and similar cell lines, we should use the
OHA if we only need information about the asymptotic behaviour.

For intermediate P p =P m (0:01 o P p =P m o 0:8), none of the methods provide a good approximation to the averaged discrete results in
the long term, and the PWA becomes less successful in the transient
region. Thus developing a model that accurately approximates the
averaged discrete behaviour in this region requires further investigation. By extending the OHA to higher numbers of holes, as suggested
by Callaghan et al. (2006), we can improve upon this approximation,
but at an increasing level of complexity for every additional hole
added. Similarly, the PWA can be extended to triplets and so forth to
better predict the transient behaviour in a wider range of parameter
space. Again, this becomes increasingly complex as more information
is incorporated.
In future, one could consider the inclusion of death in models
of advancing cell fronts. It is fairly straightforward to include death
in the MFA and the PWA, and this has been done in previous work
(Simpson and Baker, 2011). The OHA can also be extended to
include death. However, if death rates are too high, relative to
proliferation, we expect the OHA to break down due to there being
a large number of holes behind the front. Additionally, we have
only considered a 1D problem but the method can be extended to
higher dimensions in future in order to be more biologically
relevant. Some work has been done on predicting the asymptotic
front speed by following the leading cell in a similar way to the
OHA for ecological systems (Ellner et al., 1998).
We have demonstrated the relative merits of the MFA, PWA
and OHA in comparison with averaged discrete results for transient and asymptotic behaviours in a broad range of parameter
space. Our results demonstrate that it is essential to choose the
most appropriate modelling strategy for a given biological system,
otherwise inaccurate estimations and predictions may result,
which could have serious consequences.
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