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Abstract
Recently, a suite of cell migration assays were conducted to investigate the migration of neural crest (NC) cells along the gut during the
development of the enteric nervous system (ENS). The NC cells colonise the gastro-intestinal tract as a rostro-caudal wave. Local
behaviour was shown to be controlled by position relative to the leading edge of the wavefront. The assays involved chick–quail grafting
techniques allowing the total invading population to be considered as a two-species system. A two-species continuum model with logistic
proliferation and a migration mechanism is developed here to simulate the chick–quail graft experiments and provide a means of looking
at the processes occurring within the invasion wave. Five migration mechanisms are considered—linear diffusion, two cases of nonlinear
diffusion, chemokinesis and chemotaxis. The model results agree with the experimental observations, regardless of the speciﬁc type of
migration mechanism. The results show that NC cell invasion is driven by proliferation and cell motility at the leading edge of the wave.
Furthermore, logistic proliferation exerts the dominant control on the system. This observation is conﬁrmed by analysing some simpliﬁed
invasion models. Once the basic experiments were mathematically replicated, the mathematical models were used in turn to make some
predictions that were yet to be experimentally tested. This involved conducting a sensitivity analysis of the system by interrupting the
proliferation and/or migration ability of the leading edge. Numerical results show that the system is stable against these changes. Of
the three experiments suggested, one was carried out and the experimental results were concordant with the theoretical predictions. The
outcome of two other suggested experiments are predicted and left for future experimental validation.
r 2006 Elsevier Ltd. All rights reserved.
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1. Introduction
Cell invasion, characterised by a travelling wave of cells,
is important in many biological processes. In epidermal
wound healing, for example, cells migrate and proliferate
forming a wave which acts to close the wound space (Maini
et al., 2004a,b). Wave-like propagation is also observed in
angiogenesis, whereby tumors recruit a vasculature network (Folkman and Haudenschild, 1980), and during
bacterial locomotion towards chemical signals (Adler,
1966).
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We consider cell invasion in the context of developmental biology. Our immediate focus will be on the
migration of neural crest (NC) cells along the developing
gut. NC cells are precursor cells which enter the oral
(rostral) end of the embryonic vertebrate gut and proceed
to invade the gut tissue towards the anal (caudal) end. This
results in the complete colonization of the gut by NC cells.
These cells differentiate into neurons and glia giving rise to
the enteric nervous system (ENS). The ENS is responsible
for peristaltic contraction and normal gut function. Failure
of the NC cells to populate the entire length of the gut
gives rise to a common birth defect in humans called
Hirschsprung’s Disease (Gershon, 1999; Hearn et al., 1998;
Young et al., 2001, 2004). In this disease, a variable length
of terminal intestine fails to produce peristalsis due to the
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local absence of the ENS. Therefore, improving our
understanding of how NC cells migrate along the developing gut will enhance our understanding of ENS
dysmorphologies such as Hirschsprung’s Disease.
In this article experimental observations reported by
Simpson et al. (2006b) are discussed and modelled. These
experiments were constructed to establish details of the
rules of migration of the rostro-caudal wave of NC
cells, and to investigate whether the cells occupying the
wavefront region are somehow functionally distinct from
those cells behind the wavefront. A single population of
NC cells is represented as the sum of two experimentally
distinguishable, but otherwise identical, NC cell populations. This is achieved by grafting NC cells from quail
embryos into chick embryos. This technique allows a
subpopulation of donor NC cells within an invasion wave
of host NC cells to be experimentally observed. Using this
approach we can ‘‘look inside’’ the invasion wave to reveal
how cell function varies in relation to position along the
invasion wave.
The chick–quail graft experiments of Simpson et al.
(2006b) allow several important questions regarding the
nature of the NC cell invasion wave to be answered.
Consider, for example, the schematic invasion wave proﬁle
shown in Fig. 1. We consider three basic locations relative
to the leading edge of the wave, namely: (i) behind
the wavefront (the invaded region); (ii) at the wavefront
(the invading region) and (iii) ahead of the wavefront (the
uninvaded region). Without making direct observations of
cell behaviour in these regions it is impossible to predict
whether different processes are occurring in different
regions of the invasion wave. For example, it is unclear
whether cells behind the wavefront are migrating and/or
proliferating. It is also unclear whether the cells at the
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Fig. 1. Invasion proﬁle with cell density u, shown in green, travelling from
left to right. The invaded, invading and uninvaded regions of the tissue are
marked.

wavefront remain at the wavefront for all times, or whether
the cells at the wavefront at some particular time will
eventually occupy regions behind the wavefront at later
times. Devising a migration assay where a subpopulation
of experimentally identiﬁable donor NC cells are grafted
within the host population at different positions along the
invasion wave provides a unique opportunity to observe
how the position along an invasion wavefront controls cell
function and behaviour.
To model the migration assays of Simpson et al. (2006b),
a continuum multispecies approach is used, where both the
donor and host cell populations are included in a system of
conservation equations. The model must represent a single
population as a sum of two sub-populations, namely the
donor and host populations. This allows us to theoretically
‘‘look inside’’ the invasion wave. There are few precedents
for this type of multispecies modelling approach in this
context. The Cook invasion model (Harris, 2003; Murray,
2002) describes the invasion of a population composed of
two components, one being motile and the other immotile.
Sexual reproduction between the motile and immotile
components is allowed so that each component has the
potential to produce progeny of the other type. Witelski
(1995, 1997) theoretically considered the interaction of two
populations governed by reaction–diffusion models to
understand the details of segregation and coalescence
processes. Sherratt (2000) investigated cell invasion by
competing populations with contact inhibition effects.
Recently, Painter and Sherratt (2003) studied more general
interacting cell populations. Our current study extends
their theoretical work by developing models relevant to a
speciﬁc application and comparing the results with new
experimental data. For application to Simpson et al.’s
(2006b) chick–quail grafts, we are interested in the case
where both components are motile and each subpopulation
produces progeny that are identical to the parent.
The aim of this work is to deduce general characteristics
of cell invasion from the models developed for the
experiments of Simpson et al. (2006b). Here we outline
the model assumptions based on existing experimental
evidence.
It has been shown that NC cells are proliferative and the
gut tissue supports a maximum cell density (Allan and
Newgreen, 1980; Newgreen et al., 1980; Young et al.,
2004). The logistic growth model of proliferation includes
crowding effects by reducing the growth rate as the density
approaches a carrying capacity (Maini et al., 2004a;
Murray, 2002; Simpson and Landman, 2006; Tsoularis
and Wallace, 2002). The carrying capacity for the NC cells
may be inﬂuenced by growth factors, such as glial derived
neurotrophic factor (GDNF), which is produced by the gut
tissue (Hearn et al., 1998).
Experimental work has shown that NC cells have the
ability to move in response to GDNF (Hearn et al., 1998;
Young et al., 2001), suggesting that chemokinesis and/or
chemotaxis are potential migration mechanisms. Random
cell motions have also been observed behind the wavefront
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or when small groups of cells are isolated away from the
bulk population (Young et al., 2004); therefore diffusive
migration, arising from microscopic random cell motility,
independent of any growth factors, may also be an
appropriate ﬂux mechanism. Consequently, we investigate
a broad range of ﬂux mechanisms rather than focusing on a
speciﬁc one. The ﬂux mechanisms considered in this work
include linear diffusion, nonlinear density-dependent diffusion, chemokinesis and chemotaxis.
As cell invasion plays a key role in both normal
developmental and abnormal pathological processes
(Murray, 2002), it is important to develop an understanding of the dominant controls of such invasion
systems. Qualitative comparison of numerical simulations
in this work shows that the logistic proliferation term,
rather than the speciﬁc form of the cell ﬂux mechanism,
exerts a dominant control on the invasion system. The
dominance of logistic proliferation is conﬁrmed by analysing travelling wave solutions for some simpliﬁed singlespecies invasion models. The numerical results also
emphasise the importance of the invading wavefront. To
conclude, we use the mathematical model to suggest
new experimental assays designed to test the sensitivity
of the system by disrupting the proliferation and/or
the migratory ability of cells at the wavefront. Three
experiments are suggested and predictions to their outcome
are made. One of these experiments has been conducted
and the results were in agreement with the mathematical
model while two further experiments are left for future
validation.
2. Experimental setup and observations
The experimental setup for the NC cell invasion assays
involved a new organ culture system called a ‘‘kebab’’
culture. Full details of the experimental procedures and
results are given in Simpson et al. (2006b), but the relevant
details are summarised here. A sleeve of donor tissue,
containing motile and proliferative NC cells, was removed
from the donor embryo. A similar sleeve of tissue was
removed from the host and replaced with the donor tissue
in three positions relative to the advancing wavefront.
Fig. 2 shows a series of real chick and quail guts illustrating
the grafting procedure.
The grafting procedure (Fig. 2) was repeated many times
using donor tissue from various places along the gut
relative to the advancing wavefront. The experiments were
also repeated by placing the donor tissue into the host gut
in various locations relative to the wavefront. A schematic
illustration of the various combinations of chick–quail
grafts is shown in Fig. 3. Four basic cases were considered:
(1) Case 0: This is the control case where the host tissue
was considered in isolation from the donor tissue and
no graft takes place.
(2) Case 1: The donor tissue was grafted into the invaded
region, or rostral to, the advancing wavefront.
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Fig. 2. The experimental procedure for the kebab culture grafting
experiments has three steps. (1) The host gut is prepared to receive the
graft tissue by stripping the mesoderm and host NC cells while leaving the
endoderm in place. (2) The donor tissue is wrapped around the endoderm
of the gut. (3) The host gut is grown for three days in culture and the
spatial distribution of donor and host NC cells are assayed using various
cell marking techniques described in Simpson et al. (2006b). In these
diagrams the position of the graft is highlighted with the red circle.

(3) Case 2: The donor tissue was grafted into the invading
region, which coincides with the advancing wavefront.
(4) Case 3: The donor tissue was grafted into the
uninvaded region, or caudal to, the advancing wavefront.
In all cases experimental observations were made three
days after the graft was placed into the host tissue. In the
control experiments (Case 0) the host NC cells and NC cell
derivatives were observed to extend in the caudal direction
and almost the entire hindgut was colonised (Simpson
et al., 2006b). The timing of NC cell invasion in the organ
culture system is very similar to the in vivo case.
In Case 1, the cells from the donor tissue were placed
behind the wavefront. The donor cells remained in the
region of the grafted tissue with only a few cells mingling
either side of the chick–quail tissue interface. The donor
cells did not proliferate. The leading edge of the host NC
cells (caudal of the graft) continued to invade in a caudal
direction over three days until the entire length of the gut
was practically colonised.
For Case 2, the cells from the donor tissue were placed at
the wavefront. In this scenario, the donor cells moved out
of the donor tissue and invaded, by combined migration
and proliferation, in the caudal direction of the host tissue.
The increased number of donor cells observed implies that
the donor cells underwent signiﬁcant proliferation during
the time of the experiment. The donor cells at the rostral
chick–quail tissue interface did not migrate in signiﬁcant
numbers in the rostral direction. Similarly, the host cells at
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Fig. 3. Schematic proﬁles of Simpson et al.’s (2006b) chick–quail grafts showing (a) Case 0, no graft; (b) Case 1, grafting donor cells into the invaded
region; (c) Case 2, grafting donor cells into the invading region, and (d) Case 3, grafting donor cells into the uninvaded region. Two variants were
considered for Cases 1 and 2 where the donor tissue is removed from the invaded region instead of the invading region as shown.

the rostral chick–quail tissue interface did not move
signiﬁcantly in the caudal direction.
Simpson et al. (2006b) also considered a variation on the
experimental procedure for Cases 1 and 2. In order to
assess whether cells in the invading region are different to
those in the invaded region, experiments were repeated
where the donor tissue was taken from the invaded region
(rather than from the invading region, as shown in Fig. 3).
In both Cases 1 and 2, this variation resulted in an
experimental outcome that was indistinguishable from
those described above. This implies that there is no
difference between donor cells removed from the invading
or invaded region. We will make use of this result in
modelling the graft experiments, as we will assume that
donor cells are identical regardless of their position in the
donor organism.
For Case 3, the cells from the donor tissue migrate en
masse away from the donor tissue in both the rostral and
caudal directions. The rostral moving donor cells invaded
unimpeded for such time that they did not encounter the
caudally moving host cells. Once these two oppositely
travelling invasion waves came together the two waves
ceased to invade at the same rate.
The experimental data collected by Simpson et al.
(2006b) were not concerned with measuring the exact
spatiotemporal distributions of donor and host cells in the
graft experiments. Rather, the assays were designed to
understand how cell behaviour and function vary along the
length of the gut relative to the wavefront. Consequently,
we will make qualitative comparisons between the experi-

mental results and modelling predictions. In particular, the
following questions will be addressed:
(1) Do all cells along the invasion proﬁle proliferate?
(2) Do all cells along the invasion proﬁle migrate?
(3) Is there an identiﬁable group of cells along the invasion
proﬁle that are chieﬂy responsible for colonizing the
gut?
(4) Do cells removed from one region along the invasion
wave behave differently when placed into another
region?
(5) When a group of cells is grafted within another
group of cells, do the grafted cells mix with their new
neighbouring cells or do they remain as a discrete
group?
In answering these questions, we will enhance our understanding of the basic characteristics of NC cell colonization
of the gut and the potential causes of ENS dysmorphologies such as Hirschsprung’s Disease.
3. Model development
The graft experiments are interpreted at the continuum
scale and a system of one-dimensional coupled partial
differential equations are developed to model the system.
The x coordinate is aligned along the longitudinal axis
of the gut, so that moving in the positive x direction
represents moving towards the anal (caudal) end of the gut.
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In this section, conservation equations are developed for
the donor population density Dðx; tÞ and host population
density Hðx; tÞ as a function of position x and time t. The
donor and host populations can interact with each other
and may also interact with the growth factor GDNF
concentration Gðx; tÞ. We assume that the total cell density
D þ H is constrained by the carrying capacity C. The
conservation of mass equations have the following form on
0oxoL, for t40:


qD qJ D
DþH
þ
¼ lD D 1 
,
(1)
qt
C
qx


qH qJ H
DþH
þ
¼ lH H 1 
,
(2)
qt
C
qx
qG
¼ F ðD; H; GÞ,
(3)
qt
where as yet the ﬂux terms J D and J H are unspeciﬁed
functions of D; H and G. The source terms in (1) and (2)
specify logistic proliferation with mitotic indices lD and lH
and a carrying capacity C. We note that the carrying
capacity could be dependent on the amount of growth
factor with C ¼ CðGÞ. However, this relationship is
unknown and a constant carrying capacity is assumed
here. The dynamics of G are controlled by F ðD; H; GÞ.
Relevant forms of F will be discussed subsequently. We
choose not to include any ﬂux mechanism for G, as the
dynamics of the growth factor are thought to be dominated
by production and uptake, rather than diffusive spreading
(Simpson et al., 2006a). Several reasonable models will now
be developed according to different choices of J D and J H .
We assume that D and H are identical populations that
are controlled by the same ﬂux mechanisms. If lD ¼ lH
then the sum of (1) and (2) should produce the same type of
equation for the total population D þ H. Our choice of
J D and J H will also be informed by the fact that a
microscopic description of cell behaviour could be derived
from our choice of population models via discretising the
conservation equations. This gives rise to directly interpretable transition probabilities of nearest-neighbour random walkers (Anderson and Chaplain, 1998; Cai et al.,
2006). These requirements have implications for our
choices of J D and J H .
3.1. Flux mechanisms independent of G
First consider a diffusive ﬂux mechanism independent of
G with J D ¼ DD f D ðqD=qxÞ and J H ¼ DH f H ðqH=qxÞ,
where f D and f H are unity or functions of the total cell
density D þ H, and DD and DH are constants with the
units of diffusivity. We investigate three common choices
for f D and f H .
3.1.1. Linear diffusion
Setting f D ¼ f H ¼ 1 leads to linear diffusion. Introducing the dimensionless variables D0 ¼ D=C, H 0 ¼ H=C,
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pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t0 ¼ tlH and x0 ¼ x lH =DH into (1) and (2) reduces the
equations to an appropriate nondimensional form. With
the prime notation dropped for convenience, these become
qD
q2 D
¼ D 2 þ LDð1  D  HÞ,
qt
qx
qH q2 H
¼
þ Hð1  D  HÞ,
qt
qx2
where
D¼

DD
;
DH

L¼

lD
.
lH

(4)

(5)

(6)

These two parameters can be interpreted as the relative
diffusivity and relative mitotic index of the donor NC cells
compared to the host NC cells, respectively.
3.1.2. Nonlinear diffusion
We now consider f D and f H to be increasing or
decreasing functions of the total population D þ H.
Nonlinear diffusion 1: increasing degenerate diffusivity:
We choose f D ¼ f H ¼ ½ðD þ HÞ=Cn with n40, giving
increasing diffusivity functions. This choice leads to f D ¼
f H ¼ 0 when D þ H ¼ 0. This kind of degenerate diffusivity is commonly used (Maini et al., 2004b; Murray, 2002;
Sánchez Guardun̄o and Maini 1994a,b; Sánchez-Valdés
and Hernabdés-Bermajo, 2005; Sherratt and Marchant,
1996). With the dimensionless
variables
D0 ¼ D=C,
ﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
0
0
0
H ¼ H=C, t ¼ tlH and x ¼ x lH =DH , the appropriate
nondimensional conservation system, after dropping the
prime notation, is


qD
q
n qD
¼D
ðD þ HÞ
þ LDð1  D  HÞ,
(7)
qt
qx
qx


qH
q
n qH
¼
ðD þ HÞ
þ Hð1  D  HÞ,
qt
qx
qx

(8)

with D and L given in (6).
The alternative choice of increasing but nondegenerate
diffusivity functions gives similar results to the constant
diffusivity case, and is therefore not detailed here.
Nonlinear diffusion 2: decreasing diffusivity: We also
consider decreasing nonlinear diffusivity functions f D ¼
f H ¼ ð1 þ kðD þ HÞÞ1 . An equivalent diffusivity was
recently used by Cai et al. (2006) to simulate neuron
migration in vitro, whereas a more extreme form was
considered by King and McCabe (2003). With the
dimensionless
D0 ¼ D=C, H 0 ¼ H=C, t0 ¼ tlH ,
ﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃvariables
0
0
x ¼ x lH =DH and k ¼ kC, the appropriate nondimensional conservation system, without the prime notation is


qD
q
1
qD
¼D
þ LDð1  D  HÞ,
(9)
qt
qx ð1 þ k½D þ HÞ qx


qH
q
1
qH
¼
þ Hð1  D  HÞ,
qt
qx ð1 þ k½D þ HÞ qx
with D and L the same as in (6).

(10)
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qH
q
n qH
¼
G
þ Hð1  D  HÞ,
qt
qx
qx

3.2. Flux mechanisms dependent on G
Finally, we consider ﬂux mechanisms dependent on the
growth factor G. The choice of F ðD; H; GÞ in (3) is ﬁrst
discussed. Following previous arguments (Landman et al.,
2005; Simpson et al., 2006a) based on experimental evidence,
we assume that the underlying gut mesenchyme tissue
produces the growth factor uniformly at a constant rate, and
that the growth factor degrades linearly. NC cells are known
to migrate in the reverse anal-to-oral direction when placed
in the anal end of the gut (Burns et al., 2002). In addition, in
vitro experiments show that NC cells have the ability to
move in response to GDNF (Hearn et al., 1998; Young
et al., 2001), suggesting that motility is directed up gradients
of increasing GDNF concentration. These two observations
suggest that there is no innate GDNF gradient existing
along the oral–anal axis of the gut. A simple mechanism that
develops a GDNF gradient in the presence of NC cells is one
where GDNF is sequestered by the migrating cells. We
assume that sequestration converts G from an active
(available) to an inactive (unavailable) form. The donor
and host cells will be allowed to sequester G at different
rates. This mechanism is conceptually similar to tumor cellextracellular matrix interactions often invoked in models of
malignant tumor invasion (Marchant et al., 2001; Perumpanani et al., 1999). Therefore, the presence of NC cells in a
particular region can produce a localised gradient of G.
Finally, GDNF is a trophic factor necessary for the survival
of NC cells and as such, care must be taken that the steady
state invaded G concentration must be positive. A model for
the kinetics of G, incorporating these processes, is given by
qG
¼ l1  l2 G  l3 DG  l4 HG,
qt

(11)

where l1 ; l2 ; l3 and l4 are constants.
There are two ways to generate a growth factor-induced
directional bias to migration. Both require a spatial
gradient in growth factor concentration. The ﬁrst is
through a spatial gradient in diffusivity (Cai et al., 2006).
This is called chemokinesis, where the random motility
increases with growth factor concentration. The second is
chemotaxis (Murray, 2002).

3.2.1. Chemokinesis
We consider chemokinesis as a diffusive migration
mechanism with f D and f H increasing functions of the
growth factor G. Here we write J D ¼ DD ðG=ḠÞn ðqD=qxÞ
and J H ¼ DH ðG=ḠÞn ðqH=qxÞ, with n40, and choose
Ḡ ¼ l1 =l2 .
Introducing the dimensionless variables x0 ¼ x=L,
0
t ¼ tlH , D0p
¼ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
D=C, ﬃ H 0 ¼ H=C and G 0 ¼ Gl2 =l1 , we
choose L ¼ DH =lH , which, without the prime notation,
yields


qD
q
n qD
¼D
G
þ LDð1  D  HÞ,
(12)
qt
qx
qx

qG
¼ bð1  GÞ  g1 DG  g2 HG,
qt
with
b¼

l2
;
lH

g1 ¼

l3 C
;
lH

g2 ¼

l4 C
.
lH

(13)

(14)

(15)

We interpret b as a relative production rate of G while g1
and g2 are the relative rates at which G is sequestered by the
donor and host cells, respectively.
3.2.2. Chemotaxis
Chemotaxis models consider cell motility being directed
up a gradient of a chemical signal. The ﬂux expressions are
given by J D ¼ wD DðqG=qxÞ and J H ¼ wH HðqG=qxÞ, where
the chemotactic sensitivity functions wD and wH are
assumed to be constant here.
Introducing the dimensionless variables x0 ¼ x=L,
0
t ¼ tlH , D0 p
¼ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
D=C, H 0 ¼ H=C and G 0 ¼ Gl2 =l1 , we
choose L ¼ ðwH l1 Þ=ðlH l2 Þ, giving, without the prime
notation,


qD
q
qG
¼ w
D
þ LDð1  D  HÞ,
(16)
qt
qx
qx


qH
q
qG
¼
H
þ Hð1  D  HÞ,
(17)
qt
qx
qx
qG
¼ bð1  GÞ  g1 DG  g2 HG.
(18)
qt
The parameters are those given in (6) and (15), together
with
w
w¼ D,
(19)
wH
which is the relative chemotactic sensitivity.
3.3. Numerical solution
The conservation equations for the ﬁve proposed models
are coupled multispecies nonlinear partial differential
equations. The diffusive migration equations, (4) and (5),
(7) and (8), (9) and (10) and (12)–(14) are parabolic
nonlinear partial differential equations, whereas the
chemotaxis equations, (16)–(18), are nonlinear hyperbolic
partial differential equations. Numerical techniques will be
used to solve these equations.
For the parabolic models, the spatial derivatives are
replaced with standard ﬁnite difference approximations
and an arithmetically averaged internode diffusivity. The
temporal derivatives are approximated with an implicit
Crank–Nicolson technique (Simpson et al., 2005; Zheng
and Bennett, 2002) and the resulting systems of nonlinear
equations formed at each time step are solved using
Picard iteration (Simpson et al., 2006a). Iterations are
conducted until the maximum absolute change in any of
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the dependent variables across the ﬁnite difference grid
falls below a speciﬁed tolerance t.
The numerical solution of the nonlinear hyperbolic
chemotaxis system is a much more challenging problem.
We spatially discretise (16)–(18) using the high accuracy
central scheme of Kurganov and Tadmor (2000). The
resulting system of ordinary differential equations is
explicitly integrated with a third order Runge–Kutta
method (Simpson et al., 2005). Kurganov and Tadmor’s
central scheme is necessary as we expect the system
(16)–(18) will support discontinuous solutions (Landman
et al., 2005), making traditional Eulerian methods inappropriate (Simpson et al., 2005; Zheng and Bennett, 2002).
We implement all numerical algorithms with constant
spatial and temporal discretisations selected to ensure gridindependent results.
4. Modelling results and discussion
We solve the conservation equations on 0oxoL for
t40 with initial conditions on Dðx; 0Þ and Hðx; 0Þ chosen
to represent the chick–quail graft experiments Cases 0–3.
The choice of L ¼ 300 is sufﬁcient to avoid boundary
effects over the times considered in the numerical simulations. For each case, we approximate the graft by a region
of donor tissue at uniform density at maximum carrying
capacity over a localised region in space. Preliminary
numerical experiments showed that the qualitative characteristics of the invasion patterns are similar for various
nonlinear forms of diffusivity (corresponding to different
values of n and k). Similarly, previous numerical work with
the chemotaxis model has shown that the qualitative
characteristics of invasion are similar for various chemoattractant production and uptake kinetics (corresponding to
different values of b and g2 ) (Landman et al., 2005).
Consequently, we present results for all these parameters
set to unity.
Case 0: Control case: Since there is no graft, we only
consider the host tissue in this case (hence Dðx; tÞ ¼ 0 for
all time).
The time evolution of the model solutions is given in
Fig. 4. Each ﬂux mechanism gives rise to a constant speed,
constant shape invasion wave. These travelling wave
solutions replicate the control experiments of Simpson
et al. (2006b). The precise shape of the travelling waves at
the leading edge is determined by the ﬂux law. Smooth
fronted solutions are obtained for the linear diffusion,
decreasing nonlinear diffusion and the chemokinesis
model. Sharp fronted solutions are obtained for the
degenerate nonlinear diffusion model, which has continuous solutions with compact support (Sánchez Guardun̄o
and Maini 1994a,b; Sherratt and Marchant, 1996) and for
the chemotaxis model, which has a discontinuity at the
leading edge (Landman et al., 2005). The chemokinesis and
chemotaxis models give rise to a retreating proﬁle of G
which is sequestered by the advancing wavefront. Note that
the steady state value of G in the invaded region is positive
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which is necessary for the survival of the invading
population. For the chemotaxis case, the gradient qG=qx
and H are discontinuous at the same location in space
(Landman et al., 2005).
The dominant feature of each control case simulation,
regardless of J H , is that the cells are able to migrate into
unoccupied zones and simultaneously proliferate, ﬁlling the
freshly occupied tissue to capacity density. This combined
migration and proliferation leads to travelling wave
behaviour. An obvious difference between the simulations
is the particular shape of the invading front which can
either be continuous, sharp fronted or discontinuous.
Unfortunately, it is difﬁcult to experimentally measure
the details of the shape of the invading cell density proﬁle
(Savla et al., 2004; Takamizawa et al., 1997) and therefore
the exact ﬂux mechanism cannot be determined in this way.
Another signiﬁcant difference between the various ﬂux
rules is the speed of the long-term invading wave proﬁles,
as indicated in Fig. 4 by the distance the wave has invaded
by t ¼ 60. The long-term wave speed of the proﬁles
evolving from compact support initial conditions matches
well-established theoretical minimum wave speeds. In
particular, the linear diffusive, decreasing nonlinear diffusive and chemokinesis ﬂux models lead to travelling waves
moving at dimensionless speed c ¼ 2 (Fisher, 1937;
Murray, 2002), whereas the dimensionless speed is
c ¼ 21=2 for the degenerate nonlinear diffusion model
(Aronson, 1980). Finally, the chemotactic travelling waves
move at a dimensionless wave speed c ¼ Kðb; g2 Þ where
Kð1; 1Þ ’ 0:56 (Landman et al., 2005).
The fact that all ﬂux mechanisms investigated here yield
travelling wave solutions, with features matching Simpson
et al.’s (2006b) control case, highlights a serious difﬁculty
in interpreting observations of cell invasion. Often experimental observations allow the invasion speed to be
measured; for example, Maini et al. (2004a,b) observed
the wave speed of a wound healing assay, Young et al.
(2004) observed the wave speed of NC cell invasion
occurring in the mouse embryo while Allan and Newgreen
(1980) observed the wave speed of NC cell invasion
occurring in a chick embryo. Given an estimate of the
mitotic index, lH , and assuming that the observed speed
corresponds to the minimum wave speed, it is possible to ﬁt
several invasion models to the data in order to parameterise the ﬂux mechanism.
We can attempt to quantify the parameters for the
problem given a few basic assumptions. The invasion speed
of NC cells has been estimated in the avian gut as
approximately c ¼ 40 mm h1 (Allan and Newgreen,
1980). Assuming the doubling time for NC cells lies in
the range 16–20 h, estimates of the migration parameters
(DH or wH ) for the different models are given in Table 1.
For the chemotaxis model the minimum wave speed
expression depends on l1 , l2 and the function Kðb; g2 Þ.
Measurements of l1 and l2 have not been made. Values of
the function Kðb; g2 Þ have been estimated numerically in
previous work (Landman et al., 2005).
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Fig. 4. Control Case 0: Proﬁles of Hðx; tÞ (red) and Gðx; tÞ (blue) for t ¼ 0, 20, 40 and 60, for each ﬂux mechanism as indicated. Results are for
b ¼ g2 ¼ n ¼ k ¼ 1 where Dðx; tÞ ¼ 0 for t40. No ﬂux boundary conditions are implemented and results are computed with Dx ¼ 0:05, Dt ¼ 0:025 and
t ¼ 1  106 .

The results in Table 1 show that the diffusive ﬂux models
give reasonable diffusivity estimates concordant with other
cell migration systems (Maheshwari and Lauffenburger,
1998; Pettet et al., 1996; Sheardown and Cheng, 1996).

Experimentally derived values of the chemotactic sensitivity are less readily available than diffusivities (Maheshwari
and Lauffenburger, 1998; Pettet et al., 1996). Nonetheless,
results in Table 1 show that it is possible to estimate values
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Table 1
Estimating the ﬂux parameter DH or wH assuming that the invasion speed is c ¼ 40 mm h1 for a range of different doubling times
Flux model

Linear diffusion
Decreasing diffusion
Chemokinesis

Increasing diffusion

Chemotaxis

Expression

DH ¼ c2 =ð4lH Þ mm2 s1

DH ¼ 2c2 =lH mm2 s1

wH ¼ c2 l2 =ðK 2 lH l1 Þ mm2 ½G1 s1

tD ¼ 16 h
tD ¼ 18 h
tD ¼ 20 h

2:56  106
2:88  106
3:21  106

2:05  105
2:31  105
2:56  105

1:03  105 l2 =ðK 2 l1 Þ
1:15  105 l2 =ðK 2 l1 Þ
1:28  105 l2 =ðK 2 l1 Þ

of the chemotactic sensitivity coefﬁcient from the observed
wave speed. Therefore, all ﬁve models give reasonable
values of the ﬂux coefﬁcients; however, without additional
information we are unable to tell which of these models
best represents the system.
Graft Cases 1–3: Extensive historical experiments suggest
that NC cells from chick and quail animal models behave
indistinguishably in chick–quail grafting experiments
(Burns et al., 2002; Erickson, 1985; Le Douarin and Teillet,
1973). Note that while these previous experiments involved
chick–quail grafts, they are different from the new
kebab culture system (Simpson et al., 2006b). Under these
conditions it is reasonable to assume that the parameters
governing a particular function would be the same for
both cell types. This implies that the donor and host cells
have the same mitotic index, diffusivity, chemotactic
sensitivity and GDNF sequestration rate. Hence for
diffusive ﬂux models we set the donor–host relative
parameters as D ¼ L ¼ 1 while for the chemotactic ﬂux
model we set w ¼ L ¼ 1 and g1 ¼ g2 ¼ 1.
Numerical proﬁles showing the spatiotemporal evolution
of the cell densities (at t ¼ 0; 20; 40 and 60) for each
grafting experiment are given in Figs. 5–7. Each of these
three cases will be discussed in turn.
For Case 1 (Fig. 5), the graft tissue contains donor cells
at carrying capacity density. This tissue is placed behind
the wavefront where the local host cells have been
removed. These donor cells do not have the opportunity
to proliferate. For the diffusive ﬂux models, these cells are
able to migrate by diffusion alone and mingle with the host
cells at the host–donor interface. This migration does not
give rise to large scale invasion since the donor cells are
unable to proliferate. For the chemotaxis model, there is no
chemotactic gradient across the donor–host interface (since
g1 ¼ g2 Þ. Under these conditions there is no mingling of the
donor and host cells in this region and so the donor–host
interface remains sharp. The host cells at the leading edge
of graft Case 1 are located adjacent to unoccupied regions
of gut tissue. Therefore, all models allow cells to migrate
caudally into this region and proliferate to reach the
carrying capacity density. This combined migration and
proliferation gives rise to a caudally directed travelling
wave which invades the remaining tissue. All results for
Case 1 give long term invasion proﬁles which are

indistinguishable from the control case (Fig. 4) simulated
with the corresponding ﬂux rule.
For Case 2 (Fig. 6), the donor cells are located at the
leading edge and now the donor cells form a caudally
moving invasion wave. The cells at the donor–host
interface are also nonproliferative since the local cell
density is at the carrying capacity density. Similar to Case
1, the diffusive models allow for some mingling of the
donor and host cells at the donor–host interface, while
the chemotaxis model predicts that this interface remains
sharp.
Numerical proﬁles for graft Case 3 (Fig. 7) show that the
host cells are able to undergo combined migration and
proliferation at the leading edge to form a caudally moving
travelling wave which invades the tissue. The donor cells
are placed in a region of unoccupied tissue, and so are able
to migrate both caudally and rostrally forming invasion
waves. For small times, the rostrally moving donor wave
and caudally moving host wave travel towards each other;
after some time, these two waves coalesce. After coalescence, the cells at the donor–host interface cease proliferation since the total cell density is at capacity density.
Meanwhile, the caudally moving invasion wave of donor
cells will continue to invade the tissue on the caudal side of
the graft until the entire tissue is colonised. For all three
cases, each of the ﬁve models predict migration patterns
that are all consistent and in agreement with the experimental observations made by Simpson et al. (2006b).
This mathematical modelling of the chick–quail graft
experiments illustrates some interesting and revealing
properties of NC cell invasion waves. All experimental
and theoretical results conﬁrm that it is the cells located at
the wavefront that are chieﬂy responsible for migration and
proliferation, yet when these cells are placed behind the
wavefront they no longer generate an invasion wave and
are restricted to diffusive migration alone. Conversely,
although cells behind the wavefront do not participate
directly in the invasion of unoccupied tissue, these cells
retain the ability to form an invasion wave when given the
opportunity to undergo combined migration and proliferation. This was conﬁrmed experimentally when identical
results for graft Cases 1 and 2 were obtained regardless of
whether the donor cells were taken from the invading or
the invaded region. Therefore, it seems that cells located at
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Fig. 5. Graft Case 1: Proﬁles of Dðx; tÞ (green), Hðx; tÞ (red) and Gðx; tÞ (blue) for t ¼ 0, 20, 40 and 60, for each ﬂux mechanism as indicated. Results are
for D ¼ L ¼ w ¼ b ¼ g1 ¼ g2 ¼ n ¼ k ¼ 1 on 0oxo300. No ﬂux boundary conditions are implemented and results are computed with Dx ¼ 0:05,
Dt ¼ 0:025 and t ¼ 1  106 .

the wavefront are no different, in form or function, from
cells behind the wavefront. This observation justiﬁes our
theoretical modelling where we treat all donor cells as
identical regardless of their origin in the donor tissue. We

can conclude that the only difference between cells in the
invading and invaded region is that those cells at the
wavefront have the ability to migrate and proliferate while
those behind the wavefront have no opportunity to
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Fig. 6. Graft Case 2: Proﬁles of Dðx; tÞ (green), Hðx; tÞ (red) and Gðx; tÞ (blue) for t ¼ 0, 20, 40 and 60, for each ﬂux mechanism as indicated. Results are
for D ¼ L ¼ w ¼ b ¼ g1 ¼ g2 ¼ n ¼ k ¼ 1 on 0oxo300. No ﬂux boundary conditions are implemented and results are computed with Dx ¼ 0:05,
Dt ¼ 0:025 and t ¼ 1  106 .

proliferate. Our mathematical simulations are entirely
consistent with the experimental results of Simpson et al.
(2006b).

Regardless of the ﬂux mechanism, cells can migrate into
unoccupied regions of tissue and simultaneously proliferate
leading to travelling wave behaviour. The main difference
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Fig. 7. Graft Case 3: Proﬁles of Dðx; tÞ (green), Hðx; tÞ (red) and Gðx; tÞ (blue) for t ¼ 0, 20, 40 and 60, for each ﬂux mechanism as indicated. Results are
for D ¼ L ¼ w ¼ b ¼ g1 ¼ g2 ¼ n ¼ k ¼ 1 on 0oxo300. No ﬂux boundary conditions are implemented and results are computed with Dx ¼ 0:05,
Dt ¼ 0:025 and t ¼ 1  106 .

between the various ﬂux mechanisms is the particular
shape of the invading front, which unfortunately, is very
difﬁcult to characterise experimentally. This difﬁculty is
due, in part, to the invading region being extremely
narrow. For example, Simpson et al. (2006b) reported that

the width of the wavefront is approximately 0:25 mm.
Compared to the length of the intestine (approximately
20 mm at the time when colonization normally occurs) the
width of the invading front is very narrow. The similarity
between each of the models suggests that the one consistent
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feature in all models, namely the carrying capacity-limited
proliferation, seems to dominate the entire system. This
observation can be explored more rigorously by analysing
some simpliﬁed invasion models.

We investigate the relative importance of the proliferation and ﬂux terms in controlling travelling wave behaviour
in a single-species invasion model on 1oxo1. With
cell density U and growth factor concentration G, the
relevant dimensionless conservation system is


qU
q
qU
¼
f ðU; GÞ
þ Uð1  UÞ,
(20)
qt
qx
qx
qG
¼ bð1  GÞ  gUG,
(21)
qt
after appropriate scaling. We restrict our analysis
to examples of three cases presented above, namely
f ðU; GÞ ¼ 1 (Fisher’s equation), f ðU; GÞ ¼ ð1 þ kUÞ1
and f ðU; GÞ ¼ G n , each of which gave numerical travelling
wave solutions with wave speed c ¼ 2 for compact support
initial conditions. Our aim here is to obtain an approximate perturbation solution for the shape of the invading
wave proﬁle and determine how the functional form of
f ðU; GÞ controls the shape of the invading wave.
Introducing the travelling wave coordinate z ¼ x  ct,
the system (20) and (21) becomes


dU
d
dU
þ
f ðU; GÞ
0¼c
þ Uð1  UÞ,
(22)
dz dz
dz
dG
þ bð1  GÞ  gUG,
(23)
dz
with Uð1Þ ¼ 1 and Uð1Þ ¼ 0. Following the approach
of Canosa (1973) and transforming the travelling wave
coordinate, x ¼ z=c, gives,


dU 1 d
dU
þ
f ðU; GÞ
0¼
þ Uð1  UÞ,
(24)
dx c2 dx
dx

0¼c

dG
þ bð1  GÞ  gUG.
dx

(25)

Identifying the small parameter  ¼ 1=c2 we seek solutions
UðxÞ ¼ U 0 ðxÞ þ U 1 ðxÞ þ Oð2 Þ,

(26)

GðxÞ ¼ G 0 ðxÞ þ G 1 ðxÞ þ Oð2 Þ.

(27)

Substituting these expansions into (24) and (25), and
provided that f ðU; GÞ and its ﬁrst derivatives are Oð1Þ, then
U 0 ðxÞ is governed by the proliferation term alone
0¼

dU 0
þ U 0 ð1  U 0 Þ.
dx

the solution
U 0 ðzÞ ¼

1
.
1 þ ez=c

(29)

The dominant term in (27) with Gð1Þ ¼ 1 can be expressed
in terms of hypergeometric functions for arbitrary g40. To
illustrate the solutions for a particular example, we choose
b ¼ g ¼ 1 and obtain

4.1. Analysis of travelling wave solutions for diffusive
invasion models

0¼

355

(28)

Therefore, the U 0 ðzÞ term is independent of both f ðU; GÞ
and the kinetics of G. Selecting Uð0Þ ¼ 12, we obtain

G0 ðzÞ ¼

1 þ 2ez=c
.
2 þ 2ez=c

(30)

These perturbation solutions clearly show that the ﬂux
term in (20) plays a very minor role compared to the
logistic production term in controlling the shape of the
travelling wave solutions of (20) and (21). This evidence
supports the hypothesis established in the numerical
simulations where all results were broadly similar regardless of the ﬂux terms.
For completeness, the OðÞ terms in (26) and (27) for the
three diffusivities are summarised in Appendix A. We also
provide comparisons of the two term perturbation solutions, UðzÞ ¼ U 0 ðzÞ þ U 1 ðzÞ, with numerical travelling
wave solutions of (20) and (21) in Appendix A.
4.2. Predictions for new experiments: sensitivity analysis
Now that the suite of continuum models proposed in this
analysis have been used to replicate the control and graft
experiments in Simpson et al. (2006b), we would like to use
the mathematical models to suggest new experiments that
will further enhance our understanding of the nature of the
invasion system. Because of the ubiquitous nature of
invasion waves, in both normal development and pathological processes, an understanding of how sensitive the
overall invasion system is to external inﬂuences would be
useful. Since we know that proliferation and migration at
the leading edge drives invasion, we will use the mathematical model to suggest further experiments which will help
investigate how sensitive the system is when the function of
the leading edge is impaired. With reference to Fig. 1, we
address the following three questions. How sensitive is
the system to removing (i) the proliferative ability or (ii) the
migratory ability, or (iii) both the proliferative and
migratory ability of cells at the wavefront?
The ﬁrst of these questions was experimentally investigated by Simpson et al. (2006b) in response to the
mathematical modelling that will be presented here. Here
we extend this case by considering two additional methods
to interrupt the normal function of the leading edge and
propose that these two additional experiments could
also be conducted to validate the mathematical results.
We only present numerical results for the case of linear
diffusion here.
Results in the top row of Fig. 8 show that removing the
proliferative ability of the wavefront donor cells (lD ¼ 0)
does not impede the ability of the cells behind the
wavefront to form a new invasion wave. Note that the
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proﬁles are displayed at uneven time intervals in order to
highlight particular events. At early times ðt ¼ 20Þ, the
donor cells migrate out of the graft region making room
for the host cells to migrate caudally into the graft tissue.
The host cells are able to proliferate, simultaneously
ﬁlling all available regions to capacity density. The
combined migration and proliferation of the host population mean that the host cells migrate more rapidly than the
nonproliferative donors. After some time, the host cells are
able to overtake the donor cells ðt ¼ 30Þ. Once this
overtaking has occurred, the host cells occupy fresh tissue
and form a caudally moving invasion wave ðt ¼ 50Þ. This
observation shows that cells behind the wavefront can
overtake those cells at the wavefront when the ability of the
wavefront cells to proliferate is removed. Further numerical results show that this overtaking phenomena is
ubiquitous. For example, widening the grafts of nonproliferative donor cells or reducing the donor proliferation
rate relative to the host proliferation rate (0oLo1) can
also lead to overtaking. However, under these conditions,
the time required to observe overtaking increases with the
width of the graft and corresponding increase in L. These

numerical simulations corroborate the experimental observations made by Simpson et al. (2006b), who demonstrated similar overtaking patterns in the chick–quail grafts
where the quail NC cells were grafted at the wavefront
after being chemically treated to remove their proliferative
ability.
It is important to remark that the agreement between the
experimental observations and numerical predictions in
row 1 (Fig. 8) was not unanimously anticipated a priori.
Before conducting these experiments, several conjectures
were proposed as to the likely outcome. These included the
possibility that the nonproliferative donor graft would
impede the otherwise normal host cells and prevent any
further caudal progression of the NC cell population after
the graft was made. Alternatively, it was also proposed that
the nonproliferative donor cells might have been ‘‘shunted’’
forward by the host cells behind the graft. As it happened,
the experimental outcome was in agreement with the
mathematical prediction while being at odds with these
intuitive conjectures. This process illustrates the value and
importance of theoretical modelling to complement an
experimental program. The kinds of comparisons between
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Fig. 8. Removal of proliferative and/or migratory ability of the donor cells. Proﬁles of donor Dðx; tÞ (green) and host Hðx; tÞ (red) cell density proﬁles. Cell
migration is governed by linear diffusion. (1) Top row: the donor cells are nonproliferative (L ¼ 0; D ¼ 1), (2) middle row: the donor cells are nonmigratory (L ¼ 1; D ¼ 0), and (3) bottom row: the donor cells are nonproliferative and non-migratory (L ¼ 0; D ¼ 0). No ﬂux boundary conditions are
implemented and results are computed with Dx ¼ 0:05, Dt ¼ 0:025 and t ¼ 1  106 .
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the simulations and invasion assays presented here are
sufﬁcient to provide important information that might not
be obvious without the modelling. Although the results in
row 1 (Fig. 8) have been experimentally replicated, we also
suggest and predict the outcomes of two further experiments that are yet to be experimentally tested.
Proﬁles in row 2 (Fig. 8) show that removing the
migratory ability of the wavefront donor cells while
maintaining their proliferative ability does not impede the
ability of the cells behind the wavefront to form a new
invasion wave. Under these conditions at early times
ðt ¼ 20Þ, the host cells migrate caudally into the graft
tissue. Unlike the previous case, the donor cells in the graft
tissue are immobile and so they cannot move away from
the site of the graft. Therefore, the total cell density in the
graft region rises above capacity density ðD þ HÞ41 and
the logistic terms in (4) and (5) become negative locally in
this region. The negative logistic term implies that overcrowding gives rise to localised cell death, and so the cell
density of both the host and donor populations decreases
in this region. The decrease in cell density of the donor
population is evident when comparing the donor proﬁles
at t ¼ 0 and 20. The combined migration of the host
population and death caused by overcrowding continues
until such time that some of the host cells migrate beyond
the width of the graft ðt ¼ 30Þ. Eventually, these host cells
form a caudally moving invasion wave which continues to
invade the tissue caudal of the graft ðt ¼ 50Þ.
Results in row 3 (Fig. 8) present the most extreme case
where both the proliferative and migratory ability of the
donor cells at the wavefront are removed. Under these
conditions, the governing equation for the donor cells is
simply qD=qt ¼ 0 and so the donor proﬁle cannot change
over time. At early times ðt ¼ 20Þ, the host cells migrate
caudally into the donor graft raising the local cell density in
the graft tissue above the carrying capacity. Under these
conditions, the host cells undergo cell death due to
overcrowding; however, the donor cells are unable to
proliferate (or die) so there is no change in the cell density
of the donor population. The host cells continue to migrate
through the graft. Eventually, as for the other examples,
the host cells migrate beyond the caudal-most edge of the
donor cells ðt ¼ 30Þ and eventually form an invasion wave
which proceeds to colonise all the remaining tissue caudal
to the graft ðt ¼ 50Þ.
Results in rows 2 and 3 (Fig. 8) are the only cases in this
work where the logistic source term becomes negative
leading to cell death. Although this feature is interesting,
cell death is not responsible for the overtaking phenomena
we observe in these cases. It is the host cells’ migratory
ability which allows these cells to move into the donor
tissue and overtake the donor cells. Only when the host
cells have overtaken the donor cells does the logistic
production term become important in the formation
of a new invading wavefront. These two mechanisms
in conjunction allow the formation of an invasion
wave. Indeed, simulations identical to those in rows 2
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and 3 (Fig. 8) but with lH ¼ 0 thereby preventing host cell
death, also result in overtaking; however, for these cases
the host cells are unable to form an invasion wave once
they are past the donor cells.
The results in Fig. 8 correspond to the linear diffusion
ﬂux model. However, similar results are obtained for the
other diffusive ﬂux models considered in this work.
Additionally, simulating this problem with a chemotactic
ﬂux where various functions of the donor cells placed at the
wavefront are removed (where either w; L or g1 are zero)
also gives similar outcomes.
These results demonstrate that the invasion system is
extraordinarily robust. The propensity of the system to
form and maintain invasion waves, even when the function
of the leading edge is damaged, is astonishing! Given that
both the experimental and numerical simulations strongly
suggest that NC cell invasion is driven by proliferation and
motility at the leading edge alone, it seemed reasonable at
ﬁrst to suppose that the dynamics of the whole system
might easily be interrupted by altering the function of the
leading edge. The numerical results presented here and
experimental observations made by Simpson et al. (2006b)
suggest that this supposition is incorrect. Considering that
the systems we consider have relevance to fundamental
developmental processes, the fact that the invasion system
is very robust is reassuring. This is especially relevant to
NC invasion as the leading edge in this system is known to
be extremely narrow (Simpson et al., 2006b) and therefore
possibly susceptible to damage.
5. Conclusions
Solutions of all continuum scale models presented in this
paper are able to replicate and predict patterns of NC cell
migration along the developing gut. In particular, the
invasion of the gut by migrating and proliferating NC cells,
as investigated experimentally by Simpson et al. (2006b), is
modelled to reveal how cells behave relative to their
position with respect to the wavefront. Experimental and
mathematical results show that under normal circumstances NC cells behind the wavefront do not directly
participate in the invasion of uncolonised tissue. Results
show that the invasion of uncolonised tissue is driven by
combined proliferation and motility occurring at the
leading edge of the wavefront.
The key feature of this study is that a suite of continuum
models, each combining logistic production and a different
ﬂux mechanism, can be used to simulate NC migration
along the developing gut. Numerical results show that each
ﬂux mechanism gives rise to constant speed and constant
shape invasion waves, each of which broadly replicates
Simpson et al.’s (2006b) experimental observations even
though the ﬂux mechanisms used to simulate the system are
very different. This implies that the precise nature of the
ﬂux mechanism plays a minor role in comparison to the
proliferation term. This notion was analysed by considering perturbation approximations for the shape of the
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travelling wave for three different ﬂux mechanisms,
including linear diffusion (Fisher’s equation), decreasing
nonlinear diffusion and chemokinesis. Perturbation solutions reveal that it is the logistic proliferation term which
controls the shape of the invasion waves rather than the
migration term. These observations corroborate remarks
made regarding the Cook model, where Murray (2002,
p. 480) comments that ‘‘waves of invasion are in effect
waves of reproduction’’, implying that it is the proliferation
(reproduction) terms in the conservation equations which
dominate and drive invasion models.
Although this work investigates a broad range of cell
ﬂux mechanisms, several further options are available for
simulating the chick–quail graft techniques of Simpson
et al. (2006b). For example, Painter and Sherratt (2003)
theoretically investigated several ﬂux options for simulating two-species invasion models. In particular, Painter and
Sherratt (2003) considered diffusive ﬂuxes where the cell
ﬂux is proportional to the gradient of the total cell density.
We also simulated this ﬂux option and obtained similar
results to those presented here. Additionally, we only
presented results for cell ﬂuxes acting in isolation. This
work could be extended by considering two or more ﬂux
mechanisms acting simultaneously, for example, combining linear diffusion and chemotaxis. This kind of multiﬂux
simulation has been considered in detail for single-species
invasion (Landman et al., 2005) and does not radically
change the outcome.
The key assumption in this work is that the proliferation
of NC cells is governed by a logistic growth law. This
rule was chosen since it captures the essential features
thought to be associated with carrying capacity-limited
proliferation of NC cells in the gut tissue. Furthermore,
logistic growth is an exemplar of the kind of functions used
to simulate proliferation in continuum invasion models.
We note, however, that alternative growth functions, such
as cubic growth laws (Tsoularis and Wallace, 2002) have
been postulated and also give rise to similar results.
However for our application, there is no experimental
evidence to suggest that some alternative growth function
might be more appropriate than the commonly invoked
logistic law.
Given that the numerical and experimental results
detailed here suggest that the invasion system is driven by
the function of cells at the leading edge of the invasion
wave, we conducted a series of theoretical experiments to
study the stability of the system. Several graft experiments
were simulated where cells located at the leading edge were
damaged either through blocking the proliferation, motility, or both proliferation and motility. Numerical results
show that the invasion models are very robust against these
changes—cells behind the wavefront are able to overtake
the impaired cells and form a new wavefront which will
continue to invade. These results suggest that to successfully stop an invasion wave, as occurs in the case of
Hirschsprung’s Disease, the mechanisms investigated here
are insufﬁcient and further mechanisms must be acting.

Possible mechanisms which could interrupt the progression
of an invasion wave are a localised region of gut tissue that
is not permissive of migration or an inhibitory chemical
acting locally at some position along the gut tissue.
Furthermore, growth of the gut tissues in the kebab
cultures is reduced compared to normal in vivo development (Simpson et al., 2006b). Therefore, during the
development of the ENS in vivo, the interactions between
cell motility and the growth of the underlying gut tissues is
an important mechanism which could prevent normal
colonisation (Landman et al., 2003; Simpson et al., 2006a).
Overall, our modelling approach successfully allowed us
to theoretically examine cell function variations along the
length of an invasion wave. This modelling predicts the
primacy of the invading wavefront, net directional
colonisation, limited cell mixing at host–donor borders,
the ability to migrate in reverse directions and the mutual
interference of migrating populations, all of which were
experimentally observed by Simpson et al. (2006b). Our
modelling underscores the importance of NC cell proliferation in successful colonization of the gut and provides
an understanding of why many of the genes implicated in
Hirschsprung’s Disease inﬂuence NC cell population size
(Brooks et al., 2004).
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Appendix A. Perturbation solutions
The OðÞ terms in (26) give the equation governing U 1 as


dU 1
d
dU 0
f ðU 0 ; G0 Þ
¼ U 1 ð1  2U 0 Þ 
,
(31)
dx
dx
dx
with U 1 ð0Þ ¼ 0.
Consider ﬁrst f ðU; GÞ ¼ ð1 þ kUÞ1 . The solution
of (31), transformed back into the travelling wave
coordinate, z, is


ez=c
1
a
U 1 ðzÞ ¼
þ
ð1 þ ez=c Þ ð1 þ k þ ez=c Þ ð1 þ ez=c Þ
ez=c
þ
z=c
ð1 þ e Þ2 ð1 þ kÞ
hz
i
  ð2 þ kÞ lnð1 þ k þ ez=c Þ ,
c

ð32Þ

with
a¼

kþ2
2
lnðk þ 2Þ 
.
kþ1
kþ2

(33)
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Fig. 9. Comparison of the shape of numerical travelling wave solutions with the two-term perturbation solutions for c ¼ 2. The numerical solution is
plotted in black, the U 0 ðzÞ perturbation solution is plotted in green and the U 0 ðzÞ þ U 1 ðzÞ perturbation solution is plotted in red with  ¼ 1=c2 . Results
are given for (a) the decreasing nonlinear diffusion model with k ¼ 10, and (b) the chemokinesis model with b ¼ g ¼ n ¼ 1. Numerical proﬁles are
obtained with an implicit ﬁnite difference algorithm linearised with Picard iteration. Computations are evaluated for Dx ¼ 0:05, Dt ¼ 0:01 and t ¼
1  106 and the proﬁles are shifted so that Uð0; tÞ ¼ 0:5.

The two-term perturbation expansion U 0 ðzÞ þ U 1 ðzÞ
depends very weakly on the parameter k, since it only
appears in the U 1 term.
As expected the OðÞ term (32) with k ¼ 0 and f ðU; GÞ ¼
1 is consistent with the OðÞ term obtained for Fisher’s
equation, namely


ez=c
4ez=c
U 1 ðzÞ ¼
ln
.
(34)
ð1 þ ez=c Þ2
ð1 þ ez=c Þ2

minimum wave speed (Fig. 9) represents a worst-case
comparison. Even so, the match between the approximate
perturbation solutions and the corresponding numerical
solutions is superb as was previously known for the
constant diffusivity case (Fisher’s equation) (Canosa,
1973; Murray, 2002).

For f ðU; GÞ ¼ G n , the solution of (31) with b ¼ g ¼ n ¼ 1
in the z coordinate is




ez=c
z
2
3
3
þ
3
ln
þ
U 1 ðzÞ ¼
.

1 þ ez=c
1 þ ez=c 2
2ð1 þ ez=c Þ2 c
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