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Abstract Invasion waves of cells play an important role in development, disease,
and repair. Standard discrete models of such processes typically involve simulating
cell motility, cell proliferation, and cell-to-cell crowding effects in a lattice-based
framework. The continuum-limit description is often given by a reaction–diffusion
equation that is related to the Fisher–Kolmogorov equation. One of the limitations of
a standard lattice-based approach is that real cells move and proliferate in continuous
space and are not restricted to a predefined lattice structure. We present a lattice-free
model of cell motility and proliferation, with cell-to-cell crowding effects, and we
use the model to replicate invasion wave-type behaviour. The continuum-limit description of the discrete model is a reaction–diffusion equation with a proliferation
term that is different from lattice-based models. Comparing lattice-based and latticefree simulations indicates that both models lead to invasion fronts that are similar at
the leading edge, where the cell density is low. Conversely, the two models make different predictions in the high-density region of the domain, well behind the leading
edge. We analyse the continuum-limit description of the lattice-based and lattice-free
models to show that both give rise to invasion wave type solutions that move with the
same speed but have very different shapes. We explore the significance of these differences by calibrating the parameters in the standard Fisher–Kolmogorov equation
using data from the lattice-free model. We conclude that estimating parameters using
this kind of standard procedure can produce misleading results.
Keywords Cell migration · Cell proliferation · Crowding effects · Travelling wave ·
Lattice-free
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1 Introduction
Invasion waves of cells are essential features of development (Druckenbrod and Epstein 2007; Nishiyama et al. 2012), repair (Maini et al. 2004a, 2004b) and disease
(Sherratt 2000; Swanson et al. 2003). Such waves, or moving fronts of cells, can
arise in systems that involve populations of cells that are motile and proliferate to
a carrying capacity density. The combination of cell motility and carrying capacitylimited proliferation leads to invasion fronts that can move into vacant tissues leaving
them uniformly occupied with cells behind the front. A typical image of an in vitro
invasion front is shown in Fig. 1 where we see that the cell density is relatively low
at the leading edge of the wave and relatively high well behind the leading edge.
The role of cell-to-cell crowding in invasion waves of cells has been demonstrated
experimentally by labelling a few cells within the population and measuring properties of the trajectories of the labelled cells. Using this technique, Druckenbrod and
Epstein (2007) showed that cells at the leading edge of an in vivo invasion wave were
relatively motile, whereas cells located well behind the leading edge were relatively
immotile. Similar results were observed by Cai et al. (2007) in an in vitro scratch
assay using 3T3 Fibroblast cells. These observations highlight the importance of cell
crowding and volume exclusion effects since isolated cells at the leading edge are
free to move and proliferate, whereas crowded cells well behind the leading edge
have less opportunity to move or proliferate.
Traditionally, experimental investigations describing invasion waves of cells have
focused on measuring the speed of the advancing front (Maini et al. 2004a, 2004b).
More recent advances in microscopy technologies, such as confocal microscopy,
time-lapse imaging, and magnetic resonance imaging techniques, have allowed experimental investigations to report detailed measurements of individual cell behaviour within the bulk population. For example, Druckenbrod and Epstein (2007)
measured the speed of the advancing front as well as recording the details of individual cell trajectories within the bulk population. Similarly, Young et al. (2004)
measured the speed of an advancing wave front within an intact tissue culture system and sectioned the tissue so that they could study the movement of a few isolated cells within the bulk population. To keep pace with the changes in the way
that experimental observations are reported, there has also been a change in the way

Fig. 1 Experimental image showing the spatial organisation of human umbilical vein endothelial cells in
a typical scratch assay (Caruso et al. 2009). Reproduced with permission from PNAS. The image shows
the distribution of cell density along an invasion wave of cells that is moving in the direction indicated.
The cell density is low at the leading edge and individual cells are relatively unaffected by neighbouring
cells whereas the cell density is high well behind the leading edge and individual cells are crowded by
neighbouring cells
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that mathematical models of invasion waves are designed and implemented to interpret such experimental observations. Traditionally, continuous partial differential
equation (PDE) models related to the Fisher–Kolmogorov equation (Fisher 1937;
Kolmogorov et al. 1937; Sherratt and Murray 1990; Sherratt 2000; Witelski 1994,
1995) were used to represent cell invasion since these models give rise to travelling wave solutions that are thought to represent invasion fronts (Maini et al. 2004a,
2004b). However, PDE-based models cannot provide any insight into the behaviour
of individual cells within the invading population of cells. To overcome this limitation, individual-based, random walk models of cell motility and cell proliferation
have become increasingly popular (Anderson and Chaplain 1998; Codling et al. 2008;
Othmer et al. 1988).
One approach to modelling cell invasion in a discrete random walk framework is
to use a lattice-based approach where individual agents (cells) on a lattice undergo
motility and proliferation events. Crowding effects can be incorporated by ensuring
that each lattice site can be occupied by, at most, one cell. Such a model, on a onedimensional lattice, was considered by Callaghan et al. (2006) who showed that discrete simulations appeared to mimic invasion wave like behaviour. A similar model,
on a two-dimensional square lattice, was studied by Simpson et al. (2010) who derived an approximate conservation statement and showed that the continuum limit of
the model is a generalisation of the Fisher–Kolmogorov equation. All lattice-based
models of collective cell behaviour make a major simplifying assumption that the
movement and proliferation of individual cells is restricted to an artificial, predefined
lattice. This limitation was recently highlighted by Plank and Simpson (2012) who
considered a two-dimensional discrete model of a tissue growth experiment. Their
results revealed some of the artificial features of lattice-based models, which always
predict that the population of cells will grow to confluence by aligning along the underlying lattice structure. In contrast, real images of the same kinds of experiment
(e.g. Tremel et al. 2009) show that cells are arranged less regularly as they grow to
confluence.
In this work, we build on recent advances by simulating and analyzing a latticefree random walk model with crowding effects that is motivated by observations in
cell biology (Plank and Simpson 2012). Unlike some recent lattice-free models that
neglect proliferation (e.g. Dyson et al. 2012; Bruna and Chapman 2012a, 2012b),
we consider a lattice-free model incorporating cell motility, cell proliferation and realistic crowding effects. Discrete simulations illustrate the potential for the model
to replicate moving fronts that are similar to invasion waves of cells. We present a
corresponding PDE-based model that describes the average behaviour of lattice-free
simulations, and we show that the PDE model gives rise to solutions that mimic the
essential features of an invasion wave of cells. Using a combination of numerical simulation and analysis, we show that the invasion fronts associated with the lattice-free
PDE description have the same invasion speed properties as the Fisher–Kolmogorov
equation, but that the shape of the invasion front is very different. We highlight the
importance of these differences by mimicking a standard procedure to calibrate the
parameters in the Fisher–Kolmogorov equation using our more realistic lattice-free
data. This exercise shows that a standard calibration procedure can produce misleading results.

Lattice-Free Models of Cell Invasion

2153

2 Discrete Models
2.1 Lattice-Based Model
We consider a lattice-based model of cell motility and proliferation that has been described previously (Plank and Simpson 2012). Briefly, we consider a two-dimensional
square lattice with lattice spacing , which is assumed to correspond to the cell diameter (Simpson et al. 2013a, 2013b). In any one realisation, the occupancy of site
(i, j ) is C̄i,j , with C̄i,j = 1 for an occupied site, and C̄i,j = 0 for a vacant site. Simulations are performed using discrete time steps of duration τ and a random sequential
update method is used to implement an unbiased motility mechanism so that each
cell is given, on average, an opportunity to undergo a motility event with probability
Pm ∈ [0, 1] per time step (Chowdhury et al. 2005). Similarly, each cell is given, on
average, an opportunity to undergo a proliferation event with probability Pp ∈ [0, 1]
per time step. A proliferative cell at site (i, j ) attempts to place a daughter cell at site
(i ± 1, j ) or (i, j ± 1), each with equal probability 1/4. Crowding effects are incorporated into the model by ensuring that potential motility and proliferation event that
would place a cell on an occupied site are aborted.
2.2 Lattice-Free Model
We consider a new lattice-free model of cell motility and proliferation that was introduced recently by Plank and Simpson (2012). In this model, a cell can occupy
any location in continuous two-dimensional space provided there is sufficient space
available to accommodate it. The position of the centre of the ith cell is (xi , yi ) for
i = 1, . . . , N . A random sequential update method is used to implement unbiased
motility and proliferation mechanisms so that during any time step, of duration τ ,
each cell is, on average, given the opportunity to move with probability Pm ∈ [0, 1]
(Chowdhury et al. 2005). Each cell attempts to move a distance  in a random direction θ ∈ [0, 2π) and we assume that each cell is a circle of diameter . To enforce
crowding effects, any motility event where the cell’s attempted path
(xi , yi ) + s(cos θ, sin θ ),

where s ∈ [0, 1],

comes within a distance  of any other cell’s centre is aborted. Each cell is also
given the opportunity to proliferate with probability Pp ∈ [0, 1] during each time
step. A proliferative cell will attempt to divide into two daughter cells that are separated by distance  along an axis of randomly chosen direction θ ∈ [0, π]. Attempted
proliferation events are aborted if the path connecting the daughter cells’ target positions,
(xi , yi ) + s(/2)(cos θ, sin θ ),

where s ∈ [−1, 1],

comes within a distance  of any other cell’s centre (Plank and Simpson 2012).
This lattice-free model is based on relatively simple mechanisms for cell motility,
cell proliferation, and cell-to-cell crowding. It would be possible to extend this discrete model in various ways. For example, here we investigate the simplest possible
mechanism where the direction of each potential motility and proliferation event is
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chosen uniformly at random in [0, 2π). This is analogous to a lattice-based blind random walk (Landman and Fernando 2011). One alternative model would be to assess
the relative positions of neighbouring cells and to choose the direction of motility
or proliferation events at random from the available directions. This would be analogous to a lattice-based myopic random walk (Landman and Fernando 2011). We
anticipate that altering these mechanisms in the discrete model would lead to a different continuum-limit description (Landman and Fernando 2011) and we leave this
extension for future work.

3 Continuum Models
The continuum descriptions of the lattice-based and lattice-free models have been
derived previously (Simpson et al. 2010; Plank and Simpson 2012). The continuum
description of the average cell density, C(x, y, t), is given by a reaction–diffusion
PDE of the form
∂C
(1)
= D∇ 2 C + f (C),
∂t
where D is the diffusivity and f (C) is the local proliferation rate at density C. The
diffusivity is related to the probability of movement Pm in the individual-based model
via D = Pm 2 /(4τ ) (Plank and Simpson 2012). If the initial condition, C(x, y, 0),
is independent of the vertical coordinate y, and either periodic or reflecting boundary
conditions are applied on both boundaries parallel to the x coordinate, the solution of
Eq. (1) is independent of y for all t > 0 and we have C(x, y, t) = C(x, t) (Simpson
et al. 2010). These kinds of initial conditions and boundary conditions are relevant
when considering cell invasion along a narrow channel, such as the experimental
image in Fig. 1 and many other experimental investigations (e.g. Khain et al. 2011;
Maini et al. 2004a, 2004b). In these cases, Eq. (1) can be applied in a one-dimensional
Cartesian geometry where we have ∇ 2 C = ∂ 2 C/∂x 2 .
The PDE description of the lattice-based and lattice-free models effectively
makes a standard mean-field assumption that there are no short-range correlations in the locations of cells (Baker and Simpson 2010; Bolker and Pacala 1997;
Law and Dieckmann 2000). This assumption is reasonable provided that proliferation events are relatively rare, i.e. Pp /Pm  1 (Simpson et al. 2010; Plank and
Simpson 2012). When this restriction is violated, spatial clustering of cells can occur, and short-range correlations cannot be neglected (Baker and Simpson 2010). For
many applications in cell biology, the timescale of proliferation is much greater than
the timescale of motility, so we have Pp /Pm  1 (Simpson et al. 2010) and we can
reasonably neglect the influence of short-range correlations (Deroulers et al. 2009).
The continuum limit of the lattice-based model, described in Sect. 2.1, is given by
Eq. (1) with a logistic growth term (Simpson et al. 2010),


C
f (C) = λC 1 −
,
(2)
K
where λ is per capita proliferation rate at low density (C → 0+ ) and K = 1/2 is
the density of a fully occupied square lattice. The proliferation parameter λ is related
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to the probability of proliferation Pp in the individual-based model via λ = Pp /τ .
In one dimension, the continuum limit of the lattice-based model is, therefore, the
standard Fisher–Kolmogorov equation (Fisher 1937; Kolmogorov et al. 1937) and
previous research has shown that averaged simulation data from this discrete model
corresponds with the solution of Eq. (1) with a logistic source term (Simpson et al.
2010).
If, instead of being restricted to a lattice, the cells in the discrete model move
in continuous space, but are still subject to the crowding mechanism described in
Sect. 2.2, the proliferation rate is well approximated by Plank and Simpson (2012)
 
1−

C
−1
Kd 2

f (C) = λC

i=1


2d 2
,
(1 − πd 2 )i

(3)

where d is the ratio of the cell diameter to the length of the domain. Equation (3) was
derived in our previous work, which was restricted to a uniformly populated domain
without the development of spatially variable proliferative fronts of cells (Plank and
Simpson 2012). In brief, the derivation of Eq. (3) involves considering how a series
of proliferation events leads to a reduction in the amount of available space. This
reduction in available space depends on the cell diameter  relative to the size of
the domain. In a typical experimental scenario, the domain is large relative to the
cell diameter and, therefore, d  1. For a typical cell diameter of  = 25 µm and
domain length L = 15 mm (Simpson et al. 2013a, 2013b), we have d = 0.002. For
such small values of d, the proliferation rate f (C) in Eq. (3) is insensitive to d and
f (C) converges as d → 0.
To evaluate the product in Eq. (3) the upper limit, C/(Kd 2 ) − 1, of the index must
be approximated as an integer. Because d is small, C/(Kd 2 ) − 1 is typically large
and it makes a negligible difference whether it is approximated as the nearest integer,
the floor (nearest smaller integer) or the ceiling (nearest larger integer). We checked
that all results presented here were insensitive to this choice.
All PDE results presented here use a fixed value of d = 0.005; we have checked
that reducing the value of d does not affect the results. Figure 2 shows the two proliferation functions given in Eqs. (2) and (3). Note that the low-density per capita
proliferation rate (f  (0) in Fig. 2(a) or equivalently limC→0+ f (C)/C in Fig. 2(b))
is the same in both models.
In both the lattice-based and lattice-free models, the parameter K is a reference
density and is related to the cell diameter  since K = 1/2 . In the lattice-based
framework, K has a well-defined physical interpretation: in the discrete model, this
density corresponds to a fully occupied lattice, which means that no further proliferation events are permitted (Plank and Simpson 2012); in the continuous description
we have f (K) = 0, which means that K is the maximum density or carrying capacity
density. In contrast, the lattice-free proliferation model does not have a well-defined
carrying capacity density as f (C) > 0 for all C, so the density can, in principle,
continue to grow without bound (Plank and Simpson 2012). In practice, however,
f (C) becomes extremely small as C increases, so the density C does not reach K
on biologically relevant timescales (Plank and Simpson 2012). The choice of reference density is arbitrary. For example, we could have chosen the reference density
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Fig. 2 Proliferation rates for the logistic growth model (Eq. (2), dashed) and the lattice-free model
(Eq. (3), solid) as a function of C/K: (a) total proliferation rate f (C); (b) per capita proliferation rate
f (C)/C. Parameter values: λ = 1, d = 0.005. Changing λ simply scales f (C) linearly; reducing d has a
negligible effect on f (C)

to correspond to the carrying capacity density for a hexagonal arrangement of cells,
which is the theoretical upper bound for the density in the discrete lattice-free model.
Instead, we chose the reference density to correspond to the carrying capacity density for a square packing arrangement since this made it very easy to compare the
lattice-based and lattice-free models.
Equation (3) provides an accurate prediction of the average increase in cell density for a spatially uniform initial condition (Plank and Simpson 2012). However,
it remains to be examined whether the PDE description of the lattice-free model,
Eq. (1) with (3), accurately predicts the averaged behaviour of the lattice-free model
for problems with spatially varying cell density profiles, such as moving invasion
fronts. We will examine this question, in detail, in Sect. 4. One of the advantages of
working with the continuum limit description of the discrete model is that Eq. (1)
can be non-dimensionalised so that the solutions are, in effect, independent of the
parameter values λ, D and K. In the following analysis, we will always present solutions with λ = D = K = 1, but we note that all our results can be used to represent
any other parameter values by an appropriate rescaling of x, t and C (Canosa 1973;
Murray 2002).

4 Results
4.1 Comparing Lattice-Based and Lattice-Free Models: Short-Term Behaviour
We begin demonstrating qualitative differences between the lattice-based and latticefree models by inspecting snapshots of discrete simulations (Fig. 3). Results in
Fig. 3(a)–(c) show snapshots of a lattice-based simulation where the region x ≤ x0
is initially uniformly occupied at a relatively low density, and the remainder of the

Fig. 3 Individual-based simulations of: (a)–(c) the lattice-based model; (d)–(f) the lattice-free model (Plank and Simpson 2012). Cell motility and proliferation events are
aborted whenever there is insufficient space available. Initial condition: N0 cells are placed at random in the region 0 ≤ x ≤ x0 such that the distance between any pair of cells
is never less than one cell diameter . Parameter values: probability of movement Pm = 1; probability of proliferation Pp = 0.01; x0 = 2; N0 = 40;  = 0.2; τ = 0.01 (the
values of  and τ are dimensionless values chosen such that λ = D = 1 in the continuum limit)
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domain, x > x0 , is initially vacant. The simulations show the influence of cell motility and proliferation events as individual cells move along the domain and proliferate
so that the total number of cells in the system increases with time. The net result of
the combination of motility and proliferation events is the formation of a front that
moves in the positive x direction. As time increases, the density increases quickly
behind the front so that almost all lattice sites are occupied. The alignment of cells
along the lattice is clearly visible in Fig. 3(c), whereas the experimental image in
Fig. 1 shows that cells behind the front less regularly distributed.
Results in Fig. 3(d)–(f) show an equivalent set of lattice-free simulations, using
the same initial conditions and parameters as in the lattice-based simulations. The
lattice-free simulations also indicate the development of an invasion front that moves
in the positive x direction. The density of cells behind the front increases with time;
however, the total population growth is much slower than in the corresponding latticebased simulations. For example, at t = 1000, the lattice-based population has grown
to almost double the size of the lattice-free population. Importantly, the cells behind the front in the lattice-free simulations are not regularly aligned, and instead
are arranged in an irregular pattern. This is consistent with the experimental image
in Fig. 1. Despite these differences between the lattice-based and lattice-free simulations in Fig. 3, the location of the leading edge of the front appears to be similar
in both models. We will now investigate these observations by comparing simulation
data to the solutions of the continuum-limit descriptions.
To obtain average cell density profiles, we perform M identically prepared realizations of the simulations shown in Fig. 3. In the mth realisation, we count the number
of cells Nm (x, t) whose horizontal coordinate lies within the interval [x, x + δx) at
time t. The average cell density C(x, t) is calculated by averaging over the M realizations to give

C(x, t) =

1

M


Mymax δx

m=1



Nm (x, t),

where ymax is the height of the domain (so that ymax δx is the area of the thin strip
[x, x + δx)). This is effectively a double average over the vertical coordinate y and
over the M realizations. Increasing either M or ymax increases the number of cells
used to estimate C(x, t) . Previous work has explicitly investigated how the fluctuations in the C(x, t) density profile decrease as either M or ymax are increased
(Simpson et al. 2011).
Previous investigations have confirmed that averaged density data from the latticebased model match the solution of Eq. (1) with the traditional logistic growth term
(Simpson et al. 2010) and we do not repeat this comparison here. Instead, we focus
on comparing averaged cell density data from the lattice-free model with numerical
solutions of Eq. (1) with the lattice-free source term, Eq. (3). To match the individualbased simulation data, we specify the initial condition for Eq. (1) to be a constant
density for 0 < x ≤ x0 and zero density for x0 < x ≤ L:

C(x, 0) =

C0 , x ≤ x 0 ,
0,
x > x0 ,

(4)
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Fig. 4 Averaged cell density profiles from simulations of the individual-based lattice-free model (black
curves/circles) superimposed on the solution of Eq. (1) with the lattice-based logistic growth term (dashed
green) and the lattice-free growth term (solid red): (a) on a linear density axis; (b) on a logarithmic density
axis showing the leading edge (C(x, t) < 0.1) of the invasion front (simulation data are plotted as disconnected points because points for which C(x, t) = 0 cannot be plotted on the logarithmic axis). Density
profiles C(x, t) are shown at t = 0.0, 2.5, 5.0, 7.5, 10.0 with the arrow showing the direction of increasing t . The individual-based simulations are the same as shown in Fig. 3(d)–(f); C(x, t) is the density at
horizontal position x and time t , averaged vertically and over M = 100 identically prepared simulations.
Parameter values: λ = D = K = 1. The initial condition is given by Eq. (4) with C0 = 0.2, x0 = 2. PDEs
were solved on a domain of length L = 50 with mesh spacing δx = 0.1 (Color figure online)

We impose zero-flux boundary conditions on x = 0 and x = L and take the domain
length L to be sufficiently large that the density at x = L, C(L, t), remains negligibly
small over the timescale investigated. Numerical solutions of Eq. (1) were obtained
using the MATLAB® pdepe routine, which uses the method of lines (Chapra and
Canale 1998) and the ode15s ODE solver (Shampine and Reichelt 1997), on a mesh
with spacing δx.
The averaged density data for the lattice-free simulations are shown in Fig. 4.
This confirms that the average density profile from the individual-based lattice-free
model grows and spreads along the domain to form a front that moves in the positive
x direction. Superimposed on the simulation data are two solutions of Eq. (1): one
solution corresponds to the lattice-based logistic growth term, given by Eq. (2), and
the other solution corresponds to the lattice-free growth term, given by Eq. (3). The
solution of the PDE with the lattice-free growth term provides an excellent match to
the averaged lattice-free simulation data, whereas the solution of the PDE with the
traditional logistic growth term does not.
Although the solution of Eq. (1) with the lattice-free growth term is very different to the equivalent solution of with the lattice-based logistic growth term in the
high-density region of the domain, the two solutions match very closely at the invading front, where the density is low (see Fig. 4(b), which shows the leading-edge
part of the solution on a logarithmic axis). This is consistent with the discrete snapshots in Fig. 3, which show that the lattice-based and lattice-free simulations behave
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differently well behind the invasion front, but behave similarly at the leading edge.
These similarities and differences can be explained by considering the per capita
proliferation rate, f (C)/C, for the two different proliferation models (Fig. 2(b)). In
the individual-based models, f (C)/(λC) is equivalent to the proportion of attempted
proliferation events that are successful at density C. As shown in Fig. 2(b), this proportion decreases from 1 in the low-density limit (C → 0+ ) toward 0 as the population density increases. Comparing the two curves confirms that crowding effects
are stricter in the lattice-free model than in the lattice-based model, as the per capita
proliferation rate decreases more rapidly with C.
4.2 Comparing Lattice-Based and Lattice-Free Models: Long-Term Behaviour
In Sect. 4.1, we established that solutions of Eq. (1) with the lattice-free source
term, given by Eq. (3), provide an excellent match to averaged density data obtained from the lattice-free simulations over a relatively short timescale. Simulating
the individual-based lattice-free model for longer time periods becomes very computationally expensive as the population grows (Plank and Simpson 2012). For example,
the lattice-free simulation results in Fig. 3 required approximately 100 times the computational time of the equivalent lattice-based simulations; this cost increases rapidly
for longer time periods due to the growing population size. We therefore restrict our
investigation of long-term behaviour to the continuum-limit model given by Eq. (1)
without performing long-term lattice-free discrete simulations.
It is well known that PDEs of the form of Eq. (1) on an infinite domain, −∞ <
x < ∞ can give rise to travelling-wave solutions for a range of f (C) (Murray 2002;
Canosa 1973). For our initial conditions and source terms, we expect travelling-wave
solutions moving at the minimum wave speed cmin = 2 f  (0)D (Murray 2002),
which is an increasing function of the diffusivity, D, and the low-density per capita
proliferation rate, f  (0) = λ.
The continuum-limit descriptions of both the lattice-based and the lattice-free
model have the same low-density per capita proliferation rate, f  (0) = λ. Physically,
the reason that the two models share the same f  (0) is that crowding effects, which
are handled differently by the two models, are unimportant at low cell density (Plank
and Simpson 2012). Therefore, the behaviour of the continuum-limit description at
low density, for example at the leading edge of an invasion wave, is the same for both
models. This idea is supported by the short-term discrete and continuum results presented in Figs. 3 and 4, which show that the low-density leading edges of the solutions
of the two models are almost indistinguishable. However, the behaviour at high density, for example well behind the leading edge of a invasion wave, is different since
the two models handle crowding effects differently. These differences are reflected
in the source terms f (C), given by Eqs. (2) and (3). In summary, we expect that
the long-term speed of the invasion front will be the same for the lattice-based and
lattice-free models, but the shape of the invasion front and the long-term dynamics in
the high-density region of the domain will be quite different.
Figure 5 shows numerical solutions of Eq. (1) with the lattice-based logistic proliferation source term, given by Eq. (2), and the lattice-free proliferation source term,
given by Eq. (3). Both solutions appear to develop an invasion front moving with
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Fig. 5 Long-term solutions of Eq. (1) with the lattice-based logistic growth term (Eq. (2), dashed) and
the lattice-free growth term (Eq. (3), solid): (a) density profiles at t = 25, 50, 75, 100 (the arrow shows the
direction of increasing t ); (b) density profiles at t = 50√
(blue), t = 75 (green) and t = 100 (red) plotted
against the travelling coordinate ξ = x − ct with c = 2 λD; the three curves lie on top of one another
and are indistinguishable. Parameter values: λ = D = K = 1. The initial condition is given by Eq. (4) with
C0 = 0.2, x0 = 5. PDEs were solved on a domain of length L = 300 with mesh spacing δx = 0.2 (Color
figure online)

constant speed. This can be seen in Fig. 5(b), in which the solutions
are plotted as
√
a function of the travelling coordinate ξ = x − ct, with c = 2 λD. The solutions
almost collapse onto a single curve, indicating that a constant speed, constant shape
invasion front profile has formed, and the speed
√ of the moving fronts is very close
to the theoretically expected value of c = 2 λD. Solutions for even larger values
of t are not shown, but these also collapse onto the same curves shown in Fig. 5(b).
Although the speeds of the moving invasion fronts are the same, their shapes are very
different for the two models. The lattice-free solution develops a much longer tail
behind the leading edge of the wave. In this region, proliferation in the lattice-free
model becomes extremely slow, but remains non-zero.
4.3 Comparing Lattice-Based and Lattice-Free Models: Estimating Parameter
Values from Experimental Data
Parameters such as the diffusivity D, the low-density proliferation rate λ and the carrying capacity density K are difficult to measure directly and can vary considerably
between cell types and different extracellular environments (Swanson et al. 2008).
Estimates for these parameters are often estimated using data from cell biology experiments, such as scratch assays and barrier assays (Caruso et al. 2009; Simpson
et al. 2013a, 2013b). A standard approach is to estimate these parameters is to use
a least-squares approach to fit the solution of the Fisher–Kolmogorov equation to
experimental cell density data (Sengers et al. 2007, 2009). Alternatively, the same
least-squares procedure could be used to fit the lattice-free PDE model described
here. In this section, we compare the results using both the lattice-based and latticefree PDE models to estimate parameters from lattice-free simulation data. Our goal
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is to investigate the accuracy of parameter estimates from both models when applied
to noisy density profiles, such as the density profiles produced by our discrete latticefree simulations. Typically, cell biology experiments can only be run over relatively
short time scales that may not be sufficiently long to see the formation of constant
speed, constant shape travelling fronts (Sengers et al. 2007, 2009). Therefore, we restrict our attention here to experimentally relevant time scales which may not be long
enough to observe such fronts.
We used the averaged cell density data C(x, t) = Csim (x, t) from the discrete
lattice-free model, shown previously in Fig. 4, to estimate the parameters in the
lattice-based PDE and the lattice-free PDE. The true parameter values in the simulation are λ = D = K = 1. For each PDE model, and for a given experimental time
point T , we found the values of λ, D, and K that minimised the sum of squared
differences R between the numerical solution of the PDE (CPDE (x, T ; λ, D, K)) and
the simulation data (Csim (x, T ; 1, 1, 1)):
R(λ, D, K) =

n


2

CPDE (xi , T ; λ, D, K) − Csim (xi , T ; 1, 1, 1) .

(5)

i=1

The function R was minimised over λ, D, and K using the MATLAB® fminsearch
routine, which uses the simplex search method (Lagarias et al. 1998). Initial estimates
for the parameters for fminsearch were set as λ = D = K = 1, but the results are
robust to different initial estimates. Recall that any solution of Eq. (1) can be rescaled
to match any combination of parameters, λ, D and K. However, such a rescaling
affects the timescale of the model. Using experimental data from 3T3 fibroblast cells,
Simpson et al. (2013a, 2013b) estimated λ = 0.05 hr−1 , which means that 1 unit of
dimensionless time t corresponds to 1/λ = 20 hr. This gives an approximate scaling
for t and allows us to restrict attention to experimentally relevant timescales. We
consider time points T up to T = 10, which corresponds to approximately 200 hr,
which is at the upper end of achievable in vitro experiments (Sengers et al. 2007,
2009; Simpson et al. 2013a, 2013b).
Figure 6 shows the least-squares solutions of the two PDE models superimposed
on the simulation data at time T = 5. Both PDE models provide a good fit to the
simulation data suggesting that it would not be possible to distinguish which is the
correct model using noisy density data. Table 1 shows the estimated parameter values
for the two models, for four different experimental durations. Parameter estimates for
the lattice-free PDE are reasonably accurate, within approximately 5 % of the true
values. In contrast, parameter estimates for the lattice-based PDE are far less accurate
and consistently underestimate λ and K, while overestimating D. Furthermore, the
lattice-based parameter estimates vary considerably depending on the duration of the
experiment. This indicates that there is no unique combination of parameters in the
lattice-based PDE that matches the data over the entire time period.
Although it is not surprising that the lattice-free PDE provides more accurate parameter estimates for discrete data obtained from a lattice-free simulation, these results illustrate that caution should be exercised when following the standard approach
of estimating population-level PDE parameters by fitting PDE solutions to experimental density data. Frequently, experimental data are only available over a limited
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Fig. 6 The solutions of the lattice-free PDE model (solid red) and lattice-based PDE model (dashed
green) with parameters adjusted to give the least-squares fit to averaged simulation data (solid black) from
the discrete lattice-free model at time T = 5. The fitted solutions were obtained by minimising R(λ, D, K)
in Eq. (5). The initial condition is given by Eq. (4) with C0 = 0.2, x0 = 5. PDEs were solved on a domain
of length L = 30 with mesh spacing δx = 0.2 (Color figure online)
Table 1 Parameters estimated by fitting the solutions of the lattice-based Fisher–Kolmogorov equation
(Eq. (1) with Eq. (2)) and the lattice PDE (Eq. (1) with Eq. (3)) to averaged simulation data from the
discrete lattice-free model at time t = T . Parameter values for the discrete simulation data: λ = D = K =
1. The initial condition is given by Eq. (4) with C0 = 0.2, x0 = 5. PDEs were solved on a domain of length
L = 30 with mesh spacing δx = 0.2 (N = 151 mesh points). Parameters were estimated by minimising
R(λ, D, K) in Eq. (5). One unit of dimensionless time t corresponds to approximately 20 hours of real
time. The RMSE column shows the root mean square error (1/N )R(λfit , Dfit , Kfit ) of the fitted solution
T

2.5

Lattice-based PDE

Lattice-free PDE

λfit

Dfit

Kfit

RMSE

λfit

Dfit

Kfit

RMSE

1.006

0.973

0.479

0.0024

1.055

0.931

0.960

0.0024

5.0

0.851

1.185

0.561

0.0047

0.961

1.031

1.050

0.0039

7.5

0.760

1.371

0.602

0.0113

0.946

1.047

1.057

0.0062

10.0

0.722

1.434

0.620

0.0200

0.989

0.967

1.036

0.0093

time scale or perhaps at only a few time intervals. Our results show that naively fitting
the Fisher–Kolmogorov PDE at a single time point could result in what appears to be
an excellent match to the data (e.g. Fig. 6), but give misleading parameter estimates
(Table 1). Given the limitations on experimental timescales, it would be preferable to
collect data at multiple time points and fit both the Fisher–Kolmogorov PDE and the
lattice-free PDE developed here. The results in Table 1 indicate that the most suitable
model could be the one for which parameter estimates remain relatively constant over
different experimental durations.
5 Discussion and Conclusion
Previous investigations of a lattice-free model of cell motility, cell proliferation, and
crowding effects were restricted to the special case where the cell density is spatially homogeneous. (Plank and Simpson 2012). This represents a relatively simple
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tissue growth experiment where a population of cells is placed uniformly in a twodimensional domain and the population remains spatially uniform throughout the experiment as the cell density increases to form a monolayer. This previous work established that the proliferation rate in the lattice-free framework is well approximated by
Eq. (3) when the density is independent of spatial location. Many cell invasion assays,
such as scratch assays and barrier assays, involve spatially variable initial conditions
and cell density profiles. It is therefore important to extend the lattice-free framework
to situations where the density is spatially variable, and test whether it can accurately
describe such experiments.
In this work, we compared individual-based simulations of a lattice-free model
of cell motility and cell proliferation with two PDE-based descriptions: the classical Fisher–Kolmogorov equation (Fisher 1937; Kolmogorov et al. 1937), which
describes cell proliferation using a logistic source term; and an alternative PDE,
which includes a linear diffusion term and a new source term that describes cell
proliferation in the lattice-free framework (Plank and Simpson 2012). The solution of the PDE model with the new source term accurately matches averaged data
from the lattice-free discrete model, while the solutions of the standard Fisher–
Kolmogorov equation do not. Both PDE models give rise to travelling wave-like
solutions with the same asymptotic wave speed; however, the lattice-free PDE predicts that the shape of the invasion wave is very different to that of the Fisher–
Kolmogorov equation. The solutions of the lattice-free PDE model are not strictly
travelling waves and we cannot perform the usual phase plane analysis to demonstrate the existence of a heteroclinic orbit joining the invaded and uninvaded steady
states (Murray 2002). Instead, the new lattice-free PDE model acts like many other
reaction–diffusion equations, such as Fisher’s equation in an axi-symmetric geometry (Simpson et al. 2013a, 2013b), and does not formally support travelling
wave solutions. Despite this, it is well accepted that the solutions of these kinds of
models are very similar to travelling wave solutions (Murray 2002; Skellam 1951;
Witelski et al. 2000).
Using the Fisher–Kolmogorov model to estimate parameters such as the proliferation rate, diffusivity and carrying capacity using a standard least-squares parameter estimation approach can give misleading results. The aim of this work is not
to claim that the lattice-free PDE description is the correct description of invasion
wave phenomena, nor that the standard Fisher–Kolmogorov model is an incorrect description of invasion wave phenomena. Instead, we aim to show that, when cells in
the individual-based model are free to move and proliferate without being restricted
to an artificial lattice, such as in the case of a cell invasion assay (Fig. 1), different
outcomes are observed. Therefore, parameter estimates obtained by fitting standard,
lattice-based models to experimental data should be treated with some caution. Interestingly, our analysis indicates that one key property of cell invasion, namely the
speed of the invasion front, is unaffected by the removal of the lattice. This suggests
that parameter estimation approaches focusing on invasion speed data should be more
robust as they do not depend on the presence, or absence, of a lattice.
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