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abstract
We consider a free boundary model of epithelial cell migration with logistic growth
and nonlinear diffusion induced by mechanical interactions. Using numerical simulations, phase plane and perturbation analysis, we find and analyse travelling wave
solutions with negative, zero, and positive wavespeeds. Unlike classical travelling
wave solutions of reaction–diffusion equations, the travelling wave solutions that
we explore have a well-defined front and are not associated with a heteroclinic
orbit in the phase plane. We find leading order expressions for both the wavespeed
and the density at the free boundary. Interestingly, whether the travelling wave
solution invades or retreats depends only on whether the carrying capacity density
corresponds to cells being in compression or extension.
© 2020 Elsevier Ltd. All rights reserved.

1. Introduction
Nonlinear reaction–diffusion equations describing the dynamics of a single species often support travelling
wave solutions [1,2]. The classical example is the Fisher–KPP equation which has linear diffusion and
a logistic reaction term [3,4]. Travelling wave solutions of the Fisher–KPP equation are associated with
heteroclinic orbits in the phase plane and correspond to invasion with a positive minimum non-dimensional
wavespeed c ≥ 2 [1,5]. Since the cell density q(x, t) → 0 as x → ∞, these solutions do not have compact
support and do not allow us to identify a well-defined front often observed in cell invasion experiments and
ecological invasion [4,6–8].
One way of overcoming the lack of a well-defined front is to incorporate degenerate nonlinear diffusion, as
in the Porous-Fisher equation [9–12]. An alternative approach to obtain travelling wave solutions with a welldefined front is to re-formulate the Fisher–KPP and Porous-Fisher models as moving boundary problems
with a Stefan condition at the moving boundary [13–16]. Interestingly the Fisher–KPP, Porous-Fisher, and
Fisher–Stefan models always lead to invading travelling waves where previously vacant regions are eventually
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colonized. None of these single-species models lead to retreating travelling waves where colonized regions
eventually become uncolonized. Similar invading behaviour has been observed in discrete space and velocity
jump processes and their continuum approximations [17,18]. Retreating and invading waves have previously
been observed for multi-species models [19].
In this work we consider a single-species model which leads to travelling wave solutions with a well-defined
front that can either invade or retreat. Our free boundary model, which we derived previously [20–22], is
motivated from a discrete model of a one-dimensional chain of epithelial cells. In this model cells are treated
as mechanical springs that can be stretched or compressed and relax to a natural resting length. Cells are
also able to proliferate logistically up to a maximum carrying capacity density [20–22]. We find travelling
wave solutions that are very different to the classical travelling waves of the Fisher–KPP, Porous-Fisher,
or Fisher–Stefan models. We find travelling wave solutions for −∞ < c < ∞ which depend on the two
dimensionless parameters. In the phase plane these travelling waves are not associated with heteroclinic
orbits. Instead, they are associated with an orbit that leaves a saddle equilibrium node until the trajectory
passes through a special point in the phase plane determined by the free boundary conditions. We find and
validate analytical expressions for both the wavespeed and the density at the free boundary. Interestingly,
the distinction between whether the population retreats (c < 0) or invades (c > 0) depends only on whether
the carrying capacity density corresponds to cells being in compression or extension.
2. Mathematical model
We consider a one-dimensional chain of cells forming an epithelial sheet of total length L(t). Each cell
can be thought to act like a mechanical spring which mechanically relaxes towards its resting cell length,
a, according to Hooke’s law. Each cell can proliferate or die logistically. Our previous work [21,22] shows
this results in a moving boundary problem with nonlinear diffusivity, a logistic reaction term, and no-flux
mechanical relaxation boundary conditions. After nondimensionalisation, the cell density, q(x, t) > 0, which
depends on position x and time t, is governed by [21–23]
(
)
∂q(x, t)
∂
1
∂q(x, t)
=
+ q(x, t) (1 − q(x, t)) , 0 < x < L(t),
(1)
∂t
∂x q(x, t)2 ∂x
∂q(x, t)
= 0,
x = 0,
(2)
∂x
(
)
3
∂q(x, t)
1
q(x, t)
=
−κ ,
x = L(t),
(3)
∂x
ϕ
q(x, t)
dL(t)
1
∂q(x, t)
=−
,
x = L(t),
(4)
dt
q(x, t)3 ∂x
with two dimensionless parameters κ and ϕ occurring only in the free boundary condition at x = L(t)
in Eq. (3). The first, κ = Ka, is the product of the carrying capacity density, K, and the resting cell
length, a, and determines whether the carrying capacity density corresponds to cells being in compression
√
(κ < 1), at the resting length (κ = 1), or in extension (κ > 1). The second, ϕ = βη/(4k), is the ratio of
the proliferation rate, β, and mechanical relaxation rate, that depends on the cell stiffness k and mobility
coefficient η. Eq. (4) governs the evolution of the free boundary due to mechanical relaxation and mass
conservation but can be thought of as a nonlinear analogue of a Stefan condition [13–15]. Eqs. (1)–(4) can
be solved numerically by using a boundary fixing transformation [24], discretizing the subsequent equations
on a uniform mesh using a central difference approximation. The resulting system of ordinary differential
equations are solved using an implicit Euler approximation, leading to a system of nonlinear algebraic
equations that are solved using Newton–Raphson iteration. Key code and algorithms are available on
GitHub.
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Fig. 1. Travelling waves depend on κ: c < 0 for κ = 0.5 < 1, and c > 0 for κ = 2 > 1. (a)–(b) Density snapshots for varying κ at
t = 0 (blue), 10 (red), 20 (yellow), 30 (purple), 40 (green), 50 (cyan). (c)-(d) (Q, p) phase planes for varying κ. The travelling wave
solution corresponds to a trajectory governed by Eqs. (6) (magenta) between the saddle node at (Q∗ , p∗ ) = (1, 0) from Eq. (7) (black
circle) and terminating at the intersection of Eq. (8) (blue) and (9) (green) given by Eq. (10) (red circle). Continuum solution from
Eqs. (1)–(4) (cyan line). The degenerate node (Q∗ , p∗ ) = (0, 0) is also shown (black circle). All results for ϕ = 1. (For interpretation
of the references to colour in this figure legend, the reader is referred to the web version of this article.)

3. Travelling waves
In Fig. 1 we present numerical solutions of Eqs. (1)–(4) for varying κ and initial density condition
q(x, 0) = 1 for 0 < x < L(0) = 10, which remains uniform and stationary, with c = 0 for t > 0, when κ = 1.
The numerical results in Fig. 2(a) suggest the emergence of travelling wave solutions with c < 0 when κ < 1
(Fig. 1(a)), with c = 0 when κ = 1 (not shown), and c > 0 when κ > 1 (Fig. 1(b)). The travelling waves
form after initial transient behaviour. For κ > 1 the invading travelling waves in the numerical simulations
continue as t → ∞. For κ < 1 we observe retreating travelling wave-like behaviour with c < 0 for some
intermediate time before L(t) approaches x = 0 and boundary effects play a role (not shown). The cell
density at the free boundary is QL > 0.
After a travelling wave has formed L(t) ∼ ct (Figure S6), where c is the constant speed of propagation,
and we introduce travelling wave coordinates z = x − ct. Letting Q(z) = q(x, t) then Eq. (1) becomes
(
)
d
1 dQ(z)
dQ(z)
+c
+ Q(z) (1 − Q (z)) = 0, −∞ < z < 0.
(5)
2
dz Q(z) dz
dz
where we choose z = 0 to correspond to the free boundary at x = L(t).
To analyse Eq. (5) in the two dimensional phase plane we let p(z) = (1/Q(z)2 ) dQ(z)/dz [25] to give
dQ
dp
= pQ2 ,
= Q [−cpQ − (1 − Q)] .
(6)
dz
dz
The dynamical system given by Eqs. (6) has two equilibrium points. The first at (Q∗ , p∗ ) = (0, 0) is a
degenerate node. The second at (Q∗ , p∗ ) = (1, 0) is a saddle node for c ̸= 0 and a degenerate node when
c = 0. Interestingly, in contrast to the Fisher–KPP equation [1], here linear stability analysis provides no
restrictions on c.
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Fig. 2. Travelling wave perturbation analysis. (a) Properties of the travelling wave. Wavespeed c as a function of κ (blue) and density
at free boundary QL as a function of κ (red). Solid lines: continuum model given by Eqs. (1)–(4). Dashed lines: leading order implicit
solution given by Eq. (12). (b) Travelling wave solutions for κ = 0.5 (top), κ = 1 (middle), κ = 2 (bottom) obtained by continuum
model from Eqs. (1)–(4) (blue solid) and leading-order perturbation solution from Eq. (11) (red dashed). All for fixed ϕ = 1. (For
interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

We return to the boundary conditions from Eqs. (2)–(4), and after transforming to travelling wave
coordinates and writing in terms of p, we obtain
(Q, p) = (1, 0),
1
p = (1 − κQ) ,
ϕ
p = −cQ,

z → −∞,

(7)

z = 0,

(8)

z = 0,

(9)

where Eq. (7) is informed by numerical travelling wave solutions in Fig. 1.
In Figs. 1(c), (d) we generate the (Q, p) phase plane for κ < 1 and κ > 1, respectively, using MATLAB
functions quiver and ode45 [26]. Trajectories corresponding to travelling wave solutions are initiated on the
relevant eigenvector associated with the saddle node. We find that travelling wave solutions correspond to
phase plane trajectories that run between (Q∗ , p∗ ) = (1, 0), and a special point given by the intersection of
Eqs. (8) and (9) given by
)
(
−c
1
,
.
(10)
(QL , pL ) =
κ − cϕ κ − cϕ
The remainder of the trajectory beyond (QL , pL ), obtained by solving Eqs. (6), corresponds to z > 0 and
is not associated with the travelling wave solution which is restricted to z ≤ 0. The part of the trajectory
with z > 0 tends to infinity rather than to the degenerate equilibrium point at (Q∗ , p∗ ) = (0, 0). Therefore,
the travelling wave solution is not associated with a heteroclinic orbit. This is very interesting as classical
travelling waves solutions are associated with heteroclinic orbits in the phase plane [1–16].
To provide insight into the travelling wave solutions in Fig. 1 we now seek to determine a relationship
between c, κ, and ϕ. By solving the continuum model we expect c → 0 as κ → 1 (Fig. 2(a)). Therefore,
( )
we seek a perturbation solution p(Q) = p0 (Q) + cp1 (Q) + O c2 for |c| ≪ 1 which we substitute into the
equation for dp/dQ determined from Eqs. (6) to find
√
p0 (Q) = ± 2 [Q − loge (Q) − 1],
(11)
where the positive root corresponds to c < 0 and the negative root corresponds to c > 0. The integration
constant is chosen such that Eq. (11) satisfies Eq. (7). Eq. (11) corresponds to a small-c approximation of
the unstable manifold of the saddle point (1, 0). Applying the free boundary condition from Eq. (9) and
using QL from Eq. (10) gives
√ [
(
)
]
1
1
|c| = (κ − cϕ) 2
− loge
−1 .
(12)
κ − cϕ
κ − cϕ
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Eq. (12) can be solved implicitly for c as a function of κ and ϕ and provides good agreement with the long
time numerical solutions of Eqs. (1)–(4) (Fig. 2). To find an approximate explicit form for c and QL , we
expand Eq. (12) about κ − cϕ = 1, and use Eq. (10) to give
(
)
κ−1
1+ϕ
3/2
c=
+ O (κ − cϕ − 1)
,
QL =
.
(13)
ϕ+1
κ+ϕ
We find these leading order expressions in Eq. (13) to be accurate close to ϕ = 1 (Figs. 1, 2, S1–S5).
In Fig. 2(b) we plot the shape of the travelling wave obtained by considering long time numerical solutions
of Eqs. (1)–(4) and compare this to the leading order perturbation solution. The leading order perturbation
solution is obtained by solving Eq. (11) with the definition of p(z) in Eqs. (6) together with Eq. (10) as the
initial condition. We observe excellent agreement for |c| ≪ 1 about κ = 1.
In summary, by considering a reaction–diffusion equation arising from a biologically motivated discrete
model, we find an interesting result where whether a population invades or retreats corresponds to whether
cells at the carrying capacity density are in compression or in extension, respectively. We also obtain exact
expressions for the speed of travelling wave solutions of Eqs. (1)–(4), together with useful approximations
of the shape of the travelling wave solutions when |c| ≪ 1. We do not pursue an existence proof of these
travelling wave solutions here, but leave this for future consideration [7].
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Appendix A. Supplementary data
Supplementary material to show the dependence of the numerical results and approximations on ϕ can
be found online at https://doi.org/10.1016/j.aml.2020.30106636.
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